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ABSTRACT: In this paper differential equations of the type

(=)D (t) = F(t,2(A1(t,2(1))), - -, 2(Am (t, 2(1)))) (N)

and
(=1)"DMa(t) = p(t)z(A(t, z(t))) (L)
are considered, where n > 1 and the retarded arguments Aq,...,A,, and A depend on the inde-

pendent variable t as well as on the unknown function x.
Sufficient conditions are found under which equation (N) (or (L)) has a positive solution z such

that limy_, 4 o ng):zr(t) =0,k =0,...,7 — 1 monotonically.
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1. INTRODUCTION
In this paper we consider the n-th order differential equations
(=1)"DMWa(t) = F(t, x(AL(t, 2(t))), ..., x(An(t, (1)) (1)
and
(=1)"D{Mx(t) = p(t)e(At, «(t))) (2)
with retarded arguments A4, ..., A,, and A which depend on the independent variable

t as well as on the unknown function z.
Here n > 1 is an integer, t € J = [a, +00) C R, = [0, +00),

DOx(t) = x(t), DWg(t) = r(t)(DVa(t)), i=1,...,n,
where r; : J — (0,400), i =1,...,n.
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The oscillatory and asymptotic behavior of the solutions of such type equations
have been studied in the papers of Bainov et al [1], Markova and Simeonov [7], [8],
9].

The purpose here is to find sufficient conditions under which equation (1) (or (2))
possesses positive solutions tending monotonically to zero at infinity together with
their first n — 1 r-derivatives.

The main results obtained in this paper generalize similar results of Lovelady [6],
Sficas [13] and Philos [11], where the case is considered when Ay, ..., A,, and A do
not depend on z : A; = 0,(t), j=1,...,m, A = o(t). For related results the reader
is referred to the papers of Kusano and Onose [3], [4], Philos [10], Philos and Staikos
[12], Sficas [14].

2. PRELIMINARY NOTES

Introduce the following conditions:
Hl. r, € C(J,(0,4)),i=1,...,n—land r,(t) =1, t € J.
H2. FF € C(J xR, R) and

nF(txy,...,xn) >0 for teJ, zz; >0, j=1,...,m.

H3. F(t,z1,...,2m) < F(t,y1,...,Yn) provided that 0 < z; <y;, j=1,...
H4. A; € C(J xR,R), j =1,...,m and there exist 0; € C(J,R), j =1,...,m
and T" € J such that

, M.

lim O'j(t>:+OO, O'j(t)SAj(t,SL’><t, jzl,...,m, tZT, reR.

t——+o0

+o0

HS./ dt =+400,2=1,...,n— 1.
ri(t)

H6. A € C(J x R,R) and there exist o € (J,R) and T € J such that

lim o(t) = 400, o(t) < At,z) <t, t>T, zekR.

t—+o0

H7. pe C(J,(0,+00)).

The domain D of D™ is defined to be the set of all functions z : [t,, +00) — R
such that the r-derivatives Dﬁk):c(t), k=1,...,n exist and are continuous on interval
[t:,+00) C J. By a proper solution of equation (1) is meant a function x € D
which satisfies (1) for all sufficiently large ¢ and sup{|z(t)| : ¢ > T} > 0 for T >
t,. We assume that equation (1) do possess proper solutions. A proper solution
x: [ty,+00) — R is called positive if there exists ¢t > t, such that x(t) > 0 for t > T

We will need the following lemma which is a generalization of the well-known lemma

of Kiguradze [2] and can be proved similarly.

Lemma 1. Suppose conditions H1 and H5 hold and the functions Dz and x € D

are of constant sign and not identically zero fort > t, > .
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Then there exist a t, > t, and an integer k, 0 < k < n with n + k even for
$(t)D£«n)$(t) nonnegative and n + k odd for x(t)Dﬁ")x(t) nonpositive and such that
for every t >ty

z(t)DWx(t) >0, i=0,1,....k,
(-D*2t)DVx(t) >0,  i=kk+1,...,n—1.

3. MAIN RESULTS

Theorem 1. Assume conditions H1-H/ hold and y is a positive and strictly decreasing

solution of the integral inequality

y(t) > /too rl(lsl) /: T2(152) /3:01 F(s,y(o1(s)),...,y(om(s)))ds...dsy,

t>T. (3)

Then there exists a positive solution x of differential equation (1) such that z(t) < y(t)
for t sufficiently large and

tliin DWz(t) =0 monotonically, i=0,...,n—1.

