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ABSTRACT: Here is established a multivariate fractional Taylor’s formula using a suitable def-
inition of fractional derivative. As related results we present that the order of fractional-ordinary
partial differentiation is immaterial, we discuss fractional integration by parts, and we estimate the
remainder of our multivariate fractional Taylor’s formula.
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1. INTRODUCTION

The main motivation here is from Canavati [4], Anastassiou [1] and Anastassiou
2], where there is presented a Taylor’s univariate fractional formula by using an
appropriate definition of fractional derivative introduced first in Canavati [4].

So we extend this formula to the multivariate fractional case over a compact and
convex subset of R¥, k > 2, for all fractional orders v > 0.

We give an estimate to the remainder of our multivariate fractional Taylor’s for-
mula. We establish under mild and natural assumptions that the order of fractional-
ordinary partial differentiation is immaterial. Also we present some fractional inte-
gration by parts results. The main ingredient in all here is the Riemann-Liouville

integral.
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2. RESULTS
We make

Remark 2.1. We follow Anastassiou [2], p. 540, see also Canavati [4], Anastassiou
[1]. Let [a,b] C R. Let x,x¢ € [a,b] such that x > g, z is fixed. Let f € C(][a,b])
and define

1 €T
U N@) = o [ o= 0 0tz <o < (2.1)
@) L.,
v > 0, the generalized Riemann-Liouville integral. We consider the subspace

Cy (la,b]) of C™([a,b]), n:=[v], a:=v—-—n (0<a<l):
Cr([a,8]) = {f € C"([a,8]) : T2 f™ € CM ([0, b))} (2.2)

Hence, let f € C7 ([a,b]), we define the generalized v - fractional derivative of f over

[z0, D], see also Canavati [4], Anastassiou [1] as
Dy f = (Ji2af™)" (2.3)

Notice that ) .
zo  £(n) — — e fn)
(52 ) () = g [ =070 (2.4
exists for f € C ([a,b]).

Let fu,(t) := f(zo+1),0 <t <b—xy, x> x9. By change of variable we obtain

(Dg freo)(x = w0) = (D, f) (). (2.5)

When v € N then the fractional derivative collapses to the usual one.
We mention the fractional Taylor’s formula. See Anastassiou [2], p. 540, Canavati
[4] and Anastassiou [1].

Theorem 2.1. Let f € C} ([a,b]), w0 € [a,b] fized
(i) If v > 1, then it holds

o / " (:L’ - $0)2 n—1 (I - xO)n_l
f() = f(xo) + f'(wo) (& — mo) + f (%)T‘i““‘irf( (o) =1
+(J° DY f)(x), all  x€lab]: x> . (2.6)
(i1) If 0 < v <1 we have
flx)=(J°D; f)(x), all x€la,b]: x> (2.7)

We transfer Theorem 2.1 to the multivariate case. We make

Remark 2.2. Let Q be a compact and convex subset of R¥, k > 2, 2z := (21,..., ),
To = (ZL’Ol,...,LE‘ok)EQ. LethC’"(Q), n € N.
Set

gz(t> = f('TO + t(z - x0>>70 S t S 1792(0) = f(x0>7gz(1) = f(Z) (28)
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Then

k 9 "
g™ (0) = [(Z(z _3302')(9_33) f] (z0). (2.10)
0 f

If all fo(xo) == A (w0) = 0, @ := (a1,..., ), o € Z*, i = 1,....k; |of :=
Zle a; =: [, then gg)(O) =0, where [ € {0,1,...,n}. We quote that

k

g.(t) = Z(Zz - l’m)%(% +t(z — x0)). (2.11)

i=1 :
Let first 1 < v <2, then heren :=[v] =1landa =v —1; 1 —a =2 —v. Since
0<v—1<I1l,thenn*:=r—-1=0,a*=v—1—-n*=v—landl —a*=2—v.

Put
(@)= o5 | =0 (212)

0<z<1.

