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ABSTRACT. Problems of existence of solutions and quasi—solutions of first order impulsive func-
tional differential equations with nonlinear two—point boundary conditions are discussed in this
paper. Also impulsive differential inequalities with positive linear operators are investigated. The
results are very general and some known results can be obtained from ours as special cases. Two

examples are added to illustrate the obtained results.
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1. INTRODUCTION

Let J = [0,T], E = C(J,R) and Q € C(E,FE). We shall say that @ is a
causal operator, or nonanticipative, if the following property holds: for each couple
of elements of £ such that u(s) = v(s) for 0 < s < ¢, there results (Qu)(s) = (Qu)(s)
for 0 < s < t with ¢ < T arbitrary, for details see [3]. Note that (Qiz)(t) =
fot W(t,s,x(s))ds, t € [0,c)and (Q2z)(t) = h(t,z(t)), t € [0,c) are examples of
causal operators. Indeed, W and h are continuous functions with values in RP. In
the literature operator () is known under the name “Volterra operator” and )5 is
known as “Niemytskii operator”.

Let 0 =ty <ty < <ty <tlpy1 =T. Put J' = J\ {t1,t2,--- ,t,n}. In this
paper, we investigate nonlinear two—point boundary value problems for impulsive

functional differential equations with a causal operator () of the form

a'(t) (Qz)(@), teJ,
(1) A[L’(tk) Ik(l'(tk)), k= 1,2,"' ,m,
0 = g(=(0),2(T)),
(

t; ); z(t]) and x(t;) denote the right and left

where as usual Az(ty) = z(t]) —

limits of x at t;, respectively, and
Hy:QeC(EE), I, e C(R,R) for k=1,2,--- ;mand g € C(R x R,R).
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Functional equations with causal operators are discussed in the book [3]; see also
papers [5]-[7],[14],[15]. To obtain approximate solutions of differential equations we
can apply the monotone iterative technique, for details, see for example the book
[16]. There exists a vast literature devoted to the applications of this method to
differential equations with initial and boundary conditions. However, only a few
papers have appeared where the monotone iterative technique is applied to differential
equations with deviating arguments, see for example [2], [4], [6], [8]-[15], [18], [19],
[21], [22]. Usually, the authors assumed a one sided Lipschitz condition on a function
f (appearing on the right-hand-side of differential equations) with corresponding
constants coefficients. Replacing constants by corresponding functions we can obtain
less restrictive conditions for the existence of solutions, see papers [9]-[13]. Recently,
the iterative method is applied to differential problems with causal operators, see
papers [6],[14],[15]. It is important to observe that for problems with causal operators
it is assumed that the causal operator () satisfies a one sided Lipschitz condition with
a corresponding positive linear operator L. It is a first paper when this technique is
applied to impulsive differential equations with causal operators. Note that impulsive

differential equations are also discussed in the books [17],]20], see also paper [1].

The plan of this paper is as follows. In Section 2, we investigate impulsive dif-
ferential inequalities with positive linear operators to obtain comparison results. In
Section 3, we discuss a linear impulsive differential equation with the positive linear
operator £ giving sufficient conditions under which it has a one solution. The exis-
tence of extremal solutions of problem (1) is investigated in Section 3. We use the
notation of lower and upper solutions of (1) to show that extremal solutions of prob-
lem (1) exist in a corresponding sector. This problem is discussed in Section 4. The
case when problem (1) has a unique solution is investigated in Section 5. The last
section is devoted to applications of coupled lower—upper solutions of (1) to discuss
the problems when (1) has quasi—solutions or a solution. Two examples illustrate

obtained results.

2. LINEAR IMPULSIVE DIFFERENTIAL INEQUALITIES

Put Jo = [0,t1], Jx = (tg,trs1), E =1,2,--- ,m. Let us introduce the spaces:

:J—R € C(J,R), k=0,1,---,
PC(J) = PC(JR) ={ * @l +(k> ), m |
and there exist z(t) for k =1,2,--- ,m

and

1 = “ ..
PCI(J):PCd(J,R):{ :I:EPC(J)7 x|Jk GC (Jk;,R), k—0717 ,m }

and there exist z/(¢}) for k =1,2,--- ,m

We need the following
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Lemma 1. Let 0 € C(J,R), 0 < Ly < 1, k = 1,2,--- ,m. Assume that p €
PCYJ,R) and

p(t) < oft), telJ,
<

Then
k k t; k t
0) H/(l —L;) + Z// a(s)dsH'(l — L) +/ o(s)ds, teJy
i=1 i=1 ti—1 j=i th
for k=0,1,---,m, where Z?:a'---:O, H?:a/---zl if a > b.

