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ABSTRACT. The method of quasilinearization has been generalized so that it is applicable to a
wide variety of nonlinear problems. This is known as Generalized Quasulinearization Method (GQM
method for short). It has all the advantages of the quasilinearization method such as linear iterates
and quadratic convergence. Also it has been developed with a weaker condition than asking for
the convexity or concavity of the original qasilineaization method. In this work we will focus on
the mathematical models which leads to nonlinear parabolic integro-differential equations. These
mathematical models are motivated by population models in biology and the Hodgkin-Huxley model
in medicine. We consider the situation when the component functions f(¢, z,u) and g(¢,z,u) of the

m—1 m—1
forcing function satisfy the following conditions: %) 9 au{’l(if ) and 2 8u€,ft;f 4 exist and they are

. . .. m—1 gy m—1a¢ . . .. .
nondecreasing in u for m > 2; i) 9 8u{,f,’f W and 2 8u€n(,’f ) are onesided Lipschitzian with respect

to u for m > 2. We develop two sequences which converge uniformly, monotonically, and rapidly to
the unique solution with the rate of convergence m. The earlier known results on cubic and quadrtic
convergence can be obtained as special cases of our current result. A numerical example is presented
as an application of our theoretical result. This result is a generalization of GQM method to obtain

higher order of convergence for nonlinear parabolic integro-differential equations.

Key Words and Phrases: Generalized quasilinearization, higher order of convergence, parabolic

integro-differential equation.
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1. INTRODUCTION

The method of quasilinearization [1, 2] combined with the method of upper and
lower solutions [6, 8] is an effective and fruitful technique for solving a wide vari-
ety of nonlinear differential equations. In [10, 11] we can see the application of the
quasilinearization method. It has been extended recently and referred to as a gen-
eralized quasilinearization method [9]. In the nuclear reactor model if the effect of
the temperature feedback is taken into consideration the neutron flux u = u(t, x) is
governed by a Volterra type integro-differential equation [13]. On the other hand,
in the study of nerve propagation, a simplified Hodgkin-Huxley model for the prop-

agation of a voltage pulse through a nerve axon is governed by a similar Volterra

Received July 10, 2007 1056-2176 $15.00 (c)Dynamic Publishers, Inc.



(Ao)

404 T. G. MELTON AND A. S. VATSALA

type integro-differential equation [13]. Motivated by the above models we consider
nonlinear parabolic integro-differential equations in this paper.

Using generalized quasilinearization method the authors of [3, 5] obtained a quadratic
order of convergence for nonlinear integro-differential equations of ordinary and of par-
abolic type respectively. Assuming convexity assumption of the forcing function they
developed linear iterates to obtain the solution of the nonlinear integro-differential
problems. However, in [4] the authors have extended monotone method for first or-
der initial value problem to obtain rapid convergence. See also [7] for generalized
monotone method. In [12] the authors have obtained cubic convergence for first or-
der ordinary differential equation. In this paper we extend the above results when
the (m — 1)-st derivative of the forcing function is nondecreasing in u and onesided
Lipschitzian in u. Using an appropriate iterative scheme and natural lower and upper
solutions under suitable conditions, we obtain natural sequences which converge to
the unique solution of the nonlinear integro-differential equations of Volterra’s type
and the rate of convergence is m. Finally, we provide a numerical example to illustrate

the application of results obtained.

2. PRELIMINARIES

The following nonlinear second order parabolic integro-differential equation will

be considered in this paper.
Lu = f(t,z,u(t,z))+ fo (t,x,s,u(s,x))ds in Qr,
(2.1) u(t,z) =o(t,x), =€,
u(0,z) =uop(z), z €Q,
where  is a bounded domain in R™ with boundary 99 € C** (a € (0,1)) and

closure , Qr = (0,T) x Q, Q7 = [0,7] x Q, T > 0. Let £ be a second order
differential operator defined by

2.2 - — _ L
(2.2 L==—L
where
- 0
(2.3) L= Zaw (t,x) axj + Zbi(t,x)a—%.

i,j=1
In this section we recall some known existence and comparison theorems and the list
of the assumptions which we will use in the proof of our main results.