Consider

C”([0,1]) == {g € C([0,1]) : Jo_,g' € C*([0,1])} € C*([0,1]), 1<wv <2 (2.13)

Assume that as function of ¢ : f,.(zo +t(z — x0)) € C*71([0,1]), i=1,...,k, then

there exists the fractional derivative gﬁ”), gzy) = (Jo—,g.)". The last comes by using

(2.11) to have

(J2-vg2)(z) = ﬁ /0 x(f'f — 1) Vgl (t)dt (2.14)
k — T T .
= ZZFE;ZZ_ V) ) /0 (x — t) Vgi (SL’O + t(z — xo))dt7 (2.15)

0<z<1.
Hence it holds

(J2-vg2(x))

Z(zl B $Oi) (ﬁ /Ox($ B t)l—l/ gaj; (1’0 + t(Z - $0))dt> (216)

i=1
k
= (21 — w0i) (Joms (fo, (0 + (2 — 0))))" (2.17)
i=1
That is
k 8f (v—1)
g (t) = Z(ZZ — ;) <8x- (xo+t(z— mo))) : (2.18)
0<t<1, 1<v<2 -
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Thus the remainder turns to
(Jog)(t) = Z(Zi — 20i)[Jo (fa, (w0 + t(z — 20))) V] (1) . (2.19)

By (2.6) applied on g, we obtain

f(2) = g:(1) = flxo) + (Ll (1), (2.:20)
i.e. it holds
f(z) = f(wo) + zk:(zi = 201) [ (fu (20 + t(z — 20))) " V](1). (221)
More precisely we get -
f(z) = flwo) + é(zz- - xm)ﬁ /01(1 = )" (fui(wo + (= — 20)) ¥ Vdt (2.22)

From Remark 2.2 we have established the basic multivariate fractional Taylor for-

mula.

Theorem 2.2. Let f € CYQ), Q compact and convex C R¥, k > 2. For fized
To,z € Q , assume that as a function of t : f,.(zo + t(z — 7)) € C*7([0,1]),
1<v<2,ali=1,...,k. Then

(i)
f(Zl, cey Zk) = f(xm, . LL’Ok)
+ ; % /0 (1= t)" " fo, (o + t(z — 20))) V. (2.23)
(i) Given f(xo) =0 , then
(2 — 70)
f(z) = Z T’/)O/o (1= )" (fas(wo + t(z — 20))) "Vt (2.24)

=1

We make

Remark 2.3. Continuing from Remark 2.2. Here f € C*(Q), Q C R? | we have
" a2f
g, (t) = (21 — 1'01) 822 (Io +t(z — 0)) + 2(21 — 2o1) (22 — To2)

82f a2f
01,014 (0 +t(z — 0)) + (22 — 02)? 0232 =5 (z0 + (2 — 20)). (2.25)
Let 2<wv <3,thenn:=[v]=2, a=v—-n=v—-2,1-a=3—v. Set v* :==v—2,

thenn* :=r—-2/=0, a*=Wwv—-2)—n*=v-2, 1—-a*=3—-v.
We have (0<z<1)

(heatl)e) = T | (=0 st
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(- xm)?ﬁ /0 (@ = 0 v (30 + (= — o))t
49221 — 201 (25 — xm)ﬁ /0 (2 — 827 foro (0 + £z — 20))dlt
+(z — :cmfﬁ /Ox(x — )27 frpan (T0 + (2 — x0))dt (2.26)

i.e. it holds.
(J3-092)(x) = (21 = 201)*(J3— (fara, (20 + (2 — 20)))) ()
+2(21 — o1) (22 — 202) (J3—0 (fay22 (20 + t(2 — 70)))) ()

+(22 = 202)* (J3— o (frges (20 + t(z — 20)))) (). (2.27)
Assuming now that fo ., (xo+t(z2—120)), ferz(@o+t(2—20)),  fegws(To+t(z—10)),

as functions of ¢ belong to C“~2)(]0,1]) we obtain that it exists

g (t) = (21 — 201)* (farar (w0 + t(z — 7))