Proof. Note that the assertion holds for £ = 0. If we assume that it holds for some
fixed k, then we obtain

p(t) < p(t] k+1 "’ftkﬂ o(s)ds

k k 4 k
< (1= Ly+1) [p(U) [Ta-zy+> / o(s)ds [['(1 - L)
i=1 Yti-1 j=i
—l—ft"“ ds} + ft s)ds
k41 e k+1 ¢
= p(0) H 1-L;)+ Z / s)ds H/(l —L;)+ / o(s)ds.
i=1 i j=i tet1
This ends the proof. O

We shall first concentrate our attention to differential inequalities with positive
linear operators. We shall say that a linear operator £ € C'(FE, F) is a positive linear
operator if (£Lm)(t) > 0 provided that m(t) >0, t € J.

Lemma 2. Let L € C(E, E) be a positive linear operator. Let p € PCY(J,R) and

pi) < —(Lp)t), tel,
Ap(ty) < —Lgp(ty), k=1,2,--+ m,
p(0) < rp(T), 0<r<1

In addition, we assume that

(2) /OT(El)(S)dS + Zm:Li <1 with 1(t)=1,tel

i=1
Then p(t) <0, t € J.
Proof. Case 1. Assume that p(0) < 0. Note that if » = 0, then also p(0) < 0. We

need to show that p(¢) < 0, ¢ € J. Suppose that this inequality is not true. Then,
we can find ¢ € (0,7 such that p(t;) > 0. Put

p(tg) [g;f]p() p, p=0
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It means that t§ € J, for some fixed v such that p(t) = —p or p(t}) = —p. Below,
we discuss only the situation when p(t§) = —p because in the case when p(t) = —p,

the proof is similar.
Let t7 € J, for some p. Indeed, v < p. Then,
p(t1) —p(t5) = p(t7) —p(El) +p(E]) — pty)
o
+ Y [p(t) = p(tF ) + p(tE) = p(timy)] + ) — p(£5)

i=v+2
n

= ftl '(s)ds + Ap(t,) + Z / [/ttl p'(s)ds + Ap(ti—1)

1=v+
+ ftu+1 /

_ ftal P(s)ds + Z "Ap(t;)

i=v+1

s)ds — > 'Lip(t:).

i=v+1

IA

It yields

because

Hence, if p > 0, then

T m
1</ c1)(s)ds + 3 L
0 i=1

It is a contradiction. If p = 0, then 0 < 0, so it is a contradiction too.
Case 2. Let p(0) > 0. Then also p(T") > 0. Let 0 < r < 1.
Subcase 2(i). Let p(t) > 0, t € J and p(t) = 0. Then, in view of Lemma 1, we

have

k t
w0 <O [0 -1 Z/. (Lp)(s dsH 1-1) - [ (eos)ds

tg

=1
fort € Jg, k=0,1,---,m. Now, in view of the boundary condition, we obtain
m T
p0) < v [p<o> [T0- Z [ e dsH a-1)- [ <£p><s>ds]

=1 tm

m ti T
< p(0) - [Z / (ep)s[[(- L)+ / (£p)(s >ds] .

i=1 Y ti-1 j=i b

Hence

i=1 Yti-1 j=i
It is a contradiction.
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Subcase 2(ii). Let p(t5) < 0. Put

p(ty) =1infp(t) = —A, A > 0.

teJ
It means that ¢ € J, for some fixed v such that p(t§) = —\ or p(¢t}) = —\. Below,
we discuss only the case when p(tf) = —\ because in the case when p(t;)) = —\, the
proof is similar.
Then,
p(ts) —p(T) = p(ts) = pltur) + > " [plt) —p(t7) +p(t]) = pltis1)]
z v+1
= [ p(s)ds + Z U (s)ds — Ap(t;))
= l/+1 lit1
= — ft s)ds — Z Ap(t;
i=v+1
T /
> Lo s+ Y Lt
i=v+1
Hence
T m
[ / (L1)(s)ds + Y L,.] :
) i=v+1
Now, dividing by —\ we have
T m
1< / (L1)(s)ds + ) _ L.
0 i=1
It is a contradiction. The proof is complete. O

Lemma 3. Let L € C(E,FE) be a positive linear operator. Let K € C(J,R), Ly
€10,1), k=1,2,---,m. Let pe PC*(J,R) and

pt) < —K(b)pt) - (Lp)(t), te T,

(3) Ap(ty) < —Lip(ty), k=1,2,--- m,
p(0) < rp(T), 0<r < eld Kis)ds
In addition, we assume that
T m t
(4) / efOsK(r)dr(Lp)(s)ds + ZLZ- <1 with pt)= e~ o K
0

i=1

Then p(t) <0,t € J.