Let us start with the list of the following assumptions.
(i) For each i,j =1,...,m,a;;,b; € C%’E[GT, R] and L is strictly uniformly para-
bolic in Qr;
(ii) O belongs to the class C*;
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(iii) f e C2o0,T]xQx R, R], g € C37[[0,T]xQUx R2, R] that is f(t, 2, u), g(t,z, u)

[
are Holder continuous in ¢ and (z,u) with exponents 5 2 and @, respectively;
() ® € Cclte 2490[0, T) x 982, R] and up(z) € C***[Q, R);

(v) up(z) = ®(0,2), P = Lug+ f(0,x,up) for t =0 and = € 0.

Next we introduce the following definition.

Definition 2.1. The functions aq , By € CY?[Qr, R] with ¢(¢, z, u) nondecreasing in

u are said to be lower and upper solutions of (2.1), respectively, if
Lag < f(t,x,ao(t,x)) + fotg(t,x, s,ap(s,z))ds in Qr,
aO(tvx) S (I)(t7$)7 2SS aQa
ap(0,2) < wgp(z), x € Q,

and
LBy > ft,z,Bo(t, ) + [} g(t,x,s,Bo(s,2))ds in Qr,
Bo(t,x) > ®(t,x), =z €09,
Bo(0,2) > ug(x), x €.

Furthermore we state a known existence theorem relative to the equation (2.1).

Theorem 2.1. (see [5].) Assume that (Ag) holds. Then (2.1) has a unique smooth
solution u(t,z) € C'*32+9[Q. R].

In addition, we recall the positivity and comparison theorems in order to prove

the monotonicity and the order of convergence in our main results.

Theorem 2.2. (see [13].) Let u(t,z) € C~= *%[Qp, R] be such that
Lu+cu >0 in Qr,
u(t,z) >0, z €0,
u(0,2) >0, =€,

and ¢ = c(t, x) is a bounded function in Qp. Then u(t,z) >0 in Q.

Theorem 2.3. (see [14].) Assume that

(1) fu(t,z,u) and g,(t, z, s,u) are bounded functions with g(t,x, s, u) nondecreasing
inu on Qp.
(11) at,x) and B(t,x) satisfy
La < f(t,x,a(t,x)) + fo (t,x,s,a(s,x))ds in Qr,
LB > f(t,z,B(t, x)) +f0 (t,z,s,0(s,x))ds in Qr,
with
B(t,x), =€ 0,
B(0,z), x €.

Then a(t,z) < B(t,z) on Q.
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We also need the following comparison theorem which is a special case of Lemma
6.2 in [3].
Theorem 2.4. Suppose that
(1) g(t,z, s,u) is monotone nondecreasing in u for each fixed point (t,z,s),
(17) a(t,x) satisfies

La < f(t,z,at,x))+ fotg(t,x, s,a(s,x))ds in  Qr,
alt,z) =0, z € 09,
a(0,z) =up(x), z€Q,

(1ii) r(t) is the solution of the following ordinary integro-differential equation
ro=hi(t,r) + fot ho(t, s,7))ds,
r(0) = maX{I}cléB( uo(z), 0},
where

hq(t,r) > max f(t,x,r) and ho(t,r) > maéig(t,x,s,r).
BAS re

Then a(t,z) < r(t) on Q.
3. MAIN RESULTS

In this section we extend the method of generalized quasilinearization to (2.1)
with higher order of convergence m (m > 2) when the nonlinearity of the iterates is
m — 1. Since the approximation of the solution depends entirely on m being an even
or odd number, we assume at first that m is an odd number, say m = 2k + 1. This

is precisely our first main result, which we state below.

Theorem 3.1. Assume that all of (Ag) holds except (iii); further assume that

(1) o, Bo are lower and upper solutions of (2.1) with a(t,z) < Bo(t,z) on Qp.

