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ABSTRACT: Here is introduced the concept of multivariate fractional differentiation especially
of the fractional radial differentiation, by extending the univariate definition of Canavati [11]. Then
we produce Opial type inequalities over compact and convex subsets of RY , N > 2, mainly over
spherical shells, studying the problem in all possibilities. Our results involve one, or two, or more
functions.
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1. INTRODUCTION
This work is motivated by the articles of Opial [12], Beesack [10], and Anastassiou
[3-[9]-
We would like to mention

Theorem 1.1. (see Opial [12], 1960) Let ¢ > 0, and y(z) be real, continuously
differentiable on [0, c], with y(0) = y(c) = 0. Then

/ )@l < 5 [ /(@) (L.1)

FEquality holds for the function y(z) = x on [0,¢/2|, and y(z) = ¢ —x on [c/2,c|.

The next result implies Theorem 1.1 and is used a lot in applications.

Theorem 1.2. (see Beesack [10], 1962) Let b > 0, If y(x) is real, continuously
differentiable on [0,0], and y(0) =0 then

b
/ ly(2)y () |dz < 2/0 (v (2))2dx. (1.2)

Equality holds only for y = mx, where m is a constant.
We describe here our specific multivariate setting. Let the balls B(0, Ry), B(0, Ry);
0 < R < Ry. Here B(O,R) :={z € RV :|z| < R} CRY, N>2 R >0, and
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the sphere SV~! := {# € RY : |z| = 1}, where | - | is the Euclidean norm. Let

dw be the element of surface measure on SV~ and let wy = [oy, dw = 13(7;5//22)
For z € RY — {0} we can write uniquely z = 7w, where 7 = |z| > 0, and

w=2e SN |Jul =1

Let the spherical shell A := B(0,Ry) — B(0,R;). We have that Vol(A) =
on (3 =B Tndeed A = [Ry, Ry) x SN-1.

For F € C(A) it holds

/AF(I)dx = /SNl (/RR F(rw)rN_ldr) dw, (1.3.)

we exploit a lot this formula here.

In this article we present a series of various fractional multivariate Opial type in-
equalities over spherical shells and arbitrary domains. Opial type inequalities find
applications in establishing uniqueness of solution of initial value problems for differ-

ential equations and their systems, see Willett [13].

2. RESULTS
We make

Remark 2.1. We introduce here the partial fractional derivatives. Let f :[0,1]? —
R.Let v>0,n:=p],a=v—m, 0<a<l; u>0 m:=u], f:=p—m, 0<
B3 < 1. Assume 3 L Js) o C([0,1]?) , then (x —t)™*(y — s)~ Ay (CLI R

oxnoy™ oz oy
integrable over [0,z] x [0,y];z,y € [0,1], that is
m—+n
Fla,y) / / (2 — 1)y — 5)- aa ngg 25) 4t ds (2.1)

is real valued.

Thus, by Fubini’s Theorem, the order of integration in (2.1) does not matter.

Let now g € C([0,1]), we define the Riemann-Liouville integral, I is the gamma
function: T'(v):= [["e "t""'dt, as

(J,9)(x) = N0 /Ox(:c — )" tg(t)dt, 0<ux<1. (2.2)
We consider here the space
C*([0,1]) := {g € C*([0,1]) : Tr-a g™ € C*([0, 1))}, (2.3)

then the v- fractional derivative of g is defined by ¢®) 1= (J1_o g™)", see Canavati
[11].
We assume here f(-,y) € C”([0,1]), Yy € [0,1] , then we define the v-partial
afu(,’y)

fractional deriative of f with respect to z: =753% as

I 0 o
et e = BT 31 2.4
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Also, we assume f(x, -) € C*([0,1]), Yx € [0,1], where

C*([0,1)) == {g € C™([0,1]) : Ti_p g™ € C*([0,1])}. (2.5)

Then we define the u - partial fractional derivative of f with respect to y: %(aj, )

as

ot o (Fsf o). Ve e (2:6)

Define the space
CrH([0, 1) = {f € ™ (0,11

T (W) e C'([0,1)), vy € 0,1

ox™
3F,, Fy, Fy, € C([0,1]*)}. (2.7)

N (M) c CY([0,1]), YV € [0,1];

Define the mixed fractional partial derivative:

9" f(x,y)
oxv Oyt

_ 1 A o 5 O"Tf(t, )
STl —a)l(1-p) axayfo /0 (2 =)y —s)" ooy s (2.8)

One can have anchor points xg,y9 # 0, then all above definitions go through for

T 2 To, Y = Yo

Conclusion 1. Clearly then we have Fj, = F,, , and

au—i—uf au—i—uf

oxvOyr  Oyrdxzv (2.9)
So the order of fractional differentiation is immaterial.
Here, it is by definition
I f(w,y)
oy+toz”
5 O f(t,s
F(l—a) =7 0y8x/ / (x—t)(y —s5)" o mfa(xn)dtds. (2.10)

Comments. 1) Let v =0, then n =a =0, and (2.8) becomes

M f(z,y) _ / / s O f(ts)
OyH (1 - Oxay s) dy™ dt ds
o™ f(t,s)
-8
1 — 8y0x/ / oy™ Ty

e (%(aa/ ([ WJTW)“)H”- 20
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Notice for fixed y we have that (y — s)=° %&i’s) is integrable over [0,y] , so the

function y " (t.5)
— _ o) h ) S
o(t) == /0 (y —s) oy ds (2.12)

is real valued for any t € [0, z].

By continuity of 2 oy L we have true that Ve >0 36 >0 : whenever [t1—ts| < 0
we have |2 af (b.s) _ amaf (2:5)| o We further have
Y Y
Y _ 8mf(t1, S) 8mf(t2, S))
t1) —p(ta) = y—s)° < — ds.
ot = ptts) = [ (=) (S5 -
e y 0" f(ts) " (tas)
_g |0 f(t1, s " f(ta, s
[p(t1) — ¢(t2)] S/ (y —s) B) 3 o f | s
0 Y Y
gg/ y—s)Pds = , 2.13
=770 = T (213)

proving (t) is continuous.

Consequently

Conclusion 2. When v = 0 , the fractional mixed partial derivative collapses to
the single fractional partial derivative.
2) Let =0, then m= 6 =0, and (2.8) becomes

0" f(z,y) _ - | ( s)
oxr? Il —a) 8x0y/ / Tt g dtds

(G ([ i)

( notice / (x —t)™® %dt is continuous in s € [0,y])
0

:ﬁ@% (/Ox(x—w mgi )dt)) .%. (2.16)

Conclusion 3. When p = 0, the mixed fractional derivative collapses again to the

single one.
3) Let now n=v €N, ie. a=0, then
O flz,y) 0 / "fty) \ _ 0" f(x,y)
orv  Ox \J, O o ozn (2.17)

the ordinary one.
4) When m =p € N, i.e. =0, then

Py 0[S, 0 .18

oyt Oy

oym oym

the ordinary one.
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5) Furthermore, let finally both v =n €N and y=m €N, ie. a=F=0.
Then .\ .\
1T Yy an+m
Ot f(x,y) / / T (t, ) 9t s) by
oxv oyt 8x8y ox™oy™

2 (5[ (] %))

0 Lo f(t,y) O f(w,y)
-2 ( /0 i) = (2.19)

proving the that fractional mixed partial collapses to the ordinary one. Fractional

differentiation is a linear operation.

Conclusion 4. The above definitions we gave for the fractional partial derivatives
are natural extensions of the ordinary positive integer ones.