Proof. Put
g(t) = elo KCMop(t).
Note that

elo K0 ds[ )p(t) +p'(1)]

q (1) )
—eh KOs (Lg)(t) with  q(t) = e Jo KOdsq(r).

IA
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Then system 3 is replaced by

q¢t) < —(Liglt), teJ,
Aq(tk) S —qu(tk), k‘ = 1, 2, s, M,
q(0) < 7roq(T)

with
ro=re o REE - (Lig)(t) = elo FOT (L)),

Indeed, 0 < rg < 1. Now, in view of Lemma 2, we see that ¢(t) <0, ¢t € J. It means
that also p(t) <0, t € J and we have the assertion. This ends the proof. a

Remark 4. If L, = 0, kK = 1,2,--- ,m, then we may consider problem (3) as a
problem without impulses when Ap(ty) =0, k=1,2,---,m.

Remark 5. Let

©G)  (Lp)t) =MB)plat)), MeC(/Ry), acl(J,J) 0<a(t) <t

Then condition (4) takes the form

i els K@ar hp (p)e S5 K ) gy 4 S L
=1

= [ eJow KOy 1) at 4 Y Li<l

i=1
If we extra assume that K is a nonnegative function, then the above condition holds
provided that

T m
(6) / e KON (t)dt + " Li < 1.
0 i=1

Observe that the last condition does not depend on «.

If K(t) = K, M(t) = M > 0, then condition (6) reduces to

M - .
(7) ?(eKT—1)+ZZ:;Li§1 if K >0
and
(8) TM+> Li<1l it K=0.

i=1

Remark 6. Let the operator £ be defined by
v t
(L)) = 3 M) [ Niolos(s))as.
i=1

where M;, N; € C(J,R,), a; € C(J,J) and «;(t) <t,i=1,2,--- ,v.
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Then condition (4) takes the form

/ fOK(TdTZM /N al())K dud dt+ZL <1

i=1
Remark 7. In Lemma 3, it is assumed that K € C(J,R) and r is bounded by
0<r<p= elo K®)ds Note that p depends on K, and p may be bigger or less than
1. Condition (4) is important in Lemma 3. If we assume that K € C(J,R;) and
0 <r <1, then, in the place of condition (4), we can also obtain another condition.

This case is discussed in the next lemma.

Lemma 8. Let L € C(E,E) be a positive linear operator. Let K € C(J,R,), Ly
€10,1), k=1,2,---,m. Let pe PC*(J,R) and

pt) < —K@)p(t)— (Lp)t), te
Ap(tk) < _Lkp(tk) k= 1727 uz
p(0) < rp(T), 0<r<1.
In addition, we assume that
() /0 K () + (C)()ds + S Li< 1.

i=1

Then p(t) <0,te J.

Proof. In the proof of Lemma 2, replace (Lp)(s) by (Lp)(s) + K(s) to obtain the

assertion. O

Remark 9. Let the operator £ be defined by (5). Then condition (9) takes the form

(10) /OT[K(t)+M(t)]dt+§:Li <1

i=1
Remark 10. Let M(t) = M >0, K(t) = K > 0,t € J. Then condition (10) has the

form

(11) (K+MT+> L <1
i=1
Put v = max;(t;s1 —t;), ¢ =0,1,--- ,m. Then T' < y(m + 1). In this case, we have

(K+MT+> Li<(K+M)ym+1)+ Y L.
i=1 i=1

Indeed, if

(K+M)y(m+1)+ > L <1,

i=1

then also condition (11) holds. In paper ([4], Lemma 2.3), instead of the last condition
we have .

(K+M)y(m+2)+ Y L <1

1=1
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with the assumption that K > 0.

Remark 11. Below we compare conditions (7) and (11) for some values of K, M and
T. For example, if K = M =T =1, then
M
K
so condition (7) is better than condition (11).
Let M =T =1, K =2. Then

(" —1) < (K + M)T,

(K+M)T<%(6KT—1),

and in this case condition (11) is better than condition (7) provided that 0 < r < 1.
If 1 <r <e? = 7.389, then we have only condition (7) because Lemma 8 is not true

in this case, see Lemmas 3 and 8.

3. LINEAR IMPULSIVE DIFFERENTIAL EQUATIONS

Now we consider the following impulsive problem
V(t) = —K@)ot) = (Lo)t) +n(t), teJ,
(12) v(t) = (1—Le)v(te) +v k=1,2,---,m,
v(0) = r(T)+ 5, BeER, 0<
The next theorem concerns conditions under which problem (12) has a unique solu-

tion.

