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1. Introduction

It is well known that the most used techniques in the study of the effect of pertur-
bations of dynamic systems are the Lyapunov method and the nonlinear variation of
parameters. In this paper, using the calculus on time scales and employing variation
of Lyapunov’s method and a family of perturbing Lyapunov functions, we prove a
new comparison theorem that connects the solutions of perturbed and unperturbed
dynamic systems on time scales in a manner useful to the theory of perturbations.
Different from the proof of theorems in [1], here we verify the stability of trivial so-
lution in terms of two measures, which unify varieties of stability notions and offer a
general framework for investigation. This comparison result provides a flexible mech-
anism for preserving the nature of perturbation and shows the advantage of employing
a family of Lyapunov functions than a single one in the study of stability properties.
In section 2, we introduce the notions of strict stability in terms of two measures as
well as strict boundedness concepts, which firstly introduced in [4]. Also, we develop
the method of variation of parameters and Lyapunov-like functions. In section 3,
we establish several stability criteria in terms of two measures for perturbed system
which employs the interplay of the solution of unperturbed system and comparison

system.
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2. Preliminaries

Let us list the following definitions and classes of functions for convenience.

K ={o € C[R;,R;]: o(u) is strictly increasing and o(0) = 0}.
CK ={0 € C[R%,R;] : o(t,u) € K for each t € R, }.
I'={heCRy xR"R,]: ian h(t,z) =0 for each t € R }.
reR™

Definition 2.1. Let hy, h € I'. Then we say that hg is finer than h if there exists
a p > 0 and a function ¢ € K such that

ho(t,x) < p implies h(t,z) < ¢(ho(t, x)).

Definition 2.2. Let V € C[R; x R",R;] and h € I'. Then V is said to be (i) h-
positive definite if there exists a p > 0 and a function b € K such that h(t,z) < p
implies b(h(t,z)) < V(t,z); (ii) h-decrescent if there exists a py > 0 and a function
a € K such that ho(t,z) < po implies V(t,z) < a(ho(t,x)); (iii) weakly h-decrescent
if there exists a py > 0 and a function a € CK such that h(t,z) < py implies
V(t,x) < a(t, ho(t, x)).

As the introduction in [2], let T be a time scale (an arbitrary closed set of R)
with ¢g > 0 as a minimal element. If a time scale has a maximal element which
is also left-scattered, it is called a degenerate point. Let T* represent the set of all

non-degenerate points of T.

Definition 2.3. The mapping f : T x R" x R" — R" is said to be right-dense
(rd) continuous and is denoted by f € C,4[T x R" x R, R"] if
(i) it is continuous at each (¢, x,y) with right-dense or maximal ¢ and
(ii) the limits f(¢7,z,y) = im(s uv)— 2y f(S, u,v) and limg, )~z f(t, v, v) exists
at each (¢, x,y) with left-dense t.

Consider the two dynamic systems

y® = f(t.y, Ly), y(to) = o, (2.1)

and
1 = F(t,z, Lyw), x(ty) = o, (2.2)

where f,F € C4[TF x R* x R*" R"], Liz = ftl; Ki(t,s,x(s))As, K; : TF x TF x
R" — R" is such that K; € C,q[T* x T* x R",R"] is continuous at each (t,s,x)
with right-dense or maximal ¢ and K;(t™,s7,x) = limg,guw—@ s 0 f(P, ¢ u) and
lim, ., K;(t,s,u) exists at each (t,s,x) with left-dense ¢t and s, and f(¢,0) = 0,
F(t,0) =0, K;(t,s,0) = 0. Specially, when F(t,z, Lix) = f(t,x, L1x) + R(t, z, Lz),
R(t,x, L) being the perturbation term. Relative to the system (2.1), let us assume
that the following assumption (H) holds:
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(H) The solutions y(t, to, o) of (2.1) exists for all t > t,, unique and rd-continuous
with respect to the initial data, and ||y(t, to, xo)|| is locally Lipschitzian in x.