+2(21 — 201) (22 — T02) (fora (T0 + t(z — 20)))

+ (29 — 202)* (fogay (0 + t(z — 20))) 2. (2.28)

Next we observe that
(Jug,gu))(x) = (Zl - $01)2(‘]V(f501501 (xO + t(z - xO)))(V_Q))(x)
+2(21 — 201) (22 — 202) (S (faras (0 + 1(z — 20))) ") (2)

(22 = 202)" (S (fasea (@0 + (2 = 20))) ") (2). (2.29)
We have proved via (2.6) the next Taylor type result.

Theorem 2.3. Let f € C*(Q), Q compact and convexr C R%. For fized xo,z € Q
assume that as functions of t : fre (xo+t(2—20)),  foyzo(To+t(2—20)),  frpw(To+
t(z — ) € Cv=2([0,1]), where 2 <v < 3. Then
(i)
of

f(z1,22) = f(@o1, o2) + (21 — $01)§—£(I0) + (22 — 1'02)8—@(1'0)

! 1 — )t T 2 — (v—2)
I‘(V)/O(l )" (forer (w0 + t(z — 20))) V2 dt

"‘2(21 — .T()l)( .Tog)

+(Z — 213'01)2

/ (1 - t)y l(fmm(xo + t(z - )))(V_z)dt

2’2 — 1’02 fxzxz xg + t(Z — $0)))(V_2)dt. (230)

(
(ii)) When f(xo) = a_ aa—w(:co) =0, then

f(z1,22) = (21 — 201)°

"‘2(21 — .T()l)(ZQ — .Tog)
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EURCHR S AR ) -
+(z2 — x02) (1 =) (fagas (o + t(z — x0))) " dt. (2.31)
I'(v) Jo

The following general multivariate fractional Taylor formula is valid.

Theorem 2.4. Let f € C"(Q), Q compact and conver CRF, k> 2; here v > 1
such that n = [v]. For fized xo,z € @ assume that as functions of t : fo(xo +
t(z — x0)) € C¥™([0,1]), for all a == (av,...,o4), oy €EZF, i =1,....k; |af =
Zle a; = n.

Then

(i)

k

f(Zh---aZk) f(l’m,-- $0k Z IOZ $017---7$0k)

’l

[(z;;l( — o) f}: (To1, - -, 7o)

+ .
(S m)a%)" ] )
(n—1)!
1 k n 4 (v—n)
+F(V) /0 (1—t)»t { [(;(zz — ml)aal) f] (ro +t(z — xo))} dt. (2.32)

(i) If all fo(zo) =0, = (an,...,oq), oy € Z*, i =1,... .k |a| .= 3% a; =
l,1l=0,....,n—1, then

f(z1,.0y2k) = ﬁ/g (1— )
k n (v—n)
{ [(Z(zz - m)%) f] (zo + t(z — $o))} dt. (2.33)

=1

Proof. Use of (2.6). O
(Note that fractional differentiation is a linear operation.)
We make

Remark 2.4. Continuing from the previous remarks. Let here 0 < v < 1. Assume
that f(xo+t(z—x)) € C*([0,1]) as function of t. Then by g.(t) := f(zo+t(z — o))

we have

gV (1) = (f(zo + t(z — 20))¥, and (J, g)(t) = (S (f(zo + t(z — 20)))(1),
t € [0, 1]. Hence

(g0 = 5 [ =07 (=) (234)
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We have established the next multivariate fractional Taylor formula when 0 < v < 1.

Theorem 2.5. Let bounded f : Q — R, where Q convex C R*, k> 2, such that
as a function of t . f(zo +t(z —xp)) € C¥([0,1])), 0 <v <1, 0,2 € Q being fized.