Theorem 12. Let K € C(J,R), n € PC(J), Ly € [0,1), % € R, k =1,2,--- ,/m.
Let L € C(E,E) be a positive linear operator and let ri = reJo K(s)ds # 1. In

addition, we assume that p < 1 with

e—ng(s)ds T to
[rl / elo KO (£1)(s)ds + / elo KO (£1)(s)ds
t 0

p= Sgp ‘1 — Tl‘

(13) m - . )

by 3Ly el KOs SV ol s

i=k+1 Py
Then problem (12) has a unique solution v € PC1(J).
Proof. Put
u(t) = el KOu(), 1 e

We see that
(14) U’(t) = eng(s)ds[K(t)’U(t> +U/(t)]
Moreover

u(t) = el KON Liju(t) + ]
= u(ty) + " KOS Lo(t) + ] = ulte) + Br(v).
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Then integrating (14) we have

u(t) = u(0) +/0 (L*v)(s)ds, te€ .

Again integrating (14) we obtain

u(t) = u(tf) + /

= —|-/ s)ds + Byv, te€ Ji.
0

Repeating this process we see that
t k
(15) u(t) = u(0) + / (L*v)(s)ds + Z ‘B, teJ, k=0,1,---,m.
0 i=1

Now we need to use the boundary condition from (12). Note that
0(0) = u(0), o(T) = e~ Jo KCsy(T),
This and (15) yield

v(0) = r(T)+ B =ru(T)+p
v(0) + [ (L*0)(s)ds + Z Biv

= Tl y

SO

1—7’1'

U(()):lilTl [/0 d5+ZBv

Finally, any solution v of problem (12) satisfies the following impulsive integral equa-

tion
o(t) = e Jo K@iy )
e~ f(f K(s)ds T t
+7ry Z B U+ Z B iU
i=k+1

forte Jy, k=0,1,---.m
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Denote by A the operator defined by the right—hand-side of (16). Let x,y €

PC(J). Then
[Az — Ayl =

<

supye, | Az(t) — Ay(1)|
e~ f(fK(s ds
" / eI KO (20— y))(s)ds

sup
/ eJo K@ (£ — y))(s)ds + 1 Z Li eh’ KOS [(t) —y(t)]

t |1 =7
i=k—+1

+ Z’Li e KO () — y(t;)]

=1
pllz —yll.

This and the Banach fixed point theorem prove that problem (12) has the unique

solution.

O

Remark 13. If K(t) =0, t € J, then condition (13) takes the form

1 r .
p= ] [/0 (El)(s)ds—i—ZLi] <1

i=1

Remark 14. Assume that r € [0,1], K € C(J,R;) and K(t) = 0 for t € J. Note

T
that in this case r; = re~Jo K()ds < 1, so

Po =

and

<

- T t
e~ Jo K | / eJo KO (£1)(s)ds + / el K“)dT(El)(s)ds]
L Jt 0
L . T . t
< e S KT | oo Kis)ds / (L1)(s)ds + elo ()% / (51)(s>d8}
i 0

t

e~ Jo K()dr /t T(m)(s)ds + o K(s)ds /0 t(ﬁl)(s)ds}
e~ Jo K(s)ds / T(c1)(s)ds+ / t(ﬁl)(s)dsg /O T(El)(s)ds

t 0

i m k

k
L i=k+1 i=1

m k
t T ’ t /
ml?x e f() K(s)ds rlefo K(s)ds 2 Lz + efo K(s)ds 2_1 Lz]

i=k+1
m
E L;.
i=1

Now, if we assume that

(17)

ri+ /T(ﬁl)(s)ds—l— i[’i <1,

1=1

then also p < 1. Let the operator £ be defined by

ZM ), M; e C(J,Ry), 0<a;(t)<t, ted j=1,2,---,q
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Then condition (17) takes the form

q T m
(18) 1 +TZ/ Mi(s)ds—i—ZLi <1
i=1 70 i=1

Note that if K(t) = K >0, ¢ =1 and M;(t) = M > 0, then we have Lemma 5 of [2]

as a special case of Theorem 12.

4. EXISTENCE OF EXTREMAL SOLUTIONS OF PROBLEM (1)

Let us introduce the following definition.
We say that uw € PC'(J) is a lower solution of (1) if
u'(t) < (Qu)@), tel,
(19) Au(ty,) In(u(ty)), k=1,2,---,m,
9(u(0), u(T)) < 0,
and it is an upper solution of (1) if the above inequalities are reversed.

We assume that yo(t) < zo(t), t € J and define the sector

<
<

[Y0, 20)x = {v € PCYJ,R) : yo(t) < v(t) < z(t), t € J}.

A solution x € PC'(J) of problem (1) is called minimal if z(¢f) < y(¢) on J
for each solution y of (1), and it is maximal if the reverse inequality holds. If both

minimal and maximal solutions exist we call them extremal solutions.

We prove a main result concerning the existence of the extremal solutions of

problem (1) in a sector bounded by lower and upper solutions.