For any V € C,4[T* x R",R,] and any fixed ¢t € T. Let p*(t) be defined as in [2],

then we define
D_V*2(s,y(t,s, x))
— lim inf Vi(s,y(t,s,z)) — V(s — u*(s),y(t,s — u*(s),r — u*(s)F(s,z, Lax)))
u*(s)—0 ILL*(S)
DTVA(s,y(t, s, x))
_ 1 Vi(s+u (s),y(t,s+u(s),z+p*(s)F(s,x, Lax))) — V(s,y(t,s,7))
= lim sup .
w*(s)—0 H (S)
for tg < s <t and z € R™.

The following comparison result in [1] which relates the solutions of (2.2) to the

solutions of (2.1) is an important tool in the subsequent discussion. We state it here.

Theorem 2.1 ([1]). Assume that the assumption (H) holds, and

(i) V € Cpg[TF x R", R, ], V(t,s) is locally Lipschitzian in x and for ty < s <
t,x € R",
D_V-&(s,y(t,s,x)) < g(s,V(s,y(t, 5,2)));

(ii) g € Cg[TF x Ry, R], g(t,u)u*(t) is nondecreasing in u for each t € T, and

the maximal solution r(t,ty, ug) of
u® = g(t,u), u(ty) = ug > 0,
exists for t € T*.
Then, if x(t) = z(t, to, xo) is any solution of (2.2) we have
V(t,z(t,tg, 20)) < r(t,to,ug),  te Tk,
provided V (to, y(t, to, o)) < uo.
Definition 2.4. The system (2.1) is said to be (hg, h)-equistable, if given £ > 0
and to € R, there exists a § = d(tg,¢) that is continuous in ¢, for each e such that
ho(to, o) < 0 implies h(t,y(t)) < e,t > to.

Definition 2.5. Let hg, h € I'. Then system (1) is said to be
(1) strictly (ho, h)-bounded if for any aj,as > 0, ay > a9, to € R, there exist

positive functions §; = f1(to, 1) and [y = Pa(to, a2) which are continuous in (o, o)

and (to, ag), respectively, such that
ay < ho(to, o) < oy implies By < h(t,y(t)) < Bi,t > to,

where y(t) = y(t, 19, xo) is any solution of system (2.1);
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2) uniformly strictly (hg, h)-bounded if 5, and (2 in (1) are independent of t;
(3) strictly (hg, h)-stable if in (1), lim,, o B1(to, @1) = 0 and lim,, ¢ G2(to, a2) = 0;

(4) uniformly strictly (ho, h)-stable if in (2), lima, —0 B1 (1) = 0 and limg,, o B2(a2) =
0.

3. Main Results

We begin by proving a result on nonuniform stability in terms of two measures

under weaker assumptions.

Theorem 3.1. Assume that (H) holds, and
(Ag) ho, h € T and hy is finer than h;
(A1) Vi € CrgT x R R, |, Vi(t,y) is locally Lipschitzian in y for each t € T,

weakly ho-decrescent, and
D_Vi*(s,y(t.s,2)) < 0i(s,V(s,y(t,s,2))),  (t,x) €T xR,

Vi(s, y(t,s, @) < a(h(s, y(t, s, x))),
where g1 € Cpg[TF x Ry, R], g1(t, u)u*(t) is nondecreasing in u for each t € T*, and
g1(t,0) = 0;
(Ag) for every n > 0, there exists a Vo, € Cpg[T x R", R ], Vb, is locally Lips-

chitzian in y,
D—‘/lA(s> y(ta S, Zlf)) + D—‘/Z%(Sa y(t> S, ZL’))
< g2(s, Vi(s,y(t,5,2))) 4 Van(s, V (s, y(t, 5, 2))),
b(h(s, y(t,s,2))) < Vay(s,y(t, s, x) < alho(s, y(t, s, 2)));
where gy € Cpg[TF x Ry, R], go(t, u)pu*(t) is nondecreasing in u for each t € T*, and
gg(t, 0) = O,’
(A3) suppose that the trivial solution of (2.1) is (ho, h)-equistable, the trivial so-

lution is equistable relative to the differential equation

u® = g1(t,u), u(to) = uo, (3.1)
and uniformly stable with respect to the differential equation

w? = go(t,w), w(ty) = w, (3.2)

then the differential system (2.2) is (ho, h)-equistable.