(ZZ) alf(thvu) alg(tvwa?u)
ou' ’ ou'

[=0,1,...,2k such that

exist and are bounded functions on Qr for

€ C2%Qr x R, R].

l ou' o'
(ii1) Also M are nondecreasing functions in uw on Qp for 1 =0,1,...,2k
such that (4 k1
> g2k &
a2k t, ’ a2k t, ’ —
0 < fa(u;j nl) - fa(umf 772) < Ml (771 - 7]2) on QT}
a2k t, 7 a2k t, 7 —
o< FHbpa) Oan8) < a6 -6) oG,
whenever

ao(t,z) < ma(t,x) <m(t,z) < Bolt, z),
Ozo(t,l’) < 52@,5(7) < fl(t,l’) < 60(t7x>'
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Then there exist monotone sequences {c,(t,x)} , {B,(t,x)}, n > 0 which converge

uniformly and monotonically to the unique solution of (2.1) and the convergence is
of order 2k + 1.

Proof: To prove this we need to consider the following equations:
Lw = Fi(t,z,a;w) + fot Gi(t,z,s,a(s,z);w(s, x))ds

_ iaif(t,x, @) (w — @)’

ou’ 2!

=0

+f528ig(t,x,s,a(s,x)) (w(s,z) — a(s,x))ids in O

- ou’ il
w(t,z) = ®(t,z), x € I,
w(0,2) =wup(z), x €1,

Ly = Fy(t,z,[;0) —I—fJGg(t,x,s,ﬁ(sw);v(s,x))ds
% . .
f(t,x, - pB)
:Z; f(auf B) (v Z.!ﬁ)
by oltn o fle,m) (o) - Blom)'
i=0
v(t,x) =®(t,z), x € I,
'U(O7$) = U,()(l'), T €,

where a(t,z) < v,w < (t,z) and (0, x) < up(x) < (0, ).
Let us show that (ag, By) are lower and upper solutions of (3.1) and (3.2), respectively.

s m Qr,

By setting a = ap and = (3 in (3.1) we get

Lag < f(t,x, ) +f0 (t,z,s,a0(s,z))ds
(3.3) = Fi(t,z, ap; ap) +f0 G1(t,x, s, ap(s,x); (s, x))ds;
' ao(t,x) < d(t,x), z € 09,
ap(0,7) < wup(x), x € Q,
550 Z f(t T 60 +f(f t 3775,60(5 .Z'))dS
_ zilalf(t z,00) (Bo = o)’ , (b2, 6) (B — ag)™
— 8ul 7! au2k (2]{?)'
2%k—1 .
(3.4) n fo [Z 0 g(tast , o) (Bo ;! ap) n 8%9%’ Im,gs;fz) (50(;k(3>4?)2k]d5
i=0
2k i
> Zoa f(ta’;’%) (B0 i!Oéo + Zoag taxuf , o) (Bo ;!040)

t
:Fl(t,l',ao;ﬁo)+/ G1(t, z, s, ap; Bo)ds
0
Go(t,z) > ®(t,x), x € 0N,
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Go(0, ) > up(z), = € €Q,
where ag < &1,82 < fo.
Hence o and (3 are the lower and upper solutions of (3.1). Next we need to apply
Theorem 2.1. To do this we will verify (iii) of (Ag) relative to the equation (3.1). For
n € C=5M3[Qr, R] such that ag(z, t) < w(x,t),n(t, z) < Bo(t, ) on Qp we have

2k i
Fl(t,l‘,n;w) — Za f(t,g;l;](t,ﬁ)) [’LU(t,I‘) ;n(t#p)]

=0

2!