Theorem 15. Let assumption Hy hold. Moreover, assume that

Hy @ yo, 20 € PCYJ) are lower and upper solutions of problem (1), respectively and
Yo(t) < 20(t) on J,

Hj : there exist a function K € C(J,R) and a positive linear operator L € C(E, E)
such that

(Qu)(t) — (Qu)(t) < K(t)(w — u) + (L(u — u))(t)

foryo(t) <u<u<z(t), t €,
Hy : there exist constants Ly € [0,1), k=1,2,--- ,m such that

Ik(w(tk)) — Ik(ﬂl(tk)) < Lk[w(tk) — w(tk)], k=1,2,---,m

for any w,w with yo(ty) < w(ty) < w(tg) < 20(t), k=1,2,---,m,
Hs : there exist constants 0 < b, a > 0 and such that

g(ﬂ7v) - g(U,U) S a(ﬂ - u) f07“ yO(O) S u S u S 20(0)7

g(u=@> - g(u,v) < _b(@ - U) fO?” yO(T> Sv=SU< ZO(T)7
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Hg : forr =2, condition (4) or (9) holds if 0 < r < 1 while if 1 <r < els K@) opy
condition (4) holds,
Hy : condition (13) holds with v = % e~ Jo K(s)ds £ 1,

Then, in the sector [yo, 20+, there exist extremal solutions y, z of problem (1) such
that y(t) < z(t), t € J.

Proof. Let us define sequences {y,, z,} by relations

y;L+1(t) (Qyn)(t> ( )[yn—l-l(t) yn(t)] - (E(yn—l-l - yﬂ))(t)v telJ,
Ay (tr) Ii(yn(tr)) — Lilynia(te) — yn(te)], K =1,2,---,m,

Yn1(0) = 4n(0) = 29(¥n(0), yn(T)) + rlyns1(T) = ya(T)]
and
Zna(t) = (Q2)(8) = K()[za11(t) = 2a(D)] = (L 2011 — 20)) (1), tE T,
Azpia(te) = Ik(za(te)) — Lifzns1(te) — za(te)], k=1,2,---,m,
2n41(0) = 20(0) = 29(20(0), 2a(T)) + rlzns1 (T) = 2a(T))].

Indeed, y1, 21 are well defined by Theorem 12, see assumption H;. First, we show
that

(20) Yo(t) < w(t) < 21(t) < 20(t), t € J.

Put p =yo — y1. Then

i) < (Qyo)(t) (Quo)(t) + K (t)[y1(t) — yo(t)] + (L(y1 — yo)(t)
= —K()p(t)— (Lp)(t), teJ,
Ap(ty) < Ik(yo(tk)) Ii(yo(te)) + Li[yr (te) — vo(tx)]
= —Lip(ty), k=1,2,--- m,
p(0) = 20(0) = 50(0) + 29(10(0), yo(T)) — [y (T') — yo(T)] < rp(T).

This, Lemmas 3 or 8 (see assumption Hg), show that yo(t) < y;(t), t € J. Similarly
we can show that z(t) < z(¢), t € J. Now, we put p = y; — 2;.Then

Pt) = (Qyo)t) — (Qzo)(t) — K®)[y1(t) — yo(t) — 21(t) + 20(2)]

—(L(yr — yo — 21 + 20)) (¢)

K(#)[20(t) — yo()]+(L(20 — 90)) (1) — K()[y1(t) — yo(t) — 21(t) +20(¢)]
—(L(yr — yo — 21 + 20))(t)

= —K(t)pt) — (Lp)(t), te T,

IN

Ap(te) = Ix(yo(te)) — Ie(20(te)) — Li[yr(te) — vo(tx) — 21(te) + 2o (tr)]
< Lilzo(tk) — yo(te)] — Lk[yl (tk) — yo(te) — 21(tk) + 20(tx)]
= —Lipty), k=12,
p(0) = vo(0) — 2(0) + %[Q(ZO(O) ZO(T)) — 9(v0(0), yo(T))]
+7r[y1(T) = yo(T) — 21(T) + 20(T))
< rp(T)
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by assumptions Hs, H; and Hs. This, Lemmas 3 or 8 show yi(t) < z(t), t € J. It
means that (20) holds.

Moreover, in view of assumptions H, until Hs we see that

yi(t) = (Quo)(t) — (Qu1)(t) + (Qu1)(t) — K(8)[y1(t) — yo(t)] — (L(y1 — y0))(t)
< (Qu)(1),
Ayi(tr) = Ie(yo(te)) — Ie(ya(tr)) + Le(ya(te)) — Lifya(te) — yo(te)]
< L(y(te)), k=1,2,-+- ;m,
$1(0) = %0(0) + 2[=9(y:(0),51.(T)) + g(41.(0),%:(T)) — 9(30(0), yo(T))

+rly1(T) = yo(T)] < 51(0) — 29(11(0), 31(T)),
so g(y1(0),y1(T)) < 0. Tt shows that y; is a lower solution of problem (1). Similarly

we can show that z; is an upper solution of (1).