Having introduced the fractional partial derivatives we are ready to develop our
Opial type results.

We make

Remark 2.2. First we consider a general domain. Let () be a compact and convex
subset of RY, N > 2; 2 := (z1,...,2n), 2o := (Zo1,...,Ton) € Q be fixed. Let
feCn(Q), neN. Set g.(t) = flwo+t( — x0)), 0L < 1,

Then it holds

i=1
7=0,1,2,...,n, and in particular
N of
9:(t) = Z(zz — Zoi) %(% +t(z — 7)), (2.21)
i=1 ¢
0<t< 1.

Clearly here g, € C™([0,1]). Let first 1 <v < 2, in that case we take n := [v] =
1. Following Anastassiou [2] and by assuming that as function of t: fo,(zvo+t(z—
20)) € C*"1([0,1]), i=1,..., N, then there exists ¢ = (Jo_, ¢.)’, and it holds

(v-1)
(Zi — .TL’(]Z‘> <g—£($0 + t(Z — Io))> s (222)

Q

no—~
S
—~
~
SN—
Il

|M2

0<t<1

Also here we have

= Zz;l(ézz_—y)xm) /0 (t — )17 fo, (w0 + 8(2 — m0))ds, (2.23)
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Clearly (Jo—, ¢.)(t) € C'([0,1]) and (Jo—, ¢.)(0) = 0. Therefore by (1.2) we get

[ g iana < 5 [ @0awra vseb. 22

We have established the following Opial type result.

Theorem 2.1. Let Q be a compact and convex subset of RN, N >2; 2z 29 €Q
be fized; 1 <v <2. Let feCYQ). Assume that as a function of t: f..(xo+1t(z —
zg)) € C*71([0,1]), i=1,...,N.

Then
w1 o) ([ (=7 o+ ot — )
Z(zz — 20;) (fa, (2o + t(2 — xo)))(”_l) dt
< %/Os (Z(zz = 0i)(fa, (T + (2 — xo)))(y_l)> dt, (2.25)
Vs el0,1].

Remark 2.2. (Continuation) Let here v > 2 and n :=[v], f:=v —n. We
assume that as functions of t : f.(z¢ + t(z — m0)) € C¥([0,1]), for all « :=
(a1, ...,on), oy € ZY, i =1,...,N; |a| .= 3., a; = n. Clearly then there exists
™ = (Ji_s ¢, and it holds

N o qn)
gg/) (t) = [(Z(z, — m)%) f] (xo + t(z — ), (2.26)

i=1
all te[0,1].
Of course , it holds

n (2:20) 1 ¢ _
(G a0 2 s [ =97

(&)

Notice (Ji-p ¢)(0) = 0. Hence again by (1.2) we get

(xo + s(z — xo))} ds. (2.27)

|17 @l Dl < 5 [ 0rgpan v @)
0 0
We have proved the following general Opial type of result.

Theorem 2.2. Let QQ be a compact and convex subset of RN, N >2; 2z 29 € Q
be fized; v>2, n:=[], f:=v—n. Lt feC™Q). Assume that as a function
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of t: falzo+t(z —x0)) € CY™(0,1)), for all a:= (an,...,ap), o € ZF, i =
L...,N; |a| =N 0, =n. Then

e {((e i)

N n (v—n)

1=1

(xo + s(z — mo))} ds

) N n 9 -n) 2
gg/o [(Z(zi—xm) a%) f] (0 +1(z — 20)) b dt, (2.29)

Vs el0,1].

Note. Following the last pattern one can transfer any univariate Opial type inequality
(see Agarwal and Pang [1]), into this fractional multivariate general setting. Since
no chain rule is valid in the fractional differentiation, inequalities such as (2.28),
(2.29) are not revealing themselves, to totally decompose into all of their ingredients.
Next, working over spherical shells we obtain a series of various Opial type fractional
multivariate inequalities that look nice and are very clear.

We give

Definition 2.1. (see Anastassiou [7] and Anastassiou [5], p. 540) In the following
we carry earlier notions introduced in Remark 2.1, over to arbitrary [a,b] C R. Let
x,xo € [a,b] such that x > zg, ¢ is fixed. Let f € C([a,b]) and define

@) = s [ =0 0l <2<, (2.30)

the generalized Riemann-Liouville integral. We consider the subspace

Cy (la,b]) of C"(la,b]):

Cr(la,0]) == {f € C"([a,8]) : T2 F™ € O (o, b))} (2.31)
Hence, let f € C¥ ([a,b]), we define the generalized v-fractional derivative of f over
[z0,b] as
DY f o= (T, f™) (2.32)
Notice that ) .
zo f(n) — _ $)—a £(n)
(220) @) = gy | (e =077 (2.3)

exists for f € CY ([a,b]).

Next we use

Theorem 2.3. (see Anastassiou [8] and Anastassiou [5], p. 567) Let v; > 1, v > 2
such that v—~ > 1; i =1,...,1 and f € C¥([a,b]) with fU(zo) =0, j =

0,1,....,n—1, n:=[v]. Here z,x¢ € [a,b] : x > xy. Let qi1,q2 > 0 continuous



208 Anastassiou

functions on [a,b] and r; > 0 : S \_ r;i =r. Let sy, > 1: é + i, 1 and
S, 85> 1: + i, =1 and p > sy. Furthermore suppose that

x ) 1/s)
Q= (/ (qr(w))™ dw) < 400 (2.34)
and

o/ x<q2<w>>-8’z/pdw)r/sé < oo, (2.35)

zo

Call 0 =222 Then is holds

ps2

l

/ @ IR W)

Zo =1

"dw < Q1Q2

! o

) (Zézl (v—yi—1)ri+or+ ﬁ)

(x — o
((Zi:l(’/ — % — 1)7"2'81) +rsio + 1)1/31

: ( / ) q2(w)|(D;0f)(w)|pdw) " (2.36)

Zo

We next work in the setting of spherical shells introduced in the Introduction.
We need

Definition 2.2. Let v >0, n:=[v], a:=v —n, f € C"(A), A is a spherical shell.
Assume that there exists 22 ¢ ¢ (A), given by

/!
/R (r— t)ﬂ%@f” dt) | (2.37)

Op, f(x) 1 0 (
where z € A, i.e. x=rw, r € [Ry, Ry, we& SV L

orr T T(1—a)or

al/
We call éﬁ}uf the radial fractional derivative of f of order v .

We need

Lemma 2.1. Let v > 1,

v > 2 such that v —+~ > 1. Let f € C"(A)
le(x (

A), © € A, A a spherical shell. Further assume
n—1, n:=[v], Vw e SNL Then there exists

and there exists

that Y10 _ 0, j :0,1,..

o ord
o) T -
W2 € C(A),

Proof. The assumption implies that aéla]:(ym) € C([Ry, Ro]),Vw € SNt ie. f(rw) e

Ch ([R1, Rp), Vw € S¥~1. Following Anastassiou [7], and Anastassiou [5], pp. 544-

545, we get that there exists 8R18];(: ) and is given by
0y f(rw) 1 " g, f (tw)
. = — )y B T g 2.38
ory I'(v—7) /R1 (r=19) arv ’ (2.38)
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indeed f(rw) € C} ([Ry, Ry]), Vw € SN
Hence

Op, f(rw) 1 v vo1 Op (EW)
0 Tl J, MO

dt. (2.39)

Let 7, — r, w, — w, then Xg, . (t) = Xg, (), a.e. also (r, — )" 771 —
(r —t)»=771 and
O flten) | O S(t)
orv orv

Furthermore it holds that
v—y—1 a}l/%l f(t w”)

X[Rth} (t) (’f’n — t) 87"’ —
% f(t
X[Rlvr} (t> (,r o t)y_w_l %7 a.e. on [R17 R2] (240)
However we have
vy | OR f(twn)
X[R1,rn](t)|rn - t| 71 %
8!1
< (Ry— Ry)» ! Ok f < o0. (2.41)
or” ||
Thus, by the Dominated convergence theorem we obtain
e 3% f(twn
X[Rl,rn](t) (Tn _ t)'/—v—l M dt —
Ry (97’”
" O, (tw)
Xipy ) (t)(r — )71 o dt, (2.42)
R orv

proving the claim.