Proof. Let y be a positive and strictly decreasing solution of integral inequality (3)
on the interval [7, +00) C J. From condition H4 it follows that there exists a T > 7
such that A;(t,z) > o;(t) >7Tfort >T, 2 € R, j=1,...,m.

Consider the set

X ={zeC([T,+00),Ry) 1 2(t) <y(t), t > T}

with the norm ||z| = sup{|z(¢)| : t > T} of z € X.

For any x € X we set

) = (), t>T,
2(T) +y(t) = y(T), T<t<T

and define the operator S : X — C([T, +00), R ) by the formula

Solt) = /too 7“1(151) /: 7’2(152)

/OO F(s,2(A1(s,2(5))), ., (A (s,2(5))))ds .. .dsy, t>T. (4)

From (4), (3) and conditions H2-H4 we obtain

0 < Sa(t) < /:O rl(lsl) /oo rz(;)
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/oo Fs,y(01(5)), - y(om(s))ds...dsy <y(t), t>T,

which means that SX C X.

It is standard to verify that the other conditions of the Schauder’s Second Fixed
Point Theorem [5] are fulfilled and therefore there exists x € X such that ©z = S,
that is, for every t > T

/OO F(s,2(A1(s,2(5))), ..., (A (s,2(s))))ds...dsy. (5)

Sn—1

This implies that

lim D®z(t) =0, monotonically, i=0,1,...,n—1 (6)

and
(=)"DMa(t) = F(t, Z(Ay(t, 2(1)), ..., T(An(t, z(t)), t>T. (7)

From condition H4 there exists a 77 > T such that A;(t,z) > o,(t) > T for
t > 1Ty, j =1,...,m and hence the function z(¢) is a solution of equation (1) for
t > Ty. We have that z(t) < y(t), t > T and Z(t) > 0, 7 < t < T. We prove that
Z(t) > 0 for t > T. Assume the opposite. Then there exists a T, > T such that
z(t) >0, 7 <t < T, and 2(T,) = z(T.) = 0. Since 7 < 0;(T}) < A;(T%, 2(T})) < T,
j=1,...,m (by condition H4), then z(A,;(T.,z(T}))) > 0 and

(T, #(A(Te, 2(TL), . . ., #(Am(Te, 2(T))))) > 0.

Hence by (7) we obtain D{™z(T,) # 0. Furthermore, we have that z is nonnegative
and strictly decreasing on [T, +00). Hence z(t) = 0 for ¢t > T since z(7.) = 0. This
implies D z(T.) = 0. which is a contradiction. Therefore Z(t) > 0 for t > T and

x(t) is a positive solution of equation (1) for ¢t > T1. O

Corollary 1. Assume conditions H1-H5 hold and y is a positive bounded solution of
the differential inequality

(=1)"DMy(t) = F(t,y(o1(t)),- ., y(om(t))). (8)

Then there exists a positive solution x of differential equation (1) such that z(t) < y(t)

for t sufficiently large and lim,; . D,(«i)x(t) = 0 monotonically, 1 =0,1,...,n — 1.

Proof. Let y be a positive bounded solution of inequality (8) on an interval [, +00) C
J and T' > 7 be chosen so that

Ai(t,x) > o;(t) > for  t>T, j=1,...,m.
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From (8) and condition H2 it follows that (—1)”D£n)y(t) > 0 for ¢ > 7. Then by
Lemma 1 there exist a t; > 7 and an integer k, 0 < k& < n which is even such that

for t > t,
DWYy(t)y>0, i=0,1,...,k,

" 9
(=DM DOy(t) >0, i=kk+1,...,n—1. )

Since y(t) is bounded the case k > 2 is impossible. Hence k = 0 and D™My(t) < 0,
t > tg, that is, y(t) is strictly decreasing on [t, +00). Moreover, it follows from (8)
and (9) with k& = 0, that

y(t)z[ @/ @/ Fls,y(01(5), . y(om(s))ds .. dsy . >ty

Hence Corollary 1 follows from Theorem 1. O

Corollary 2. Let conditions H1, H6 and H7 hold and

1
- if n=1,

¢ e ]
sup/ p(s)ds < n—1 il (10)

2 Ju (o)™ it no1
"(Te)". it n>1.

where Q; = infi>r{p(t)r;(t)} >0,i=1,....n—1 and T > « is such that o(t) > «
fort >1T.
Then there exists a positive solution x of differential equation (2) such that

limy oo D,(«i)x(t) = 0 monotonically, i =0,...,n — 1.
Proof. Set

t
My = sup/ p(s)ds and

12T Jo(t)

y(t):exp(—MLT/atp(s)ds) for t>a.