Now, using the mathematical induction, we can show that

Uolt) < r(8) < -+ S yult) < o) < 2una(B) < 2l) € -+ < 21(8) < 20(8)
forte Jandn=20,1,---.

Note that the sequences {y,, z,} are bounded and equicontinuous on J. Since
@, I, g are continuous, so using the Arzela—Ascoli theorem we see that the sequences
{Yn, 2o} converge to their limit functions y, z € PC'(J). Indeed, y, z are solutions of
problem (1) and yo(t) < y(t) < z(t) < z(t), t € J.

It remains to show that y, z are extremal solutions of problem (1) in the sector
[Y0, 20]+- To prove it we assume that u is any solution of (1) in this sector. Then, by

induction in n we can show that

Finally, if n — oo then the assertion results from the last relation. O
Remark 16. According to assumption H;, we see that r; # 1. Note that if the first
condition in assumption Hy holds with a > 0, then it is also true for any a bigger
than a. It means that the relation r; < 1 can be always satisfied. Moreover, choosing

a we can obtain a very small number for r, so also in this case the value of ry is a

very small number.
Example 17. Put J =[0,1], t; = %, J'= J\ {t1}. Consider the following problem

P(t) = —A)a(t) + BB — € [Pa(s)ds = (Qu)(t), te.T,
(21) ALE(T,1> = —Lx(tl), 0<L< 1,
0 = 22%0) —z(1) — 1.

Assume that A € C(J,R), B> 0, C' > 0 and

1 1
(22) 1< elo AGMs 5B < 2A(t), t e J.
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Put yo(t) =0, z(t) =1, ¢t € J. Then

(Quo)(t) = B>0=ylt),
(Qz0)(t) = —A(t)+ Bes™ — Ct < —A(t) + 3B < 0 = z)(t),
Ayo(ti) = 0= —Lyo(t1),
AZQ(tl) =0 Z —L = —LZQ(tl),
9(o(0),50(1)) = ¢(0,0) = -1 <0,
9(20(0), 20(1)) = ¢(1,1) =0.

It proves that yi,2; are lower and upper solutions of problem (21), respectively.

Moreover,
t
K(t) = A@t), (Lu)(t) = 0/ w(s)ds, L—1L., a=4, b—1
0

and

1
r = Ze‘ Jo Als)ds 1

If we extra assume that p < 1 [ p from condition (13)] and

1 t
(23) c / Ji Arir / e I A qogy 4 1 < 1,
0 0
or
1
(24) / A(s) + Cslds + L < 1,
0

then problem (21) has, in the sector [yo, 2]« the extremal solutions, by Theorem 15.
Let A(s) = A > 0 and assume that

1 4 1
—e” —-C+L<1
46 +2 + ,

then p < 1, see Remark 14. For A=1,C =1,B < %, problem (21) has a solution
provided that L < 0.408.

Note that, in assumption Hs, we can put b = 0. It means that g is nonincreasing
with respect to the second variable. In this case r; = 0, so condition (13) is weaker
in comparing with the case when b > 0. Below, we try to discuss this problem.
Theorem 15 says that sequences {y,, z,} converge to limit functions y, z, respectively,
and y, z are solutions of problem (1). It means that elements v, 2, are approximate
solutions of problem (1). Note that y,.; and z,,; are solutions of corresponding

linear impulsive problems with the boundary conditions

Ynt1(0) = 7Yng1(T) + B o 2,11(0) = 7241 (T) + Y-

If we put b = 0, then r = 0, so the boundary conditions reduce to the initial conditions.

Therefore, we construct the next two sequences {v,,w,} by relations: vy = yg, wo =
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29, t € J, and
U1 (t) = (Qyn) (@) = K()[vnsa(t) — yn(t)] = (Llvnsr —wn))(8), €T,

Avn+1(tk) = Ik(yn(tk)) Lk[vn_,_ (tk) — yn(t )]7 E=1,2,---,m,
Un1(0) = Yn(0) = 2g(yn(0), ya(T))

and

wpa (1) = (Qz)(t) = K@) [wni1(t) — 2n(t)] = (Llwnis — 20)) (), €T,
Awn—l-l(tk) = Ik(zn(tk>> Lk[wn-l- (tk> - Zn(tk>]7 k= L2, m,
wn1(0) = 2,(0) — Eg(zn(O), zn(T)).

Elements v, z, are defined as in the proof of Theorem 15.