We present the very general result.

Theorem 2.4. Let v; > 1, v > 2, such thatv —~; > 1;i=1,...,1, n:=[v]. Let

f € C"(A) and there exists %alfu(m) € O(A), z € A, A is a spherical shell: A :=

B(0, Ry)—B(0,R;) CRYN, N > 2. Furthermore assume that g%{, j=0,1,...,n—1,
vanish on dB(0, Ry). Let r; >0:3 " r; =p. Let s1,8, > 1: i +4 =1, and

82,8/2>11é—|—i,:1, and p > so. Denote

S
N—1)s|+1 N-1)sj+1\ V/$1
Q1= A i (2.43)
(N—-1)s)+1 ’
and
nEa aemza |
1-N)241  (1-N)Z+
Q= | 2 — . (2.44)
_ 52
(1-N)2Z+1
Call 0 := B2,

ps2
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Also call
l 7,0
O‘ 1
C=Q { ; . }
bee 11 T(v—7))i(v—"—1+0)e
(Rg _ Rl)(Zé:ﬂV—’Yi Dr; +52+;—1) (2 45)
1/s1° :
((Zizl(’/ — % — 1)7“i81> +s1(2-1)+ 1)
Then
a’ﬁ aI/ p
Rl x < C/ CRAC . (2.46)
A 07“”
Proof. The assumption imply that f(rw) € C™*([R1, Ra)), %gyw) € C([Ry, Rs]), Vw €
SN=1 By Theorem 2.3 we have
l i i
/Rz ,,,N—l H a}y%lf(TW) dr
Ry iy ar“/z
Ro aI/ p
< C’/ rN # dr, Yw € SN (2.47)
Ry

Therefore it holds

i
831 rw)

or

Lo (e ) o
op frw)|”

Ro
<C / PNt
SN-1 Ry 87"’

Using Lemma 2.1 and by (1.3) we derive (2.46). O

We mention

dr) dw. (2.48)

Theorem 2.5. (see Anastassiou [8] and Anastassiou [5], p. 573) Let v, > 1, v > 2
such that v —v; > 1; i =1,..., and f € C% ([a,b]) with f9(z) =0, j =
0,1...,n—1, n:=[v]. Here x,x0 € [a,b] : © > xy . Let G(w) >0 continuous on
[a,b] and r; >0 : Y\ r; =r. Then it holds

[ i) T2 1)

S{ 141l 10z, = } {(m—x())rlv—zz_lwﬂ}. o)
T =7+ ) [ L ov =Sy +1)

Theorem 2.6. Let ~; > 1, v > 2, such that v —~; > 1;i=1,...,1, n:=[v]. Let
f € C"(A) and there exists BRl € O(A), z € A, A is a spherical shell: A :=

We give
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B(0, Ry)—B(0,R;) CRYN, N > 2. Furthermore assume that g%f, j=0,1,...,n—1,
vanish on 0B(0, Ry). Let r; > 0: Zizl r; =r. Call

RN—l R, — R ry—Zﬁ: rivi+1
M= 2 (o= R) : > 0. (2.50)

[T (T =i+ 1)re(ry — S5 ryi+ 1)

Then 1
O (@) [ 2N 10, F ||
1 < 1 . .
/ (11 o )d‘c— M vy || o i (251)

Proof. By Theorem 2.5 we get that

Ra l a’yz‘ f(rw) T ay r
N-1 Ry R1
—_— dr < M . 2.52
/Rl ' (E o ' H or |l o.a (2.52)
Hence it holds 1
Ro> a’ﬁ T
/ / Nt H 7R1f(7fw) dr | dw
SN—-1 Ry i1 87’%
o fl
<M —= 2.
> WN | (2.53)
Using (1.3) and Lemma 2.1, we establish the claim. O

We need

Theorem 2.7 (Anastassiou and Goldstein [9]). Let v > 1, v > 2, v—r~ >
1, a,6>0 r>a 7r>1; let p>0, g >0 be continuous functions on
[a,b]. Let f € C%(la,b]) with fP(xg) =0, i =0,1,....,n—1, n:= [v]. Let
x, % € [a,b] with x > xy. Then

/ a()| D, F(w)P| D, f(w)[*dw < K (p. g, v v, v, B, 7o)

zo

atB

(/ w) | D £ w)\"dw)( o (2.54)

Here
K o) = (2 )a/r :
, 4,7, V, &, 0, T, T, T = :
BT V" \avs) TTw—))p
(/ <q<w>>’“-<p<w>>-a><fw-<P1<w>><—ﬁ”)"dW) i (2.55)
xo
with y
Py(w) = / (p(t))"77 - (w — 1)V L gy, (2.56)
xo
We present
Theorem 2.8. Let v > 1, 1/22 n:=1\w, v-y>1, «o >0 a+g>1

f(

Let f € C"(A) and there exists € C(A), v € A, A s a spherical shell:
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A := B(0,Ry) — B(0,R;) C RN, N > 2. Furthermore assume that g%{ =0, for
j=0,1,....n—1, on 0B(0,Ry). Then

Op, f(x)|” |0k, f (« O, f () [
1 1 < s N . .
/A e 5 d K / 87'” dx (2.57)
Here
K
a/(a+p) R
_ o 1 ? N-1 (a+B—1) Lﬁ
~(755)  wemp f, @ E e
with .
Pi(r) = / tare (r — 1)@ D555 gy, (2.59)
R
Proof. The assumption imply that f(rw) € C"([R;, Rs]) and 8R1f(w) € C([Ry, Rs)),
YV w € SN~ Hence by Theorem 2.7, ¥V w € S¥~1 we get that
/R2 v | O )|\ O frw) |
Ry 87“7 87"”
Ro al/ a+p
< [ |G IO (2.60)
R 8TV
Therefore it holds
2 B v o
/ ( /R vt | O f ) 7|0, f(rw) dr) »
SN-1 Ry 87’7 87"’
Ra al/ a+p
=K (/ (/ V-1 7R1f(rw) dr) dw) . (2.61)
SN-1 Ry 87‘”
Using Lemma 2.1 and by (1.3) we derive (2.57). O

We need

Theorem 2.9. (see Anastassiou and Goldstein [9]) Let v > 2, «a,8 >0, r >
a, r>1; let p>0, ¢=>0 be continuous functions on [a,b]. Let f € C ([a,b])
with f@(x0) =0, i=0,1,....,n—1, n:=[v]. Let x,x¢ € [a,b] with x > 0.
Then .
[ stw)lr@)? D2 f@)" dw < K (p..0.0, 6,10
zo

a+f3

~ ( / :p<w> \D;;Oﬂw)\"dw)( - (2.62)