Proof. Since V; is weakly ho-decrescent, there exists a 0 < p; < pand a ¢y € CK
such that

Vi(s,y(t, s, z)) < ¢o(s, ho(s,y(t, s, x))) if ho(s,y(t,s,x)) < p1, (3.3)
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Also, hyg is finer than h implies that there exists a 0 < py < p; and a ¢; € K such
that

h(s,y(t,s,x)) < ¢1(ho(s,y(t, s, x))) provided hq(s,y(t, s, x)) < po, (3.4)

where pg is such that ¢1(po) < p1-

Let 0 < & < p and ty € T be given. Since the trivial solution of (3.2) is uniformly
stable, given b(e) > 0 and t, € T, there exists a dp = dy(e) such that

w(t,to,wo) < b(&f), t > to, if Wy < 50, (35)

where w(t, to, wp) is any solution of (3.2). Since a, ¢; € K, we can find a d; = d;(¢) > 0
such that

a(51) < % and ¢1(51) <€, (36)

the equistability of the trivial solution of (3.1) implies that given %0 >0 and ty € T,

there exists a tg, such that
0
uy < 6* implies u(t, to, ug) < 50 t>to, (3.7)

where u(t, g, ug) is any solution of (3.1).

Let 6y = a=1(6*), since y = 0 of (2.1) is (ho, h)-equistable, given d, > 0,tq € T,
there exists a 0° = §°(¢, €) such that

h(t,y(t, to, z0)) < d2, t > to, if ho(to, o) < &

Choose ug = Vi(to,y(t, o, xo)). Since ¢pg € CK and (3.3) holds, there exists a 05 =
d3(to,€) > 0 such that d3 € (0, min(dy, p1)), and

ho(to, o) < d3  implies Vi(to,y(t, to, o)) < do(to, ho(to, y(t, to,0))) < 6 (3.8),
We set § = min(dy, d3, 6°) and suppose that hg(to, zo) < J,
ho(to, zo) < ¢1(ho(to, o)) < ¢1(0) < ¢1(01) <e, (3.9)

We claim that hg(tg, xo) < ¢ implies h(t, x(t,to,x9)) < e,t > to. If this is not
true, because of (3.9), there exists a solution x(t) of (2.2) with ho(ty, o) < 0 and
ty > t1 > to such that

h(tl,x(tl,to,xo)) = 51, h(tz,l‘(tz,to,xo)) = E. (310)

Setting n = d1(¢), we see by (Az), there exists a V5, and hence letting m(s) =
Vi(s,y(t,s,x)) + Vay(s,y(t, s, x)),t € [t1,t2], we obtain the differential inequality

D™m(s) < ga(s,m(s)),
Hence by the comparison Theorem 2.1, we have

m(s) < rg(s,tl,m(tl)), t e [tl,tQ] (311)
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where 75(s,t1, m(t1)) is the maximal solution of (3.2). Also, we can obtain similarly
the estimate
Vi(t, z(t, to, 20)) < 11(t, t0-u0), t € [t1,to]

where 71 (t, to, up) is the maximal solution of (3.1). Hence by (3.7) and (3.8), we have
‘/l(tlv x(tlu tOv ,’,Uo)) < Tl(tlv tOv ‘/1(t07 y(tv t07 .fIJ'(]))) <7 (t17 t07 a(h(t07 y(tv t07 ZI}'(]))))
< Tl(tl,to, a(52)) = Tl(tl, to, 5*) < 6—0.

2
Also by (Az) and (3.6), we get

5
Vo (£, 2(t1, to, ) < alho(ty, z(tr, to, 20))) = a(6y) < 50

Since
m(t) = ‘/l(ta y(ta t7 [L')) + %n(ta y(t> ta Zlf)) = ‘/l(t> [L’(t, t0> $0)) + ‘/27](t7 [L’(t, th xO))
SO 5
m(tl) = ‘/l(tlvx(tla t(]va)) + ‘/277(t17 x(tlu t07 ZI}'(])) < 507
Therefore (3.5) and (3.11) imply that
m(tg) < T’Q(tg,tl,m(tl)) < b(€)
But
m(t2) Z ‘/277(t2a l’(tg, th xO)) Z b(h(tQ’ l’(tg,to, ZE'Q))) = b(E)’

which leads to a contradiction. Hence the proof is complete.