In the next theorem we show that the element v,, is between y,,_ and y,,; similarly

w, 18 between z, and z,_i.

Theorem 18. Assume that all assumptions of Theorem 15 are satisfied. Then
(25) Yn—1(t) < vn(t) < yn(t) < 2n(t) < wn(t) < 21 (t)

forte Jandn=1,2,---.

Proof. 1t is easy to see that (25) holds for n = 1. Assume that (25) holds for n = i.

Put p = y; — viv1, ¢ = Vit1 — Yir1- Then, knowing that y; is a lower solution of (1),

we have
P < (Qui)t) — (Qui)t) + K@) [viga(t) — vi()] + (L(vigr — 3:))(2)
= —K(@)p(t) — (Lp)(t), t € J,
Ap(ty) < Ie(yi(tr)) — Ie(vi(tr)) + Li[viga (te) — vilt)]

_Lkp(tk>7 k= 1727 ©, M,
p(0) = %i(0) —wi(0) + Lg(4i(0), yi(T)) <0,

q(t) = (Qyz)(t) (Qui) () — K()[vir1(t) — wi(t)] — (L(vipr — vi)(2)

KO)[yir1(t) — vi(D)] + (L(Yir1 — v:))(1)
= —K(t)q(t) — (Lq)(t), t € T,

Aq(tr) = Ik(yz(tk)) I (yi(tr)) — Li[viga (tr) — yi(te)] + Li[yira (t) — 3i(?)]
= —Liq(ty), k=1,2,---,m,
9(0) = 5i(0) = 39(1i(0),4:(T)) — %:(0) + 29(yi(0), yi(T)) — r[yss1 (T) — yi(T)]

= rly(T) =y (T)] < 0.

By Lemmas 3 or 8, y;(t) < viy1(t) < yi11(t), t € J. Similarly, we can show that

Zig1(t) < wipi(t) < z(t), t € J. This and mathematical induction prove that the
assertion holds. This ends the proof. O
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5. EXISTENCE OF A UNIQUE SOLUTION OF PROBLEM (1)

The result of Theorem 15 ensures the existence of the extremal solutions vy, z of
problem (1) in the sector [yo, 20«, and y(t) < z(t) on J. Basing on this result we give
sufficient conditions for the existence of a unique solution of problem (1). This is the

content of the next theorem.

Theorem 19. Assume that all assumptions of Theorem 15 are satisfied. In addition,

we assume that

H! : there exists a function K; € C(J,R), K(t)+ Ki(t) >0, t € J and such that
(Qu)(t) — (Qu)(t) = —K1(t)(a — u)

Joryo(t) <u < < z(t), t € J,
Hj : there exist constants My, L+ My >0, k=1,2,--- ,m such that

Ik(w(tk)) — ]k(w(tk)) > —Mk[ﬁ}(tk) — w(tk)], k= 1,2,---,m

for any w,w with yo(ty) < w(ty) < w(ty) < 20(tx), k=1,2,--+,m,
HL : there exist constants 0 < a; < a, by > b and such that

9(u,v) = g(u,v) > ar(u = u) = by (v = v)

(26) blefoT Ki(s)ds H(l + Mz) < aq.

Then, in the sector [yo, zo)«, problem (1) has a unique solution.

Proof. By Theorem 15, we know that problem (1) has, in the sector [yo, 2]« the
extremal solutions y, z and y(t) < z(t), t € J. To show that y = z, we put p = z — y.

In view of assumptions H’. until H., we have
3 5

Pt) = (Qz)() — (Qy)(t) < Ki()p(t), t € T,
Ap(tk) = Ik(’z(tk>> - Ik(y(tk>> < Mkp(tk>7 k= 1727 s, MM,
0 = g(2(0),2(T)) — g(y(0),y(T)) = a1p(0) — bap(T).

Now, by induction in n, we can show that

k
(27) p(t) < eh B OEp ) T (1 + M), te i, k=0,1,--,m.
i=1

(2

Adding to this the boundary condition b;p(7") > a1p(0) assuming first that b; > 0,

we see that

p(0) | L — el K TT(1+ M) | <.
=1

Hence p(0) < 0, by condition (26). If by = 0, then p(0) < 0. It proves that p(t) < 0,
t € J, so y = z. This ends the proof. O

a1

b
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Remark 20. Observe that if g is a function of the first variable only, then b; = b = 0.
6. EXISTENCE OF QUASI-SOLUTIONS OF PROBLEM (1)

Let us introduce the following definition.

We say that u,w € PC'(J) are coupled lower—upper solutions of (1) if

( u(t) < (Qu)(t), te T,

Au(ty) < L(u(ty)), k=1,2,--- m,
[ 9(u(0),w(T)) < O,
( w'(t) > (Qu)(t), te S,

Aw(ty) > I(w(ty)), k=1,2,---,m,
[ 9(w(0),u(T)) > 0.