Then

1

Fot3) = 75 /0 (L= 8 (Flwo + 4z — 20)) . (2.35)

Proof. Use of (2.7). O
We make

Remark 2.5. Next we study the ordinary partial derivatives of fractional derivatives.
Let 0 <a<1, feC[0,1]?), = €0,1] fixed, and consider

(@, 2) = /0 (o= 1)t 2)dt, (2.36)

Vzel0,1].
We observe that

T

Iz, 2)] < / o — )Nt 2t < | fllee / (x — )t

x' e 1 floo
= 0o < < X y
171 l—-a”"1-« *

i.e. the function

pt) = (=)~ f(t,2) (2.37)
is Lebesgue integrable in t € [0, z], ¥z € [0, 1]. Thus one can consider integration in
(2.36) over [0,x), Vz € [0, 1].

Also the function

Az) = (x —t)7“f(t, 2) (2.38)
is differentiable in z € [0,1], V t € [0, x), i.e. we have
N(z) = (z — t)_o‘afétz’ Z),Vt € [0, z). (2.39)
Moreover
¥l @-0 |2 (2.40)

V(t,2) €[0,z) x [0,1].
The R.H.S. (2.40) is integrable in ¢ € [0, z] and nonnegative. Hence by H. Bauer

[3], pp. 103-104 we obtain that (z — t)_aw is integrable in t € [0, x) and

87(;2’ 2 _ /Ox(x — 1) 8f(2 D, (2.41)

vV ze[0,1].
We have proved
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Lemma 2.1. Let 0 < a <1, fe CY[0,1]%), 0 <ax <1. Then

0 ¢ a B _LOf(t, 2)
5 </0 (x =)~ f(¢, z)dt) = (x —1t) 5 dt, (2.42)
vV zel0,1].
We make
Remark 2.6. Assume now 0 < a < 1, f € C"™([0,1]?), n € N. Then by Lemma
2.1 we get
o T . anf B z . an—l—lf
g </0 (x —1t) S (t,z)dt) = /0 (x —1) 5D (t,z)dt. (2.43)
Let now v > 0, n:=[v], a :=v —n.

We suppose existence of
»g(x,z) 0 g
(V) == - = — —
g (z,2) e pe (Jl_a (81&“( 2) | ) (2, 2). (2.44)

We also assume here that g € C™1([0,1]2), and (¢®(z, 2))., ¢ (x, z) exist and are
jointly continuous in (z,z) € [0,1)%, [v] =n € N.
Then it holds

(9% (z, 2)), = %(g(”)(x, 2)) = % <(% <<]1—a <%(~72)>)) (2, 2)
= I (290 ) (o) by (2.43))
oz \ 9 ot
0 (o (2 )

(g(”)(x, 2)), = gg”)(x, 2), V(x,2) €10,1* v >0. (2.45)

That is

In brief, it holds
(9"): = (92)". (2.46)

Under more similar suitable assumptions one obtains

(g(y)>zz = (922>(V)7 (g(y)>21Zz = (gzwz)(V)v (g(y))212223 = (9212223)(”),6‘5(:. (2‘47)

We have established that the order of fractional-ordinary partial differentiation is

immaterial.

Theorem 2.6. Let g € C""1([0,1]?), and v > 0 such that [v] = n € N. Assume the
existence of g (z, 2), and (g% (z, 2))., g,g'/)(x, z) both exist and are jointly continuous
in (z,2) € [0,1]2.

