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ABSTRACT. We are concerned with a wide class of non-additive functions, namely quasi -
triangular functions, defined on a Boolean ring and taking values into a topological space, where no
algebraic structure is required. The aim of the paper is twofold. First we prove that in some sense
this class is equivalent to that one of finitely additive functions valued into a topological Abelian

group. Secondly we show that a Vitali-Hahn-Saks theorem holds for exhaustive elements of it.
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1. INTRODUCTION

Given a non-negative extended real-valued function ¢ acting on a Boolean ring
R, for any pair of disjoint elements a,b of R one can consider the values p(a), ¢(b)

and ¢(a V b) and various possible relations between them.

Among all these ones, broadly speaking, here our interest relies on the following
two different conditions:
i) if any two of the values ¢(a), ¢(b) and ¢(a V b) are ‘small’; then the remaining
one has to be ‘small’;
i1)  if (b) is ‘small’, then ¢(a) and ¢(a V b) have to be ‘near’.
Both i) as i) are clearly verified whenever ¢ is a finitely additive function. In this
paper, we point out that simply requiring ¢ to satisfy either i) or ii) leads to a
natural generalization of finitely additive assumption, with the further advantage

that no algebraic operation is needed. Our target space will be in fact an arbitrary
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Hausdorff topological space where no algebraic structure is required too. The class
of functions we are concerned with, namely quasi-triangular functions, constitutes a
generalization of classical finitely additive functions in which additivity assumption
is removed and no monotonicity is imposed as well. Moreover, as it will be clarified
in Sect. 2 through examples, such a class properly contains various families of non-
additive functions deeply studied in literature and this motivates our investigation.
As it is well-known the interest for a non-additive context goes back to G. Choquet
[3] as well as to L. Shapley [18]. We draw the reader attention to [6], [16] for a
comprehensive exposition of results and applications in measure theory and functional
analysis, whereas to [7], [14] and the references therein for the economic applications.
See also [15].

In a recent paper [1] we investigated quasi-triangular and exhaustive functions on
a Boolean ring satisfying the Subsequential Completeness Property and we established
a Cafiero theorem as well as a Brooks-Jewett theorem. In this paper we keep working
on the same class and there are two main contributions. One is that every quasi-
triangular function generates a Fréchet-Nikodym topology on the underlying ring (in
Sect. 3, Theorem 3.2). This result allows us to state that, in same sense (specified by
Definition 3.4 below), any quasi-triangular function is equivalent to a finitely additive
one, which is defined on the same ring and attains values in some topological Abelian
group. The second is a Vitali-Hahn-Saks theorem for quasi-triangular and exhaustive
functions on a Boolean ring satisfying the Subsequential Completeness Property in
Sect. 5. Our approach to its proof relies on an improvement of a result concerning
finitely additive functions due to T. Traynor in [19], that is formulated below as
Lemma 4.3. We begin by defining the basic concepts more precisely and fixing the

main notations.

2. BASIC DEFINITIONS AND EXAMPLES

Throughout this note we always consider a Boolean ring R, whose least point
is denoted by Oz or 0, and a nonempty set S, where a topology 7 or a uniformity
U is given. About S, we assume that a point e € S is arbitrary fixed and use the
notation 7le] to denote one of its fundamental system of 7-neighbourhoods. When
the topology 7 on S is generated by a uniformity U (briefly 7 = 7,,), we shall write
Ule] in place of T[e].

Hereafter we deal with the family of all functions ¢ : R — & such that ¢(0) = e,
that we denote as MJe|. Formalizing conditions i) and 4i) above, when ¢ € M]e,
then
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i): ¢ is said to be quasi-triangular if for every U € 7[e] there exists V = V(U) €
7le] such that for any disjoint pair (a,b) of elements of R it holds

pla) € V. p(b) € V. = ¢(aVb) € U;
ola) € V, plavd) € V. = () € U.
and, whenever 7 = 7,,, following [12], we say that

i1): ¢ is said to be s-outer if for every U € U there exists V = V(U) € U such
that for any disjoint pair (a,b) of elements of R it holds

o) €Vl = (pla).p(avh)) €U

Since for any given subcollection ® := (;);e; of M|e], the uniform version of the
above definitions can be easily written down, we leave it to the reader. In the follow-
ing, we adopt the convention that U® denotes the intersection of the sets U NV (U)
appearing in the previous definitions and then U™ := U™=Y N V(U™ n € N.
Besides for any function ¢ € M]e|, the notation ([0, al), or simply @(a), represents
the set {p(b) : b € R, b < a}, for each a € R.