Here
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with
P (w) = /w(p(t))_rll (w — t)("_l)(fl)dt. (2.64)

o

Based on Theorem 2.9 we give similarly:

Theorem 2.10. Let v > 2, n:=1[], «a >0, a+3>1 Let feC"(A)

% f(x) <

and there exists —4-— € C(A), x € A, A is a spherical shell: A := B(0, Ry) —
B(0,R;) C RN, N > 2. Furthermore assume that 2L =0, for j=0,1,...,n—1,

ori
on 0B(0,Ry). Then
O, f()|" A C]
/A|f(x)|ﬁ R@T’E) de < K /A Rarf) dz. (2.65)
Here
K" .=
(5%5) 1 Ry (%)
(0% — * a+0B—
<a+ﬁ) o ( |y 1)dr) o (260)
with
Pi(r) = / G5 (r — 1) S . (2.67)
Ry

Next we present a set of multivariate fractional Opial type inequalities involving two
functions over the shell.
We need

Theorem 2.11. (see Anastassiou [4]) Let v,v1,7 > 1, such that v — -y >
17 V—"72 2 1 and flaf2 S nyg([a’7b]) with

o) = £ (@0) =0, i=01.n=1, n:=[] (265

Here, z,x0,€ [a,b] : © > 9. Consider also p(t) > 0, and q(t) > 0 continuous
functions on [zg, b].
Let A\, >0 and Ao, A\g >0, such that \, < p, where p > 1. Set

Puw) = [ (D) o

zo

k=122 <w<b, (2.69)
. Aa((p—1)/p) . As((p—1)/p) —Av/p
(L@ = y1)re - (D(v = y2))™
T (p—)\u)/p
Ap(z) = (/ A(w)p/(p_’\”)dw) : (2.71)
xo
and
1=((Aa+Av)/p) ; <
5 = 2 : ?f Ao+ A <, (2.72)
L, if Ao+ A, 2D
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If A\g = 0, we obtain that,

| [[omsw]™ - |05,0) @)

o

(D22 12) @) (D, 2) ()

\, Av/p
< (Ao(z },\ﬁ 0) - <)\a+)\u> - 01

| U p(w) [|(D% 1) (@) + | (D% 12) ()] du

o

/\V} dw

(kM) /p)
] (2.73)

Similarly, by (2.73), we derive

Theorem 2.12. Let v,7v,72 > 1, such that v—v > 1, v—" >1, n:=[v] and

fi, f2 € C™(A) and there exist %gfly(x), 6R})ﬁ € C(A), A:=B(0,Ry)—B(0,Ry) C

RN N > 2. Furthermore assume Dh = 9 - 0, forj=0,1,....n—1, on

ord ord
0B(0, Ry).
Let A\, >0 and Ay >0; \g >0, p:= A, + A, > 1. Set
Po(w) = / N = S (2.74)
Ry

k=1,2, R <w< Ry,

A= w(N_l)(ZFEV)(—Pif?)((( e R i 27
o) = ([t " .10
Tuke the case of \s = 0. Then
[ 2 || (%l o]+
G ] (%) ]
< aotmsneo) (2) 7 [ [(BL) o
82y

We need

Theorem 2.13. (see Anastassiou [4]) All here, as in Theorem 2.11. Denote

5o 2%/ — 1 dif Ag >\,
ST, if Ag < A
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If Ao =0, then, it holds

[ |0z @ (0%h) @

zo

Ay

+[(D2f) ()| - (D, f2) (w)

)‘"] dw

< (Ag(zx o) PP [ OvIP,
— ( 0( )‘)\a 0) ()\6 )\V) 3

(A +25)/p)
) e

(/ () [|(D,5) @) + | (D2, ) ()] du

o

all xog <x<hb.
Similarly, by (2.78), we derive

Theorem 2.14. All basic assumptions as in Theorem 2.12. Let X\, > 0, A, = 0,
Ag >0, p:=X,+Ag >1, Py defined by (2.74). Now it is

w003 (P, ()2 (55)

Aw) := , 2.79
(w) T — ) (2.79)
Ra . Ag/p
Ao(Re) = (/ (A(w))*s dw) : (2.80)
Ry
Denote
)‘ﬁ/)‘u _ y >
53 — 2 1, Zf )\5 = >\1/7 (281)
17 Zf )\g S >\1/-
Then R ) . X
/ O, @) || Ok @) [ IR AE) 7|9, o) ]
A Orne arv Orz orv
A (A /p) oY f (:L’) P o f (:L’) P
< Ag/p [ 2V /\u/p/ Ry J1 Ry J2 . ‘
B AO(R2) ? ( p ) 53 A orv orv dx (2 82)

We need
Theorem 2.15. (see Anastassiou [4]) All here, as in Theorem 2.11 (Ao, Ag # 0).

Denote

[ 2O i AL A 2 A
T i Aot As < A,

and

- 1, Zf )\a‘l‘)\ﬁ‘l’)\uzp?
2= 1= (QatAatX)/D) i N+ Ng+ N, < p.

Then, it holds

[ o) [0 R) @I [(D28) @) [ (D%,1) ()

o

Av
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+ (D) ()™ - |(DRf2) (@)[* - |(D2, f) (w)

Ay
()\a + )‘5)()‘04 + >\ﬁ + A

/\V} dw

Av/p
< Ap(x) ( )) (AP 3y 4 202 /P(5 A g) /7]

(CatAs+0) /p)
) : (2.85)

([ o0 (D21 P 122, 5) )

o

all xog <x <hb.
Similarly, by (2.85), we obtain

Theorem 2.16. Let all basics as in Theorem 2.12. Here, A, A\, A\g > 0,
pi=A+Ag+ A, > 1. Also Py, k=1,2 asin (2.74), and A(w) asin (2.75). Here

it s
Ao +>‘ﬁ

antr = ([ awy=a) (2.56)

Ry

2((Aat+Arg)/rw)-1, 4 Ao FAg > A,
- ::{ if AatAs > Ay, (2.87)

1, if AatAs < A
/]

O, fi()

orr

Then

Xa A

Ay fi(x) ™
orv

O, I2()
orv

g, J1(x)

orm

O, J2(x)

ornz

Op, f2(x)

orm

_l_

A Ao AT

dx

>\ (Au/p)

(Ao + s
Of, fa(x)

/ ( g, f1(2) Ok, J2(7)

orv orv
Theorem 2.17. (see Anastassiou [4]) Let v >3 and v, > 1, such that v—-y, > 2.
Let fi, f2 € C3([a,b]) with

fl(l)(xO):fé(Z)(xO):O; i:0717“'7n_1’

< Ao(Ro) (

p) da. (2.88)

We need

n = [v]. Here z,xq € [a,b] : © > xo. Consider also, p(t) > 0, and q(t) > 0 continuous
functions on [xg,b]. Let
A >0, 0< A1 <1,

and p > 1. Denote

1, Zf )\a S )\a—i-lu
x (1=Aa+1) O3\ or1 Aat1
L(z) := (2/ (q(w))(l/l_@“*l))dw) <7a+) , (2.89)

o >\a + )\a—l-l

{ 2>\a/()\a+l) — 17 Zf )\a Z )\a-‘rla
93 =
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and
Pi(z) := / (z — t)(v—'n—l)p/(p—l)(p(t))—l/(p—l) dt, (2.90)
p=1)/p)\ PatAa+1)
T(x) = L(x) - (%) , (2.91)
and
o :{ 91=(AatXa+1)/p, Zf Ao + Aat1 < p, (2.09)
]_, Zf )\a“‘)\a-‘rl va
O(z) :=T(x) w;. (2.93)
Then, it holds
[ atw) [[0z) @) 1037 2) )+
(D32 £2) ()] - (D2 1) ()]
z ((Aat+Ara+1)/p)
<o) | [ ) [(D2) @) + | (D2 e) () | SCEY

all xg <z <b.
Similarly, by (2. 94), we obtain
Theorem 2.18. Let v > 3, 73 > 1, such that v —~ > 2, n = [v]. Let
fi, f2 € C"(A) and there exist %gilu(x), %})ﬁ(m) € C(A), A:=B(0,Ry)—B(0,Ry) C
RN, N > 2. Furthermore assume aajj;l = %JT];Q =0,5=0,1,...,n—1, on 0B(0, Ry).
Let Ay >0, 0 < Aoy1 <1, such that p:= Aoy + Aar1 > 1.