Theorem 3.2. Assume that

(i) ho, h € T and hy is finer than h;

(i) Vi € Crg[T x R* R, ], Vi(t,y) is locally Lipschitzian in y for each t € T and
weakly ho-decrescent and

Vi(s,y(t, s, 2)) < a(h(s, y(t, 5, 2)));

(111) for every n > 0, there exists a Vo, € Cpg[T x R, Ry, Vs, is locally Lips-
chitzian in y,
D_Vi*(s,y(t, s,2)) + D_Va (s, y(t, s,x))
< g(s,Vi(s, y(t, s,2))) + Vay(s,V(s,y(t, s, 7)),
b(h(s,y(t, s, x))) < Vay(s,y(t, s,x) < alho(s, y(t, s, x))),
where g € Cry|T x Ry, R] with g(t,0) = 0;
(iv) the trivial solution of u® = g(t,u),u(ty) = ug > 0 is uniformly stable;

(v) there exist two functions V3, Vy € Cug[T x R*, R| such that Vi = V3 + V4,
where V3 is h-positive definite and

D_V(s,y(t,s,x)) < =A(t)C(Vs(s, y(t, s,x))),
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where C € K and X € C[T,R"] is integrally positive, that is, [, A(s)ds = oo, whenever
I'=UE, oy, Bi], i < Bi < gy, and By — a; > 0 > 0;

(vi) for every function y € C.q[T,R"™], the function fOt[D_Vf(s,y(t, s, x))|xds is

uniformly continuous on T, where [-]1 means that either the positive or negative part

is considered for all s € T.

Then the trivial solution of (2.1) is (ho, h)-equistable implies the trivial solution
of (2.2) is (ho, h)-equi-asymptotically stable.

Proof. Since (v) implies that D_Vi(t,z) < 0, the assumptions (i) to (iv) yield
by Theorem 3.1 that the differential system (2.2) is (hg, h)-equistable. Choose ¢ = p
and designating by &y = do(to, p), it is clear that we have

ho(to, ZL’(]) < 50 1mphes h(t, l’(t, to,l‘o)) < p, t >t (312)

Let x(t) be any solution of (2.2) satisfying (3.12). Define the functions my(s) =
Vis,y(t, 5,2)), ma(s) = V(s y(t,5,2)), ma(s) = Vi(s, y(t, 5,2)), s0 that

ml(t) = ‘/i(ta y(t7 ta Zlf)) = ‘/l(ta Zlf(t, th zO))a

ms(t) = Vs(t, z(, 0, o)),
(t’ $(t, t0>$0))>

3
!
=

Since my(s) = ma(s) +my(s), we have my(t) = m3(t) + my(t). The same as the proof
of Theorem 3.2 in [3], we get lim; .o, ms(t) = 0, which means lim,_,., m3(s) = 0.
That is limg_ o V3(s,y(t, s, x)) = 0.

Since V3 is h-positive, i.e.
h’O(t()a ZL’()) < 50 lmphes b(h(S, y(t7 S, ZL’))) S ‘/3(8? y(t7 S, [L’))

We get in turn
lirr(l) h(s,y(t,s,x)) =0,
hence

111’% h(t, I‘(t, to, .CL’(])) =0.

The proof is complete.

Remark. From this theorem, we can see the advantage of employing a family of
Lyapunov functions even clearly. We need only the stability of unperturbed system

to proof the asymptotical stability of the perturbed system.

The next result is on uniform asymptotic stability for (2.2). We also need only
the strict stability of (2.1) but a single Lyapunov function to do that. So we can see
the advantage of introducing the concept of strict (hg, h) stability.
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Theorem 3.3. Assume that
(i) ho, hi, ho € T' and hy is uniformly finer than hy, V € Cnq[T x R™ R, ], hy(t, x)

1s nondecreasing in t for each fired x and there exists a function b € K such that
V(t,x) > b(ha(t, x)), (t,z) € T x R";
(i) hg is locally Lipschitzian in x and
Dfhg(t,y) <0
(7ii) hg is uniformly finer than hy and
V(t,z) < ay(hi(t,z)) + ag(ho(t, z)), (t,z) € T x R",

where ay,ag € K;

(iv)

D_V2(s,y(t,s,x)) < g(s,V(s,ylt,s,x))),to <s <t (t,z) € T xR",
(v) system (2.1) is strictly uniformly (ho, hq)-stable.
Then the uniformly asymptotical stability of differential equation
u® = g(t,u), u(ty) = uo, (3.13)

implies the uniformly asymptotically (ho, ha)-stability of (2.2).