22 t X ’I7 t xr ) (_1)j(§')wi_j(tvx)nj(t>x)

i

S D0 )

; 2 D) i, 2y 1, )
=0 j=0 '
= Ki’jzzdi’j (t, x)wi_j (t, ZL’),
i=0 j=0

where Ki7j = (_12),](;)

T and d; ;(t,z) = Wﬂj(t,l‘). Let us show that d; ;(t, x)
belongs to C2%[Qr, R] for 4,5 = 0,1,...,2k by considering the term d; ;(¢, z) when

In| < Cy and |g;f < (.

it ) —dyy @) = | ZHELDED) iy gy TIE 202D i
< | IO i, gy - LB G i
+|82f(f, :z:;}](f, x>>77j(t,x) d'f(t, x;tn(f, x>>77j(f, o)
e Lt n) O )

o’ o
H PHELC)) 0 0y 0| o ) )
< CLOUZE) (1t = 7% + i)t — 1'F°)

ou'

+7C32CyC(n )|t_f|% < Ct(F1)|t_f|g

where Cy(Fy) depends on C, Cy, Ct(auz) Ci(n), and T. Thus F(t, z,a; w) is Holder
continuous in ¢ with exponent §. Similarly, we can prove that F(t, =, a;w) is Holder
continuous in (x,w) with exponent @. That is:
_ Of(t,x,n(t,x)) Of(t, T, nt,T)) ., —
st ) — diy(,7) =20 u’“ Dip(t, ) - CLEZAET) iy )

ou'
< CJC(2)(|lx = T|™ + Coln) & — T||"+7)

+iCECoCa(n) ||z — T[T < Co ()] — 2|7,
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where C, ,,(F1) depends on Cy, Cy, C, (auz

Fi(t,z,a;w) is Holder continuous in ¢ and (z, w) with exponents § and @, respectively.

), and C,(n). Hence we can conclude that

The proof that G (t, z, a; w) is Hélder continuous in t and (z, w) with exponents § and
@, respectively, follows on the same lines. Similar conclusions hold for Fy (¢, z, 3;v)
and Gy(t, z, 5;v). It follows by Theorem 2.1 that there exists a unique solution a; of
(3.1). Now we prove that ay < ay < fBy. Letting p = a3 — g we get

Ly = Lo — ap)
> Fi(t,x, ap; aq) —l—fg G1(t, z, s, p; q)ds
—Fi(t,z, ap; ) — f(f Gi(t,z, s, ap; a)ds
= I, (tz, 00, &) —I—fot Gy, (t,z, 5, a0; &) pds,
p(t,x) >0, x € 09,
w(0,z) >0, z e
Applying Theorem 2.2 one can obtain that p > 0 or ag < ay. Next set u = Gy — .

Ly = L(B— )
> Fi(t,z, ap; Bo) + fot Gi(t,z, s, ap; Bo)ds
—Fi(t,m, ap; ) — f(f Gy (t, x, s, ap; oy )ds
= I, (tr, a0 &) + fot Gy, (t,z, 5, a0; &) pds,
u(t,z) >0, x € 09,
w(0,z) >0, z €.
Again using Theorem 2.2 one can conclude that u > 0 or oy < 3y. Thus ag < ay < .
Similarly we will prove that (ag, Gy) are lower and upper solutions of (3.2). Setting
a=qapand § = in (3.2) we get

LBy > f(t,x,B) —l—fo (t,x,s,Po(s,x))ds
= F2<tax760§60> +f0 G2 t?x?‘S?ﬁO(S?x):ﬁO(S:x))ds;

(3:5) Bo(t,z) > ®(t,x), x € I,
Bo(0,2) > up(z), x € Q,
and
Loy < f(t,z, ) +f0tg(t,$,8,ao(8 x))ds
%f”@%%ﬂw—%> Pt x, &) (a0 — fo)*
= o i ou Re)
21 .
6oy R bl S S on A

S

2k . .
0 tx Qg — d'g(t, x, s, ag — o)
<Z f 50)(0 ﬁo +foz g(ﬁu" ﬁO)(Oi!ﬁo)d
=0 =0
= Fg(t,flf,ﬁo;@o + fo G2 t7x78760;a0>d8
aO(tvx) S (I)(t7$)7 S 8Q7

000, 2) < up(x), € Q.



410 T. G. MELTON AND A. S. VATSALA

where ap < &1,62 < fo.
One can conclude that ag and 3y are the lower and upper solutions of (3.2) and by
Theorem 2.1 there exists a unique solution ; of (3.2). Next we show that ag < ) <

Bo by setting u = By — (1 and p = [, — ap, respectively.