It is worth noting that condition ) is sharper than 7). In fact, for any disjoint
elements a,b € R, condition i) requires a control on ¢(a), ¢(b) and p(aVb) for ‘small’
values of ¢, where ‘small’ means ‘near enough’ to e = ¢(0); whereas in i), apart from
the uniformity structure needed on S, one asks that ¢(a) and ¢(a V b) have to be

‘near’” whenever ¢(b) is ‘small’. We show indeed
Proposition 2.1. If ¢ € Mle] is s-outer, then it is quasi-triangular.

Proof. Given U € U, pick a symmetric U; € U such that U; o Uy € U and put

W = Ul(o). For every disjoint pair (a,b) of elements of R, since ¢ is s-outer, one

notes that if p(a) € Wle] and p(b) € Wle], then (p(aVb),e) € UoU C U,
whereas if ¢(a) € Wle] and ¢(a VvV b) € Wle], then (¢(b),e) € Uy oU; C U;
therefore ¢ is quasi-triangular. O

The converse fails, as shown by the following example.

Example 2.2. Let £ denote the o-algebra of the Lebesgue measurable subsets of R
and A is the Lebesgue measure on £. The function ¢ defined by

e(A):=AA) if MNA) <1, p(A):=2 if MNA) > 1,
is a non-negative increasing set function such that ¢(f)) = 0. Such ¢ is clearly quasi-

triangular, but it is not s-outer. Indeed, for any § €]0,1[ and any disjoint sets
A, B € L such that \(A) =1 and A\(B) < 0, one gets that

w(B) <6 and ©W(AUB) —p(A) = 1.
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Now we emphasize through several examples that the family of quasi-triangular
functions (as well as that of s-outer ones) under investigation includes some classes

of non-additive functions widely studied in literature.

Example 2.3. A non-negative extended real-valued function ¢ defined on a Boolean
ring R is said to be a measuroid (see, e.g., [17], [21]) whenever ¢(0z) = 0 and for
any disjoint pair (a,b) of elements of R it satisfies the following subadditive and

quasi-triangular conditions

p(aVb) < p(a) +p(b), p(a) < @(aVb)+e(b).
Hence every measuroid is a quasi-triangular function. As shown in [21], under the
convention that co — oo = 0, the following assertions are equivalent:
e (pis a measuroid;
e Va,beR, aANb=0g, it holds: |p(a) — o) < vlaVb) < p(a)+ o(b);
e Va,beR, aNb=0g, it holds: |p(aV b) —¢(a)| < ¢(b).
From the last condition one clearly infers that every measuroid is a s-outer function

with respect to the usual uniformity in [0, 4o00].

Example 2.4. A non-negative real-valued function ¢ defined on a Boolean ring R
is said to be k-triangular, for k € [1,4o00[ (see, e.g., [9], [8], [16], [20]), whenever
¢(0g) =0 and

o Va,beR, aNb=0g, it holds: p(a) — kp(b) < p(aVd) < ¢(a)+ ko(b).

One can easily check that every k-triangular function is s-outer.

Example 2.5. Let P : A — [0,1] be a finitely additive probability defined on a
Boolean algebra A and let v : [0,1] — [0,1] be an increasing function such that
7(04) = 0 and y(14) = 1. The composite function ¢ := v o P is said to be a distorted
probability and the function v is called its distortion (see, e.g., [6], [16]). It is easy
to verify that every distorted probability determined by a concave distortion is a

measuroid, thus it is a s-outer function.

Example 2.6. Given an internal composition law & on [0, 1], & is said to be a t-
conorm (see, for instance, [23], [16]) whenever & is commutative, associative and

satisfies the following condition
- ifzye0,1], x <y, then 2 ® 2 <y z forall z€|0,1],
- 2@0=ux forall z €[0,1],

i.e. @ is monotone with neutral element 0.