Denote

6, i 20a/Adatt) 1 4f N, > Aoyt (2.95)
’ 1, Zf )\a S >\a+17 .
L(Rg) :
—Xa+1 —Aat1 (1=Aa+t1) a+1
— 27(1 ~ Aat1) RJIV*;SL — lev*;ail ) o ) (2.96)
(N - >‘a+1) ? ! p ’ .
and n
Pi(Ry) = / (Ry — t) = n=0p/=1) ¢ (57) gy, (2.97)
Ry
®(R,) = L(Ry) M (2.98)
A =) ‘
Then
>\a 1 )\a 1
O fi@) [ |9 L@ [ | fe@) | O @) |
A orn orm +1 orm orm +1 X
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< B(Ry) /A ( Ok, f1()|” | Ok, fa(2)

p

orv orv

p) da. (2.99)

We need

Theorem 2.19. (see Anastassiou [4]) All here, as in Theorem 2.11. Consider the
special case A\g = Ay + A\,. Denote

T(a) = Ao() ( Aai” Ay)w 2r=2ha=30)/p. (2.100)
Then, it holds
|t [|(0z ) 0™ (02 0 (05, ) )
(2 ) @) (D5 f) @) (DL, f2) (w)] ] du
< 7(a) ([ ot (02,5 @] +
}(DZsz) (w)‘:n) dw)2((>\a+>\u)/p) ’ (2.101)

all xog <x<hb.
Similarly, by (2.101), we get

Theorem 2.20. Here all as in Theorem 2.12. Consider the case A\g = Ay + A\y;
Ao >0, A, >0, \g > 1, p:=2Xg. Here Py, k=1,2, asin (2.74) and A(w) as in
(2.75). Set

Ry 2>\a;»>\y)
Ag(Ry) = ( / (A(w))p/%“ﬂ) . (2.102)
Ry
Also put
Av
T(Ry) == Ag(Ry) (i—) o), (2.103)
B
Then
/ O, (@) ™ |9, fo() [ | O, (@) A”Jr
A orm orm2 orv
O 1) | | I 1) [ |9, o) ]
orr orm arv
14 p v p
< T(R2)/ M M dr. (2.104)
A orv arv
We need

Theorem 2.21. (see Anastassiou [4]) Let v,v1,ve > 1, such that v—vy > 1, v —
Y2 >1 and fi, f € C% ([a,b]) with F2z0) = fi220) =0, i=0,1,...,n—1, n:=



Fractional Multivariate Opial Type Inequalities 219
[v]. Here, x,2¢ € [a,b] : x > xy. Consider p(x) > 0 continuous functions on
[20,b]. Let Ao, Ag, Ay > 0. Set

p(x) =
(:L’ _ xo)(zx)\a—m)\a—i—u)\ﬁ—yz)\ﬁ+1) ||p($)

oo
. 2.105
(MAa =710 + 225 =225 + DI =N+ D) (T — 72 + 1) (2:105)

Then, it holds

[ atw [[0mA) ) [(92) @] (2% ) ()]
+\<DA2 1) @) (D2 12) @) (D2, 12) (@) daw
<2 [HD AP Dy B 122+ (D )
L2 (2.106)

all xog <x <hb.
Similarly, by (2.106), we get

Theorem 2.22. Same basic assumptions as in Theorem 2.12. Let A\, Az, A\, > 0.

Set
Ré\f—l(R2 o Rl)(y)\a—~/1)\a+u>\ﬁ—~/2)\ﬁ+1)

Ry) =
p(F2) (VAo —T1Aa + V25 — 225+ D)(T(v — 71 + 1) (T(v — 2 + 1))
(2.107)
Then \ \ \
/ O, f1(x) | |OF fa(2) |7 | OF, f1(x) ”+
A ormn Or2 arv
O 1) [ | 9B o) [ | O )]
orr orm arv
el 127 e 17 Y s
< |5, 5L
o ) 2(Aa+Av)
‘ g;i% g;f . (2.108)
We need

Theorem 2.23. (see Anastassiou [4]) (Assume, as in Theorem 2.21, Az = 0.) It

holds N
[ v [0 @ (05 4) )+

(Df2) () - (D%, £2) ()] dw

(x — xo)(u)\a—“ﬂ)\a—l—l)np(x)Hoo ) N
< <(V>\a_’71)\a+1>(r(7/—’y _|_1>>>\a) . [HDmoleoo +

|z, 2], (2.100)
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all xog <x<hb.
Similarly, by (2.109), we derive

Theorem 2.24. All as in Theorem 2.22. Assume \g = 0. Then

/ OR @)™ | O Fila) [ |0 o) [ 0, o) ]
A orm orv orm or?
. 9 N/2 Rév_l(Rg _ Rl)(uAa—’YlAa+1) ' aﬁlfl Aot .
L(N/2) (WAa — nAa + D)(T(v — 91 + 1)) or” ||
a}/:h f2 )\a+)\u
‘ |l ) (2.110)

We need

Theorem 2.25. (see Anastasiou [4]) (In relationship to Theorem 2.21, \g = A\, +
Ay.) It holds

/mp( ) [‘(D'Ylfl)( )‘ « ‘(D;c% 2) (w)‘)\a-i-)\y

o

(DZO fl) (w) e

+ (D2 ) ()| )(DD £) (w) [ (D2, f) (w)

(LU - xo)(ZV)\a—'yl)\a—i-u)\l,—’m)\a—'yg)\u-l—l) . Hp(x>Hoo
< .
- ((2V>\a —Y1Aa +F VA — A0 — A+ DTy —m + 1)))‘a)

/\V} dw

1
(D(v =y + 1))t

all  x9 <z <h.
Similarly, by (2.111), we derive

(DA 4 L)

Theorem 2.26. All as in Theorem 2.22. Assume A\g = Ao + \,. Then

/ 07%11]01(1,) Ao a}y%zlfz(x) Aat+Ay 5}%1f1($) Av .
A af,"'Yl aT’Y2 07“”
Ofi fulw) [ | O o) [ | O, o) |
Orm orm orv
27.[.N/2
< (22
B (F (N/Q))
Rév_l(R2 _ Rl)(2’/>‘&_71>‘Q+V>‘u_72)\a_“/2>\u+1)
<(21/)\a —MAa F VA — P Aa — A+ DT (v —7 + 1))Aa> '
1 8}”2 fi 2(Aa+Ay) a},,z p 2(Aa+Ay)
! L . 2.112
T = + D™ (' oz N e -