Ly = L(Bo— )
> Fy(t, x, Bo; Bo) +f0t Go(t, z, 5, Bo; Bo)ds
—Fz(t,ﬁl’,ﬁmﬁl) - f; G2(tax75;60§61)d5
= Fy, (t,z, Bo; E)pp + fot Gy, (t, 1, 8, Bo; o) pds,
u(t,z) >0, x € 09,
u(0,z) >0, €.
and
Lu = L(B1 — ap)
> Fy(t, @, Bo; 1) +f0t Go(t, z, 5, Bo; B1)ds
—F5(t, z, Bo; ap) - fot Go(t, x, s, Bo; ap)ds
= P (8,2, B0 €0+ o Goy (¢, 7, 5, Bo; &2) uds,
u(t,z) >0, x € 09,
p(0,2) >0, €.
Applying Theorem 2.2 we obtain that u > 0 or gy > (; and 5, > «ap. Hence

ag < (1 < By. In addition, we prove that 5; > «4. For that purpose we observe that
2%—1

4 t _ 7

f(t,z,a) —I—fo (t,z,s,a1(s,2))ds _Zoﬁf(a,j;,ao)(al i!Oéo)
82kf(t z,£1) (g — o) n f %Zlag (t, 2,5, 00) (a1 — ap)’

ou* (2k)! 0 ou’ !

a2kg(t7 z, 5762) (al — a0)2k 2k alf(tv X, aO) (al — aO)i
(37) e sz 3 =50 :
dg(t,x, s, ap) (a1 — ap)’
%Z (t2.5.00) (o ),

- Fl(t,flf,Oé(]; al) + f(]t Gl(t7x757a0;a1) = ;COél,
ap(t,x) =®(t,x), =€ I,
a1(0,2) =wu(z), v €
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and
ft,z,B1) + [ g(t,z,s,Bi(s,x))ds _%Zla’ f(t: 2, o) ( z!ﬁo)i
+82’“f(§i,2f,€1) (ﬁl(;lg‘o)% e Z tais Bo) (B ;!ﬁo)i
- +02’“g(;§],€s,€z) (B %ﬁo s < Zal f(t.2, ) i!ﬁo)i
+ Z (tales o) (B ;!50) lds

i=0
= I5(t, 2, Bo; f1) + f(f Go(t, z, s, Bo; B1) = L,
Gi(t,x) =®(t,z), =z €I,
£1(0,2) = wue(zx), € Q.
By (3.7) and (3.8) together with Theorem 2.3 one can conclude that 31 > ay. Hence
we have oy < a1 < (1 < y. Using the method of mathematical induction and the

last inequality, one can show that
ap<a <L, <GB, << By < fy forall n.

Let now u be any solution of (2.1) such that cg < u < Gy with ap(0) < ug < Fy(0) on
Q7 and suppose that for some u , we have o, < u < 3, on Q. Then set &1 = u—ay, 41

and ¢y = 3,11 — u, respectively.

LDy = Lu— Loapy = f(t, z,u) —i—f(f t,x,s u(s x))ds
% .
B Jft,x,ap) (an+1 —ay) d'g(t,z, s an(s x)) (a1 — ap)’
; ou’ fO Zz; ou’ i! ds

> f(t,z,u) — f(taﬂfaanﬂ)+fo[9(ta$7s,u)— 9(t,z, s, anpa(s, x))]ds
> fult,x,m) Py —I—f(f[gu(t,:c,s,ng)fbl]ds

Oi(t,x) =0, z €099,

®,(0,z) =0, z €

LD, = LPps1 — Lu=—f(t,z,u) fo txsus:c))d
2k

— i=0
> —f(tm,u) + f(t,7, Bopr) + fy[—g(t 2, 5,u(s,2)) + g(t, 7,5, Busi(s, 2))lds
> fult,2,m3)®2 + [ilgu(t, x5, n1)®2]ds

Oy(t,x) =0, z €09,
®y(0,2) =0, z €9,

where 1y, 7, are between u and a1, and n3, 14 are between u and (3,,;. Thus

ny1 < u < (Bhi1 by Theorem 2.2. Initially g < u < [y. By the method of
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mathematical induction «,, < u < 3, for all n. Hence
ap <o < <o, <ul B, << B < fo.