For every t > T' we have

y(o(t)) = exp (— MLT /:(t) p(s)ds)

= exp <MLT /U;) p(S)dS) exp <— MLT /atp(S)ds) <e"exp (— MLT /atp(S)dS> :

Forn=1and t > T we have eMr <1 and
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n—1

Forn > 1and t > T we have e"(22)"([] Q;)~* <1 and

n
i=1

_— s)y(o(s))dsds,—1...ds
/t r1(s1) /sl To(S2) /Sn2 Tr1(8n_1) /snlp( Jy(o(s)) 1 1
>~ 1
t

o AR Mireand A

X exp ( - MLT/Q p(u)du) dsds,_1...ds;
o ot A
Ji risy) o T2(s2)

/Sn2 77“71—1(1871—1) /Sn_l e”( — %) d exp < — MLT /a p(u)du) ds,_1...ds;
e e
_/t ri(s1) /31 ra(s2)
/snz Tn_1(18n_1)en ]\iT exp ( — MLT /a p(u)du) dsp_q...ds,
<) ], w
—Ji mi(s1) s1 T2(52)

"My n Sn—t
. _— du |ds,_1...d
/52 nQn_1p(8 1)eXP< MT/a p(u) u) Sn—1 S1

n

<o) < ot

Then for every t > T we obtain

TRy - = / °° - / °° p(s)y((s))ds . ..ds,

and hence Corollary 2 follows from Theorem 1. O

Remark 1. Corollary 2 generalizes Proposition 1’ from [11] where equation (2) is

considered in the case A = ¢(t) and instead of condition (10

~—

the following condition

S|

t n n—1
< - n—1 i
sup/a p(s)ds < . (PT 211 RZ,T) (11)

t2T Jo(t)
is assumed, where

PT:tlg;p(t)>O and Ri7T:g§£ri(t)>0, i=1,....n—1.

We note that condition (10) of Corollary 2 is better than condition (11) since
PTRZ',T SQ“Z: 1,...,n—1.
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Example 1. Consider the equation

1
(t2'(t)) = ;a:(t - 1), t>0. (12)
Here
1
77,22, Tl(t):t7 p(t):¥> U(t):(t_l)v
¢ T
My = sup/ p(s)ds =1In : for T >1,
2T Jo(t) -1
Q1 = gl;{p(t)rl(t)} =1, for T>1,
PT:tlg;“p(t):(), Rl’sztig;“Tl(t>:T.

Hence Proposition 1’ from [11] does not work in this case since Pr = 0 and My >
%(PTRLT)% = 0. On the other hand condition (10) of Corollary 2 is satisfied for T
sufficiently large:

T 2 2 1
My =lnm— < —=—(Qu)2.
Consequently by Corollary 2 equation (12) has a positive solution z(t) such that
. _ . ! _ .
tl}+moox(t) = tl}inoo ta'(t) =0 monotonically.

Corollary 3. Let conditions H1, H6 and H7 hold and

sup t —=ds...ds; <1, 13
P / () / ra(53) / o(s) 1S (13)

where t > « is such that o(t) > 0 fort >T.

Then there exists a positive solution x of differential equation (2) such that

limy oo D,(«i)x(t) = 0 monotonically, i =0,...,n — 1.

Proof. If we set y = % for t > 0, then for every ¢t > T" we have

ey - | °° e °° p(s)y(o(s))ds . ..ds,

and Corollary 3 follows from Theorem 1. O

Remark 2. Condition (13) is satisfied, if

lim su t/ / / —ZLds...ds; < 1. 14
t—too P ¢ ri(s1) Js, T2(s2) A ) ! (14)

Corollary 4. Let conditions H1, H6 and H7 hold and

/:O T1(181> /: 7‘2(152) .../:lp(S)ds co.dsy < 400 (15)

Then there ezists a positive solution x of differential equation (2) such that

limy 4 oo D,(«i):c(t) = 0 monotonically, i =0,...,n — 1.
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Proof. Let y(t) = 1+1 fort > 1 and T = max{c, 1} be such that o(t) > 1 for t > T

and

s)ds...ds; < =.
/T r1(s1) /31 T2(52) /3 p(s) 1=79

n—1

Then for every ¢t > T we have

/too rl(lsl) /OO r2(152) .../Sjolp(s)y(a(s))ds...dsl

) Ao B ARC g

<9 s)ds...ds; <1 <uy(t).
<2 / . /Snlp” 1=yl

Hence Corollary 4 follows from Theorem 1. O
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