Proof. Since h( is uniformly finer than hs, there exist ¢ € K and §y > 0 such
that

hg(t,l’) < QO(t, ho(t, IL')), if ho(t, ZL’) < 50, (314)
Let € > 0 and ¢ty € T. There exist n > 0 and 6; > 0 such that

a1 (to, ) + ao(to, 61) < 0%, (3.15)

and
QO(to, 51) <e&. (316)
Since system (2.1) is uniformly (ho, h1)-stable, it follows that there exists do = d2(g) >
0 such that
ho(to,l‘o) < 0o implies hl(t,y(t, to, .CL’(])) <n,t >ty (317)

where y(t) = y(t, to, xo) is any solution of system (2.1).

Now choose § = min{dy, 01,02} and let x(t) = z(t,to, x9) be a solution of sys-
tem (2.2) with ho(tg,z9) < 0. By the choice of § and (3.14), (3.16), we see that
ho(to, xo(t)) < €. We claim that

hg(t,l‘(t)) <g, t2=>t,
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If this is not true, then there exists a t; > ty such that
ho(ty,x(t1)) =€ and ho(t, z(t)) < e,t € [to, t1).
For t € [to, 1], define m(s) = V (s, y(t, s,x(s))), s € [to, t]. Then we get
D m(s) < g(s,m(s)), to<s<t<t,
Let m(ty) = ug, by Theorem 2.1, we get
m(s) < r(s,to,m(ty)), to<s<t<ty, (3.18)

where (s, tg, m(to)) is the maximal solution of (3.13).

Since (3.13) is uniformly asymptotically stable, give b(¢) > 0 and ty € T, for §*,

we have
ug < 0 implies  u(t,to, ug) < b(e),t > ty, (3.19)

By condition (iii) we have

ug = mf(to) = V(to, y(t, o, o))

(3.20)
< ay(to, h1(to, y(t, to, x0))) + ao(to, ho(to, y(t, to, 0)))
In view of condition (i) and (ii), we obtain
hl(t07y(t7t07x0)) S hl(tuy(tvt()vxo))’ (321)
and
ho(to, y(t, to, z0)) < ho(to, %o), (3.22)

Then from (3.15), (3.17) and (3.20)-(3.22),we obtain
m(ty) < *
Then by (3.18), (3.19)
Vit 2(t) < r(ty, to, mito)) < b(e)
But in view of condition (i)
Vi(ty, x(t1)) = b(ha(ty, x(t1))) = b(e)

which is a contradiction, hence system (2.2) is uniformly (hq, ho) stable.

Next we will prove the attractivity of (2.2). Since system (2.1) is strictly uniformly
(ho, h1)-stable, there exist 63 > 0 and 7; > 0 such that

6% < holto, wo) < 63 implies  m < hi(t, y(t)) < n,t > tq,

Choose 0 = min{d, d3}. For any ty € T, let z(t) = z(t, t, xo) be any of system (2.2)

with hg(to, xg) < o, we are going to prove

holt, () < e,t > to+ T
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By uniform (hyg, h)-stability, it is sufficient to show that there exists a t* € [to, o+ T
such that

ho(t*, x(t*)) < &°.
If this is not true, then there exists a solution x(t) = z(t,to, o) of (2.2) with
ho(to, Io) < o such that

ho(t, z(t)) > 6°,t € [to, to + T,
Since hg is uniformly finer than hq, there exists a o € K such that
hi(t, z) < p(ha(t, x)) (3.23)

For given ¢ > 0,we let

et +T,m) <e. (3.24)
So in view of condition (i) and (3.23), (3.24)

V(to + T, S(Z(to + T)) Z b(hg(to + T, S(Z(to + T)))
> b(p(to + T, ha(to + T, x(to + T))))

> b(p(to +T,m)) > ble),
But
Vto+T,z(to + 1)) =m(to+T) < r(s,to,m(ty)) < b(e).

This is a contradiction and the theorem is proved.
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