Since {an(t,z)} and {B,(t,z)} are in C**32+%[Q,, R], one can show that these se-
quences converge to (p,r) using the same technique as in [13]. That is

lim a,(t,z) = p(t,z) < u <r(t,z) lim G,(t, x).

n—oo

Next we show that p(t,z) > r(t,z). It follows by equations (3.1) and (3.2) that

Lo(t,x) = Fit,z,p;p) + [) Git, 2, s,p(s,2); pls, x))ds
= f(t,z,p) + [y g(t, x5, p(s,7))ds,
p(t,r) =®(t,x), v € 0,
p(0,2)  =up(x), x €
and
Lr(t,z) = Fy(t,x,r;r) —i—f(f Go(t,z,s,7(s,x);r(s,x))ds
= f(t,x,r) + f(fg(t,x,s,r(s,x))ds,
r(t,x) =®(t,z), v € I,
r(0,z) =wup(z), v €
Let us set © = r(t,z) — p(t,x) and apply (éii).

t
LO=Lr—Lp=f(t,x,r)+ / g(t,z,s,r(s,x))ds
0

 f(tp) — / o(t,, 5, p(s, 7))ds

t

t
< Ll(’f’ — p) +/ LQ(T — p)dS < L1@+/ LQ("‘)dS, Ll, L2 > 0,
0 0
O(t,z) =0, x € 01,
©(0,z) =0, x € .

Now applying Theorem 2.2 we have r(t,x) < p(t,z). This proves r(t,z) = p(t,x) =
u(t, x) is the unique solution of (2.1). Hence {a,(¢,z)} and {3,(t,x)} converge uni-
formly and monotonically to the unique solution of (2.1).

Let us consider the order of convergence of {«,(t,z)} and {5,(t,x)} to the unique
solution u(t,x) of (2.1). Set at first

pn(t,l’) = u(t7$) - &n(t,l’) > 07

qN(tv ZL’) = ﬁN(tv ZL’) - u(tv l‘) > 0.
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Using the definitions for a,, 3,, the Taylor expansion with Lagrange remainder, and

the mean value theorem, we obtain
‘Cpn-i-l = Lu — 'Can-i-l

=ﬂwwHAEWww@mw

2k

_ Za’ (t,z, o) (Ozn+1 —ay)' /t g(t, ;5 a"(s z)) (i1 — a")ids
7!

U

% f(t,x, gl) (Qpy1 — ozn)%
ou?* (2k)!

= f(t,l‘,U) - f(taxaan—i-l) +

82k t, y iy n — Qn 2 t
AR ICEAZINC @ : +/0 lg(t, . 5,0) = g(t, 2,5, nya(s, o))

au2k (
a2kg(tv z,s, 62(87 ZE)) (an-i-l - an)2k N a2kg(t7 xz, s, Cl/n(S, ZE)) (an-i-l - an)2k]ds
ou** (2k)! ou (2k)!
M
< fult,z,m)(u — angr) + (2—];),(51 — o) (g1 — a)**
! My %
+ / [QU(ta z, 57772)(u - an—H) + —(52 - O‘n)(an—l-l - an) ]ds
0 (2k)!
< Kipp41 + sz%ﬂ / [K3pni1 + K4p2k+1]d
0

pn+1( ) - O YIS aQa
Pns1(0,2) =0, x €,
where a, < &1,§ < anyr, @ <y <, | ful <K, % = Ka, |9.| < K3,

and % = K. Let r(t) be the solution of the following ordinary integro-differential

equation.
¢
r'(t) = Kyr(t) + Kg/ r(s)ds + (Ky + K4T) maxpik“, r(0) = 0.
0

By computing the solution of the above equation, we get
2
() < 2exp(\/ K7 +4K5 T)