We need
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Theorem 2.27. (see Anastassiou [4]) (In relationship to Theorem 2.21, A, = 0, A\, =
Ag.) It holds

| v [|(02) @ |(03) )]
(D f) ()™ - [(D3 £2) ()] ]dw

2Xa 2\
< ') (105 A 2+ 102, ]120] (2113
all o<z <)
Here
p*(x):
- ( (@ = ) G - ()] ). ey
(20 — 71 Aa — 2 Aa + DT — 91 + 1) (T — 2+ 1))2 ) '
We get, by (2.113), the result
Theorem 2.28. All as in Theorem 2.22. Assume A\, =0, Ao = A\g. Then
/ 0% fi(w) [ |0 falx) ™ |03 falw) [ | O fola) | dr
A orm orn ornr orm
2 N/2 % fillP || 0%, fo ||
< | =—— 0" L L 2.11
—<wwm)”&4‘mvm*wawcw’ 2419
where
p(Re) :
RYTHRy — Ry)@Aa=mAa=r22atl) (2.116)
B ((QV)\Q — YA — 12 Aa +F DT (v =71 + 1) (I'(v — 72 + 1)))‘a) ' '
We need

Theorem 2.29. (see Anastassiou [4]) (In relationship to Theorem 2.21, A, =0, A\g =
Av.) It holds

[ v (|00 @) | (051) @)

(D3) | (05,2) ()]

g ( (2 — 26) =22+ ||p(2)]|oo ) |
T\ A+ DY — e + 1)
HZ)\g

D5, AR + 1125, )27 (2.117)

all xg <z <b.
We get, by (2.117), the next result.

Theorem 2.30. All as in Theorem 2.22. Assume A\, =0, A\g = \,. Then

/ Ok 120 [ |00, ()| OB Si@) [0 o) 7]
A or? orv Ore orv
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27TN/2 Rév_l(Rg . Rl)(u)\ﬁ—’yg)\g—i-l) a}/% fl 23
< 1
B <F(N/2)> ((W\ﬁ—72>\5+1)(F(V—72+1)W) ' 7
81/ 2)3
+‘ %02 ] : (2.118)
T 0

We make

Assumption 2.1. Let v > 1, n:=[v], f; € C*(A), j=1,...,M € N, and there
exist 8§;ij € C(A), A:= B(0,R,;) — B(0,R;) C RN, N > 2. Furthermore assume
that 22 =0, i=0,1,...,n—1, on B(0,Ry), forall j=1,... M.

Next we present a set of multivariate fractional Opial type inequalities involving

several functions over the shell.
We need

Theorem 2.31. (see Anastassiou [3]) Let v,v1,7v2 > 1, such that v—y, > 1, v—ryy > 1
and f; € C¥ ([a,b]) with f\"(z0)=0,i=0,1,....n—1, n:=[], j=1,..., M€
N. Here, z,z9 € [a,b] : © > zg. Consider also p(t) >0, and q(t) >0 continuous
functions on [xg,b]. Let A\, >0 and Ay, Ag >0 such that A\, < p, where p > 1.
Set

Po(w) = /w(w S ) P dt, k=12 a9 <w<b (2119
Aw) o 200 (P U5 (P ) U ) ()™ 2.120)
' (T(v =) - (T(v — 72))* 7 '
Ag(z) = (/IA(w)p%dw) 7 (2.121)
Call .
e1(2) = (Ao(2) [r,=0) - ()\:_‘:)\V) ’ , (2.122)
5t = Mi_i—) UV dath <P, (2.123)
2(%5) 1 i At A >

If \g =0, we obtain that

[ atw (Z (D235 ()| | (D5, 1) ()

AV) dw

Aa;rky )

. M (
<07 - pi(x) - [/ p(w) (Z (D3, f3) (w)\p> dw] (2.124)

all xog <x <b.
Similarly, by (2.124), we derive
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Theorem 2.32. Let f;,5=1,...,M, asin Assumption 2.1. Let 7,72 > 1, such
that v—y1>1, v—7>1 Let \, >0, and Ay >0; \g >0, p:=X,+ A, > 1.
Set

Py(w) ::/ (w — ) Vet () g, (2.125)
Ry

1

w™D=) (P () ) (Py (w)) o (55)
(P =) (I (v = 72))™

Ao(Ry) = ( / R2(A(w))p“adw) W. (2.127)

Alw) = : (2.126)

R
Take the case of A\g = 0. Then
Z/ T bs@) || O b
x
orm orv
&) O, 13 () |"
< (Ao(R2)|xs-0) <—) [Z: (/A TJV dx) : (2.128)

We need

Theorem 2.33. (see Anastassiou [3]) All here as in Theorem 2.31. Denote

28 .
5= 2oLt Az A (2.129)
1, if s <A,
1, if A+ A=,
=9 oy / p=b (2.130)
M A A<,
and )
Ay >\y v/P
pa(x) = (Ag()]r,0)2("F >< AﬁHV) 5. (2.131)

If Ao =0, then is holds

/ g(w) {{Z (D2 f0) @) (D%, 1) ()]

+ [(D22£) () [ (DY, fi41) (w) A]}
102 ) ()| (D2, 1) ()]
#1D2R) (0 ) (0)]] b

AvtAg

) M (Aids)
<207 Deypn(a) - {/ p(w) - [Z (D%, £i) (w)}p] dw} o (2132)

T > x.
Similarly, by (2.132), we obtain

v
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Theorem 2.34. All basic assumptions as in Theorem 2.32. Let A, > 0, A\, =
Mg >0, p:=A+Ng>1, P, defined by (2.125).
Now 1t is
w(N—l)(l )\V)(Pg( ))Aﬁ(%l)
Tw—p

Ao(Ry) = < / " (A(w))"™ dw)Aﬁ/p. (2.134)

Ry

Alw) = (2.133)

Denote

288/ 1 Gf Ag >\,
53 ;:{ U As 2 (2.135)

1, if s < A
Call
A Av/p \
(,OQ(RQ) = Ao(Rg)Q)\ﬁ/p <—V) (53 V/p. (2136)

x|

O, f()

orr
. [ 0% far(z)
O fi(x)

ar'Yz
orr

Then
8R1 fy—l—l )

ornz

o fi@) [
orv

)

g, o) |

orv
Ay
] } dx

0%, fu ()
Ok f5(2) pdx)] . (2.137)

orv
(/A arv
Theorem 2.35. (see Anastassiou [3]) All here as in Theorem 2.31 (An, Ag # 0).

0%, fi (@)
orv

A

>

i=1

< 202(Ry)

We need

(52) :
q=gd 2T a2 A (2.138)
1, if Ao+ g < A,
and
1, if Aa+Xg+ A >D,
= 1 (ratAs A / o P (2'139)
2T i A+ As+ A <.
Set

A, Av/p
¢3(x) == Ag(z) - <(AQ+A5)(AQ+A5+A,,)) (2.140)
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and
1, if Aat+Ag+ A >0p,
€3 1= L datAgtiy / 7 b (2.141)
_( p ), Zf )\a+>\ﬁ+>\y §p7
Then it holds
. M-—1 A A
/ [ (D25) (@) (D2 fi11) ()| (D2, £5) (w) [
j=1

#|(D2) @) (DR f00) (@) [(D2 Fi30) ()]
+ 102 @) [(D3 far) ()] | (D2, 12) ()] ™

1(02A) @] (02 1) @] (D% far) ()] ] du

Aat+Agt+Aiv )

(—
<25t { [ Sl o |anf T ey

all xog <x <b.
Similarly, by (2.142), we obtain

Theorem 2.36. All basic assumptions as in Theorem 2.32. Here \,, Ao, Ag > 0,
pi=Aa+ g+ A, >1, P, asin (2.125). A as in (2.126). Here
XatAg

ofRy) = ( / " (A0, ) T (2.143)

Ry

(*52) -
i ;:{ 2 L AatAs = A, (2.144)

17 Zf )\a + )\6 S )\w
Put

)\V (M /p) AomLAﬁ Au
@3(R2) == Ao(R2) (m) [)\( v/P) 4 2 '(Tirg) )] : (2.145)

x|
O, Ji(x)

orr

g, J1(x)

orm

O fulw) [

orr

Then
Ao

Y on fi(a)]
or?