Then

(g(z/)(x7 Z>>z = ggy)(xv Z)? (248)
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V(x,2) €[0,1]%
We make

Remark 2.7. Next comes fractional integration by parts. Let f,g € C¥([0,1]), v >

0, n:=[v], a:= v —n. Here

w _ A(Ji_ag™) F©) = d(J1_af(")).

g = dx ’ dx

That is  d(J1_ag™) = ¢Wdz, d(Ji_af™) = f¥du.
We observe that

/0 (Do) (£)g () = / (Do f ™) (@) (Ji_ag™) (2)

= (Ji—a ™) (1) (J1—ag™)(1) — /0 (J1—ag™) (@)d (Ji—af™)(z) =

(J1-a f("))(l)(Jl_ag("))(l)—/o (J1—ag™)(2) ) (@) da. (2.49)

Next let us take g € C¥([0,1)), 1 <v <2, n:=v=1, a:=v—n=v—1, l—a=
2—v, and f e CY([0,1]).
Then ¢®)(z) = LL2=2 @ o q(J,_, ¢')(z) = ¢")(x)dz. Hence

/0 F(2)g® (x)dz = / F(2)d(Joy ¢)(a)
() (e ¢)(1) — / (o ¢')(@) ' (2)d. (2.50)

We have established the following fractional integration by parts formulae.

Theorem 2.7. (i) Let f,g € C*([0,1]), v >0, n:=[v], a:=v —n. Then

/0 (Tia £)(2)g® (2)de

= (Ji—a f™)(1)(1-a ¢"™)(1) — /0 (Ji—a g")(2) f()de. (2.51)
(1i) Let g € C*([0,1]), 1 <v <2, f e CY[0,1]). Then

/0 f(2)g"(@)da = f(1)(Ja-s ¢')(1) — /0 (Jo—v ¢)(2) f' () de. (2.52)

We make the last

Remark 2.8. Here we estimate the Remainder (2.32). By definition in this article,

see (2.2), (2.3), the fractional derivatives are continuous functions. So the function

k n (v—n)
G,(t) := { [(Z(’Zl — in)%) f] (2o +t(z — xo))} , (2.53)
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€ [0,1], that appears in the remainder of (2.32), is continuous in t. We write the
remainder (2.32) as

V

& n (v—n)
1 —t) Z — Tg;) 0 ) f] (xo+t(z —xg)) pdt
1

(v )

- — LG ()t v > 1 (2.54)

We obtain

L e o
R < 1 [ =0 iGuol < o [ Gl

1
_ G, _ 2.
() Gl 2y jo,17) (2.55)

w7 | 1= 0cuola <

i ([ 0-orra) " ([ icaorar)”

1

= 2.

) (P(l/—l)+ Ty 1 Gvllzaqo- (2.56)
In case p = ¢ = 2 we have
1 1

J<——— |G, . 2.

|R| < T0) Voo =1 G| 220,17 (2.57)
Finally we get that
I - |G lloc

R|<— [ (1=t)""YG,(t)|dt < =—2=_. 2.58
Rl < g7 [ =07 Guble < (2.58)

We have established the following remainder estimate.

Theorem 2.8. All here as in Theorem 2.4. Let R, be the remainder in (2.52), see
(2.54), and G, as in (2.53). Then
G, G,
R, < min { 1G o NG llagomy
D) T — 1)+ )7

1G | L 0.1)) HGuHoo}
L(v)y2v —1 T(r+1)

(2.59)

R
where p,q > 1 : p—i—q—l.

Comment. The Chain Rule is not possible in fractional differentiation. That limits
us a lot from using the multivariate fractional Taylor formula, as we employ the usual

one involving only ordinary partial derivatives of functions.



Multivariate Fractional Taylor’s Formula 199

REFERENCES

[1] G.A. Anastassiou, Opial type inequalities involving fractional derivatives of functions, Nonlin-
ear Studies, 6 (1999), no. 2, 207-230.

[2] G.A. Anastassiou, Quantitative Approzimations, Chapman and Hall/CRC, Boca Raton, New
York, 2001.

[3] H. Bauer, MaS-und Integrations- Theorie, de Gruyter, Berlin, 1990.

[4] J.A. Canavati, The Riemann-Liouville integral, Nieuw Archief Voor Wiskunde, 5 (1987), no.
1. 53-75.

[5] K. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, John Wiley and Sons, Inc., New York, 1993.



200 Anastassiou