VEZ T 4K,

(K2 + K4 T) maxpik“]
One can see easily that

/ K4pnds < K,T maxp2k+1
It follows that p,1(t, ) < r(t) by Theorem 2.4. Hence

2exp(/ K} +4K3 T
w1, )] < [0 + )] [ 222 B D 262, )

Qr ’ VE? 4K, @r
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Similarly, one can prove that

2exp(\/K? +4K3 T
i gt )] < [0+ Kym) [P LR D g ).
Qr VE? 4+ 4K, Qr
Hence the order of convergence of the sequences {a,(t,z)}, {5,(t,x)} is 2k +1. That
completes the proof of Theorem 3.1.

Assume now that m is an even number, say m = 2k. Next we state our second

main theorem.

Theorem 3.2. Assume that all of (Ag) holds except (iii); further assume that

(1) o, Bo are lower and upper solutions of (2.1) with a(t,z) < Bo(t,z) on Qp.
df(t,z,u)  Dglt,z,s,u)

(17) ; , 5 ezist and are bounded functions on Qp for [ =
u u
0,1,2,...,2k—1 such that

I ! @
af (at;]dlx’U)7ag(t’aizs,U) c C%’a[QT X R, R]

(1ii) Also g, gu, Guu are nondecreasing functions in u on Qp and

[82k—29(ﬁ0) B a2k—29(a0)] (50 o Om)Zk—?:

Gulag) > Jur2 JuF2 2k =31
a2k—1 t, a2k—1 t, , .
0 < fgk—gf’m) - f2(k—ip 1) < Mi(m —n2) on Qp,
82k—1 t 82k—1 t R
0 < azgkﬁ’él) - 852<kﬁ:7£2) < M2(51 - 52) on Qr,
such that
aO(tax) < 772(t7x) < 771(t7 .CL’) < 60@737)7
Oé(](t, .CL’) < 52(t7x) < £l(t7 .CL’) < 60@,.7))

Then there exist monotone sequences {a,(t,x)} , {Bn(t,x)}, m > 0 which converge
uniformly and monotonically to the unique solution of (2.1) and the convergence is
of order 2k.

Proof: In order to construct monotone sequences {«,(t,z)} and {3,(¢t,z)}, n > 0
which converge uniformly and monotonically to the unique solution of (2.1) when
m = 2k is an even number, we need to consider the following nonlinear parabolic
integro-differential equations for n = 1,2, ...
Ean-ﬁ-l = Fl(ta T, On; an—i—l) + f(; Gl(t> xz,s, an(57 $>; an-i—l(S? $>)d8
2%—1

_ Z 8if(t= xj Oén) (an+1 - an)i

auZ Z!

=0

(39) + j‘ot 2kz_laig(t7 xz,s, Qn(sv ZE)) (an+1(57 ZE) ._ an(sv x))zds mn QTa

— auZ Z!
apy1(t,z) = ®(t,x), x €I,

O‘n-i—l(O?x) = UO(:E)> T € Qa
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and

LOn1 = Falt, 2, am, Bi Bugr) + fy Galt, 2,8, an(s,2), Bu(5,2); Busa (s, 7))ds
= 2&:_20”:(157 Ty 5n) (ﬁn—i—l - ﬁn)’ N an—lf(t z, Oén) (ﬁn-i-l — ﬁn)%—l
ou’ il 9T ar =11

=0

o f’fzjaigu, .5 fu(0,1)) (Busa(5.9) = Bufoo))
2k—21: 2%k—1
(3.10) 49 g(gﬁéfle(S’ z)) (ﬁn+1(s,2k—_@{§f7 D" s in O,
/Gn-i-l(tv ZL’) = CD(tv ZL‘), r € 09,
ﬂn—i—l(oa ZL’) = Uo(x)a x € Q,

where a,,(t,x) < api1(t, @), Bu1(t, ) < Bu(t, z) and (0, z) < up(z) < B(0,z). We

omit the details of the proof, since it follows on the same lines as in Theorem 3.1.