We say that functions y, 2 € PCY(J) are quasi-solutions of problem (1) if they

are solutions of the system

([ y'(t) = (Qu)t), teJ,
Ay(tr) = I(y(te)), k=1,2,---,m,
[ 9(y(0),2(T)) = 0,
( () = (Q)(), telJ,
Az(ty) = I(z(ty), k=1,2,--- . m,
(L 9(2(0),y(T)) = 0.

Now we give sufficient conditions when problem (1) has quasi—solutions.

Theorem 21. Let assumption Hy hold. Moreover, assume that

HY 2 yo,20 € PCY(J) are coupled lower—upper solutions of problem (1), respectively
and yo(t) < 2o(t) on J.

Let assumptions Hs and Hy hold. In addition, we assume that
Hg : there exists a constant a > 0 such that
9(u,v) — g(u,v) < a(u—wu) for yo(0) <u < u < 2(0),

g(uvv) - g(uvﬂ) <0 for yO(T) SUSUS ZO(T)v
Hy : condition (13) holds with ry = 0,
Hiyo condition (4) or (9) holds.
Then,

(a) in the sector [yo, z0«, there exist quasi-solutions y,z of problem (1) such that

y(t) < z(t), t e J,
(b) if u € [yo, 20)« is any solution of (1) then y(t) < u(t) < z(t) on J.
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Proof. Let us define sequences {y,, z,} by relations

Y1) = (Qun)(t) — (t)[yn+1() Yn(t)] = (L(yns1 — yn)) (), tE€ T,
Aypia(ty) = I(yn(tr)) — Li[yns1(te) — yul(te)], k=1,2,---,m,
Yns1(0) = 4a(0) — 2g(yn(0), 2,(T))

and
Z() = (Qzn)(t) = K(O)[zns1(t) — za(t)] = (L(zni1 — 20)) (1), t €T,
Azn—i-l(tk) = Ik(Zn(tk)) Lk[zn—‘,-l(tk) — Zn(tk)], k= 1, 2, e, MM,
2041(0) = 2,(0) = 59(20(0), yu(T)).

Similarly as in Theorem 15 we can prove part (a).

It remains to prove part (b). Let u € [yo, 20]+ be any solution of problem (1). By
induction in n, we can show that

Now, if n — o0, then from the above inequality we have the assertion. O

Remark 22. Note that here b = 0 (see assumption Hg) so r = 0 in the definition
of sequences {y,, z,} in comparing with sequences {y,, z,} from Theorem 15 where

r could be bigger than zero.

Example 23. For J =[0,1], t; = %, consider the problem

2'(t) = Acos’x(t) + Beos’x (%t) = (Qx)(t), teJ =J\{t},
(28) Ax(ty) = %sin2 @,
1
0 = ex(0) —2*(0) + zx(1) — 1 = g((0), 2(1)),
\
where A, B> 0, A+ B < %
Put
2 + 1, te0,t],
t)=0,teJ t) =
bo(t) 2olt) { 2 + 2, t e (t,1).
Then
(Qyo)(t) = A+B>0=yyt), telT,
(Qz0)(t) < A+B<2=2zt), tel,
1
Ayo(tl) - 0= 6 2 yO(tl)’
Az(ty) = 1> é 2@ ~ 0.02,

oun(0),2(1) = 9(0.4) = £ —1<0,
g(ZO(O)vyO(l)) = 9(170) =e—1-1>0.

It shows that ¥, zy are coupled lower—upper solutions of problem (28).
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We can show that
1 1
KO =4 (€0 =5 (5). Li=g
Function ¢ satisfies assumption Hg with @ = e. Conditions (9) and (13) are satisfied,
see Remark 14. It proves that problem (28) has the quasi-solutions y, z in the sector
[Y0, 2z0)x, by Theorem 21. Moreover, any solution u of problem (28) satisfies the
relation y(t) < u(t) < z(t), t € J.

Next we are going to concentrate our attention on a result which ensures the ex-
istence of a solution of problem (1) knowing that problem (1) has the quasi-solutions.

By a similar way as Theorem 19, we can prove the following

Theorem 24. Let all assumptions of Theorem 21 hold. Let assumptions H}, H} hold.
In addition, we assume that condition (26) holds for ay,by defined below:

HY : there exist constants 0 < a1 < a, by > 0 and such that

g(u,v) — g(u,v) > ay(u —u) — by (v —v)
for yo(0) < u < a < 2(0), yo(T) <v <0< 2(T).

Then, in the sector [yo, zo]«, problem (1) has a solution.
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