Op, fir1(z)
orv

0%, fr(z)[*

orv
Ay
] ] dx

O, Ju(x)
' dx)] : (2.146)

O, f3(x)

orm

O, fin1 (@)

ar“fl

g, fir(x)

orm

O, Ju ()

orr

O fu (@)™
orm

M

>(/

J=1

_l_

Aﬁ )\a )\u

Xa A

_l_

orv

a}/h fj (l‘)
orv

< 20p3(Ry)
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We need

Anastassiou

Theorem 2.37. (see Anastassiou [3]) Let v >3, and v, > 1, such that v—~y, > 2.

Let

fi € Cv (b)) with f(z0) =0, i=0,1,....n—1, n:=[], j=1,...,

M e N.

Here, x,z9 € [a,b] : x > xo. Consider also p(t) > 0, and q(t) > 0 continuous

functions on [xo,b]. Let Ay >0, 0 < Aqy1 <1 andp>1. Denote

Ao
D IS N VD Wt
3=
17 Zf )\Oc S )\a—l—la

x (1_)\a+1) >\a+1

(%) 93)‘044-1

L =12 1=Aa+1 _—
@)= (2 [ )] ()

and N
R = [0 o) @
zo
p—1 (Aa+Aat1)
Pi(z)55)
T(x) := L(x) - ,
= ) (w—m
and
Wy = 2! (A‘”A““), if Ao+ Aar1 <,
. 17 Zf >\a+>\a+1 Zpa ’
O(x) :=T(x) w
Also put

1, if Ao+ Aat1 2 D,
Eq 1= 1_()\Q+Aa+1) ) .
M P ) Zf )\a + >\a+1 S p

Then it holds

z M-1
/x {{ 1(@21) @) (D5 fran) ()

J=1

(D2 frn) @) (DB ) )]}
[‘(D'Ylfl) ( )‘ a ‘(D;cyé-i-lfM) (w>‘>\a+1
#1(030) ) (07 5) ()]} aw

>‘(¥+>‘a+1

T M ( P
< 2(%)54@(33) [/ p(w) (Z (D2 1)) (w)}p> dw]

all xog <x <b.
Similarly, by (2.153), we get

)

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)
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Theorem 2.38. Let all as in Assumptions 2.1. Here v > 3, 71 > 1
such that p:= Ao + Aax1 > 1. Denote

v—"12>2. Let A\ >0, 0< Aoq1 <1,
Zf /\ >)\a+1>

p 2(/\a/>\a+1) —1,
T if Ao < A,
. N >‘a+1
2 C‘f+1 R Aa+1 _
[ N — /\a+1 ( ?
N-Aa41 (1=Aa+t1) Aat1
1 Aa+1
)] )\ + )\a—l—l) ’
1-N

P(R2) :/% (R2 _t)(’/ Y1— 1)(p 1)t(p,1)dt’
1

pl(R2)(p—1) )
T —=m)r)

93 )‘a—i-l

and

®(Ry) := L(R2) <
Then

M-1 >\a+1

Lz

J]=

O, fi1(2)

ar'Yl

Aa

I, fia (@)

87‘71 +1

O, f3(x)

ar“fl

+

Aa

Aot
R i) |

af,"')/l +1

Aa

Ot fur()

af,"')/l +1

I, J1(x)

ar'Yl

_|_

Ao Aat1 ]

Ot fi(z)

87‘71 +1

()

orv
J

Oy, fu ()

ar“fl

20 (Ry)

We need

Theorem 2.39.
special case Ag = Ao + Ay

-

Then it holds

/ {{M 1[ D f) (W)™ [(D22 fia) () (D

Jj=1

Denote

Av

Ay P p—2Xa—3Xy
T(x) := Ao(x) ()\ > ) P

]-7 Zf 2()‘Oé+)\1/) 2p7
- 2(,\a+,\y)) ] .
M ,if 200+ A) <p

(see Anastassiou [3]) All here as in Theorem 2.31.

v 1) )™
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such that

(2.154)

(2.155)

(2.156)

(2.157)

(2.158)

Consider the

(2.159)

(2.160)
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(D) @) (D2 fi30) @) (D f41) ()] ™ ]}

{10 A) ) (D3 ) @) (D2, ) @)

(D) ()O3 far) ) [(D2, ) ()]

Aoty ))

(2(2at
/ (Z (D ) dw] : (2.161)
all xog <z <b.

Similarly, by (2.161), we have

A Av ~
2(Refe)

SQ €5T(

Theorem 2.40. Here all as in Theorem 2.32. Consider the case Ag = Ao + A\y;
Ao >0, Ay >0, A\g>1/2, p:=2Xg. Here Py, k=1,2, asin (2.125) and A as in
(2.126). Set
Ro 2Xa+Av/p)
Ao(Ry) := ( / (A(w))P/%“V)dw) : (2.162)

R
Also put

R A, (Av/p)
T(Ry) == Ao(Ry) <—) 2~ /p), (2.163)

As
AtH]
O, filx)

87"“/2

O, J1(x)

ar“fl

I, f1(2)

ar“fz

Then

Aa AatAu

O, fi(x)

orm

O, fi+1 (@)

87"“/2

O, fi(2)

orm

Oy S ()

orr

Ao+ 8;1%11 fM(iL')

arm

0%, fi(x) |

orv
+

' }dx
pd:c)] . (2.164)

Theorem 2.41. (see Anastassiou [3]) Let v,v1,72 > 1, such that v — -~y >
L v—m>1 and f; € CY(a,b]) with fP(x) =0, i=01,....n—1, n:=
v, 7=1,...,M € N. Here, x,x¢ € [a,b] : © > xo. Consider p(x) >0 continuous
functions on [xg,b]. Let Ay, Ag, A\, > 0. Set

Ao+ Aa

a}Vh fj‘H (SL’)
orv

orv

0%, fu()
orv

O, fi(x)
orv

Aa Ao+

_l_

Aa Av

[ M

<2 T(Ry) Z(/A

Lj=1

We need

p(x) :
(z — o) WA At A= 1220H |[p(2) | o
(A = 1A+ A = A + 1TV = 71 + D)) (D(r — 7 + 1))

(2.165)
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Then it holds

/ xp(“”{{z_[\(mf]w 102 im) @)Y [(D55) ()] +

}}

”}}dw
< 0 { I o

all  xog<z<b.
Similarly, by (2.166), we have

(D2 £) @)[* [(D fi41) () \(onfm)
+ [[(D2A) @) [(D2far) ()| (D2, f1) €
(D2 f1) ()™ (D2 far) (w)] ™ \(D;OfM) (w)

Theorem 2.42. All as in Assumption 2.1. Let 71,72 > 1, such that
v—m=>1, v—my>1; A, Ag, A, > 0. Set

p(Ra) :
Ré\f—l(R2 o Rl)(y)\a—~/1)\a+u>\ﬁ—~/2>\ﬁ+1)

T (P — e+ g —2hg + DI — 71 + D)) (D — 72 + 1)

Then
Ao

O, fi(x) ™
orv
)\U }
+
N
} dx

O fipa () ™
orr

Aa

oy fi(x)
orm

O i (@)

ar“fl

O, Ju ()

orr

O far(z) ™

ar“fl

%, [
orv

x|

7j=1

I, fi(x)
orm2

Ip, f1()
orm

Ag

811,/21 fj+1 (LL’)
orv

D fi(z)| ™
orv

%, fu()
or?