4. NUMERICAL RESULTS

In this section we demonstrate the application of the main results which we have
developed in Section 3. Let us consider the following nonlinear parabolic integro-
differential equation:

U — Uy = ut — Yu +sin® ¢ + [;[0.5u(s,2) + 6u(s, z)]ds, 0<a,t<1
(4.1) w(0,t) =1, wu(l,t) =0, 0<t<l1
u(0, z) = cos(0.5mx), 0<z<l1.
If we choose ag(t,z) =0 and Fy(t,z) =1 with 0 < ¢,x < 1, we have
0 <sin?t, 0<t<I,
0 >1—15+sin?t+13t, 0<t <1,
0 <1, 0<t<1,
0 <cos(0.bmz) <1, 0<z<I1.
Hence ap(t,x) = 0 and [y(t,x) = 1 are natural lower and upper solutions for (4.1)
respectively. Denote
flt,z,u) =ut(t,z) — Yu(t,r) +sin’t,
g(t,z,u) = 0.5u(t, z) + 6u(t, z).
It is true that
9u(0) = 2(0)* + 6 > [guu(1) = guu(0)](1 — 0) = 6(1 - 0),
0 < fuwa(t, T, u1) = fuua(t, 2, u2) < 24(ur — uz), ur > ug,
0 < Guuu(t, T, u1) = Guuu(t, T, u2) < 12(ur — u2), w1 > uo.

Thus we can apply the iterates of Theorem 3.2 with the Lipschitzian constants M; =
24 and M, = 12 to find the approximate solution of the equation (4.1). After only
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three iterates of av and [ we can derive the approximate solution u of (4.1) as shown
in the following table for t = 0.5:

Table of Three

Ol,ﬁ—

ITterates

and the

Solution

i

(1)

()

(1)

u

Ps(t)

Ba(t)

Ba(t)

0.1
0.1
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.7464340
0.5573120
0.4166630
0.3101140
0.2301470
0.1671680
0.1177880
0.0753628
0.0376411

0.7494670
0.5605830
0.4193020
0.3122690
0.2316430
0.1683730
0.1185300
0.0759111
0.0378713

0.749467
0.560583
0.419302
0.312269
0.231643
0.168373
0.118530
0.075911
0.037871

0.749467
0.560583
0.419302
0.312269
0.231643
0.168373
0.118530
0.075911
0.037871

0.749467
0.560583
0.419302
0.312269
0.231643
0.168373
0.118530
0.075911

0.037871

0.7494670
0.5605850
0.4193040
0.3122730
0.2316470
0.1683780
0.1185350
0.0759147
0.0378728

0.7650150
0.5914700
0.4671700
0.3735150
0.3059930
0.2478720
0.1991020
0.1449800
0.0832674

On the follow figure we also can see the a-iterates (with unbroken line) and the

[-iterates (with broken line) for ¢t = 0.5 again.

u
14

0.8

0.6

0.4

0.2

In addition the graph in next figure shows the approximate solution of (4.1) using the

finite-difference method and Mathematica for each iterate.
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Since the convergence of the iterates is of order 4 we obtained the approximate solution

very fast, in three steps only.

Remark: The above result can be extended to include the situation when f (¢, z,u) =
fi(t,x,u)+ fo(t, z,u) where fi(t,z,u) satisfies the hypothesis of the theorem whereas
fao(t, z, u) satisfies

2%k—1 2%k—1 _
0 > 0 f2<t7$7<1) _ 0 f2(t,l’,<2) > M1<<‘1_<2) on QT

u?k—l u?k—l
for O-/O(t7x) S CZ(ta IIZ') S Cl(twr) S ﬁO(tv IIZ')

Conclusion: In the above theorems we assumed that the m — 1-th derivative of the
functions f(¢,x,u) and g(t,z,u) are nondecreasing and one-sided Lipschitzian with
respect to u. We have developed iterates of nonlinearity of order m—1 which converge
rapidly (order m) to the unique solution of nonlinear integro-differential equations
of parabolic type. We demonstrate the application of the theoretical results with

numerical example.
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