+

Aa A

+

I fr(x)

ar“fz

9 N/2 M
< W p (Ra) {Z {)

J=1

20 a+Av)

.

or?

We need
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(2.166)

(2.167)

(2.168)

Theorem 2.43. (see Anastassiou [3]) (As in Theorem 2.41, A\g =0.) It holds

/ (Z’ D) ()] (D%, f5) (w) *") dw

(SL’ — SL’O)(V)‘a—’YQ\a—i-l Hp( Hoo .
- <(V)‘a_71)‘a+1)(F(V—%+1 ) (ZHD fJH )

all xog <x <b.

(2.169)
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Similarly, by (2.169), we obtain

Theorem 2.44. Here all as in Theorem 2.42. Case of A\g = 0. Then

M Aa

S~ ( [ |0 | Bus@]*,
orm or v
= \Jal Or
N/2 N-1 . (VAa—71Aa+1) M v || Aatie
< ( 2 )( Ry (Ry — Ry) g ) Z 8R1f] (2170)
'(N/2) (VAo — M1 2a + (T =71 + 1)) — orv ||

We need

Theorem 2.45. (see Anastassiou [3]) (As in Theorem 2.41, A\g = Ao + \,.) It holds

M-1

/gcp(w) {{Z “(D’Ylfj)( )‘ ‘(szfjﬂ)( )‘A(H-)\V

j=1

(D2 f;) (w)[™

(D%fﬁl) (w >} ’ }(Dgofj—i-l) (w) )\”]}
HDBA) ™ (D2 fu) () | (D2, 5) ()] +

(D32 1) @) (D3 far) ) [(Dl o) )] }

Zo
2o — ) A ()
((2V>\a —Y1Aa + VA — 12 Aa — A+ (T (v — 7 + 1)))‘a)

‘(D'YQ ) (U))})\Q—Hw

<

1 Le%
T = + 1))t ™) (ZHD |2 ) (2.171)

all  xog<z<b.
Similarly, by (2.171), we derive

Theorem 2.46. Here all as in Theorem 2.42. Case of A\g = Ao + \y. Then

/ Mz O £3(x) [N |0 fra () (0%, i) |
A = orm or2 orv
g, fi() Rat s Op fi+1() Ao 0%, fit1(x) A
orn2 orm orv
|| PR | G S @) | O frle) [
orm orz orv
02 fu(a) O far(x) | | 0%, far(2) ] "
orz orm orv
47.[.N/2
< — .
= T(N/2)

Ré\f—l(R2 _ Rl)(2u>\a —Y1Aa+VAv =120 =12 A0 +1)
<(21/)\a —MAa F VA — P Aa — AN+ DT (v —7 + 1))Aa> '
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M 2(Aa+Av)
1 %, fi
— . 2.172
(D(v — 42 + 1)) Ratr) <Z . (2.172)

— or?

We need

Theorem 2.47. (see Anastassiou [3]) (As in Theorem 2.41, X\, =0, A\, = Ag). It

holds
M-1

/xwp(w> {{Z [‘(Dﬁf])( )‘ ° }(D;ﬁfj_’_l) (w)})\a

+(Dz5) @)™ | (DB fi30) ()]}
+ D(Dzlfl) (w)™ \(D;ng) (w)™
(D2 ) @) (D3 far) ()] } dw

<2p°(x [ZHD f]H%] (2.173)

all  x9g <z <b. Here we have

“(2) = ( (z = o) @ AT W ()| o
PR @2 = 11ha — 1200 + DI = + D) (T(y — 72 + 1)

) . (2.174)

Similarly, by (2.174), we derive
Theorem 2.48. Here all as in Theorem 2.42. Case of \, =0, Ay = Ag.

Then
/ Mz O fi(@) [ |0 fia () ™
A e ar“fl ar“fz
L |RH@) |0 fia @)
ore orm
OB A | % fu ) |
orn or
L |IRA@)]| 0 (@) ]
orn orm

47TN/2

< (v ## [M

Ré\f—l (R2 Rl)(z”’\“ —71Aa—72Aa+1)
(2020 = 1Aa = A + DI(v =71 + 1)) (DY — 72 + 1))

al/ . 2)\a
g—;f] ] (2.175)

Here we have

pr(Ry) = (2.176)

We need
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Theorem 2.49. (see Anastassiou [3]) (As in Theorem 2.41, Xy =0, \g = A,). It
holds

M-1

/xjpm){{z 1022 fr0) ()7 (D2, 1) ()]

F10z) ) |05 ) @)]]}
+ (1D 0) @] (D2, 1) ()]

‘(D’Yz ) ( })\B }( :cof ) (w)‘Aﬁ} } dw
(1‘ — )(VAﬁ Y2Ap+1 ||p ||oo ,
=% <(V)‘ﬁ_’72)\5—|—1)(r(lj—’yz—|—1 ) [ZHD ofills ] (2.177)

all  zog<z<b.
Similarly, by (2.177), we give

Theorem 2.50. Here all as in Theorem 2.42. Case of Ao =0, A\g = A,.

Then / {{Mz

0%, (@) [*
orv

)

0% fi(z) ]
orv

O fur () ] } o

< 47TN/2 RéV—l(R2 . Rl)(u)\ﬁ—yz)\ﬁ_Fl) M

< <F(N/2)> <(V)\5 — g+ D)(T(r — 7y, + 1)),\ﬁ) 2

or?
To extend the above research we give a motivational result regarding fractional

0% ()]

7‘72

O, f5()

ar'Yz

O, fu(2)

orr

n 57321]01@)

ar“fz

Y104 fi(@)
or?

Ag
+

Ag

v 11223
% ] (2.178)

integration by parts.

Proposition 2.1. Let f € C'([0,1]) and g € C*([0,1]), v >0, n:=[v], a:=v —n.
Then

/0 F(@)g" (@)dr = F()(Troa ¢™) (1)

/0 (T ¢™)(@) ' () d. (2.179)

d (J1—a 9™)(@)

Proof. Here ¢ = g cie. d(Ji—a g™)(z) = ¢W(2) d.
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Hence, by ordinary integration by parts we have:

/0 F(2)g" () de = / F(2)d (Fre 9 (2)

= F()(Ji-a ") (1) = /0 (T1—a ") (@) f'(2) de,

by (Ji-a g(n)>(0) =0. O
Now we are ready to give

Definition 2.3. Let v >0, n:=[v], a:=v —n, g:[0,1] — R such that there
exists g™ which is measurable. Assume that (J,_ ¢™) € L'([0,1]). We say that
g¥) € LY([0,1]) is a weak fractional derivative of order v for g, iff

/0 (@) ¢ () dz = — /0 (Tio 0™ () (2) da, (2.180)

Vue C=(0,1]) : u(l) =0.

Based on the above Definition 2.3, we can extend the concept of weak fractional

differentiation to anchor points xy # 0, and to the multivariate case, especially to

the radial case. Then try to generalize the results of this article.
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