The mappings @, (z,y) := max {z,y}, ®,(r,y) =z +y — vy, and

max{z,y} if min{z,y} =0,
®y(z,y) == .
1 otherwise
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are standard examples of t-conorms.

A function ¢ : R — ([0,1],®) is said to be @-additive whenever ¢(0g) = 0
and ¢(a vV b) = p(a) ® ¢(b) for all a,b € R, a ANb = Og. If the t-conorm @ is
continuous at the point (0,0), then every @-additive function ¢ is quasi-triangular.
It is worth noting that the foregoing t-conorms ¢, and &, are both continuous at
(0,0), differently from @,.

We conclude with two explicit examples of s-outer functions which fail to be

k-triangular. The first one is shown in [2].

Example 2.7. Let S := C°([0,1]) be the space of real-valued continuous functions
on [0, 1] with the sup norm ||f|| := sup|f(z)| and e = 0. In S consider the binary
operation @ defined by f©g:=f+g— f-g, forevery f,g € S.

A function ¢, defined on a Boolean ring R and valued into {f € C°([0,1]) :
f([0,1]) C [0,1]}, is called @-additive whenever p(a V b) = ¢(a) @ ¢(b) for any

disjoint pair (a,b) of elements of R. Because of the following estimate
llp(aVb) —p(a)|] < |lp(b)|| foreverya,be R, aANb=0g,
every @-additive function is s-outer.

Example 2.8. Let £, denote the o-algebra of the Lebesgue measurable subsets of
[0,1] and X is the Lebesgue measure on £,. The set function ¢ : £, — [0, 1] defined
by p(A) := \2(A), A € L,, is a s-outer function which is not k-triangular.

Indeed the uniform continuity of f(z) = 22 in [0, 1] easily implies that ¢ is s-outer.
Assume by way of contradiction that ¢ is k-triangular, £ > 1. Thus, for any disjoint
A, B € L, with positive Lebesgue measure, the condition p(AU B) < p(A) + ke(B)
implies that A(A) < *51X\(B) as well as k > 1. Hence it must hold that A\(B) >

2

77 MA), which clearly leads to a contradiction once fixed B of small measure. There-

fore ¢ is not a k-triangular function.

3. QUASI-TRIANGULARITY AND FINITE ADDITIVITY

First we show that every quasi-triangular function ¢ induces a topology I' | on the
Boolean ring on which is defined, which is described in terms of basic neighbourhoods.

This I, will be referred to as the ¢-topology on R.

Proposition 3.1. If ¢ € M|e] is quasi-triangular and if Ble] is a neighbourhood
base at the point e € S, then the family

L' (a) = (‘{95 eR:glelba) C U})UEB[e]

15 a neighbourhood base at a € R for the p-topology.
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Proof. Certainly each V € I' (a) contains a since each U € Ble] contains ¢(0) = e.
If V1 and V, belong to I'(a), determined by some U; and U, € Ble], so easily does
Vs :={z € R:¢(xAa) CUs}, where U; € Ble] and Us C U; N Uy, and moreover
V3 C V1NV, Next let U € Ble] and V be the element of I' (a) determined by U.
Taking into account the quasi-triangularity of ¢, pick U; € Ble] such that U; C V(U).
We claim that for every b € V; = {x € R : ¢(x A a) C U} then there exists
W €T (b) such that W C V. Indeed, put W :={x € R: p(x Ab) C U} C V) Ny,

then for every y € W, one observes that
plyLa) = o((yAb)AA)) = {p((2\(YADA(DA))V (A\ (DA (YAD))) : 2 € R;
since for each z € R one gets

e(z\ (WAL A(bA Q) € Uy and ¢(2\(bAa)A(yAb)) € U,

the quasi-triangularity of ¢ assures that ¢(y A a) C U. Thus W C V. O]
Now we prove

Theorem 3.2. If ¢ € Mle| is quasi-triangular, then the p-topology is a Fréchet-
Nikodgm topology on the Abelian group (R, ).

Proof. Since a A a = 0, for every a € R, in order to check that (R,A,I')) is a
topological group it suffices to prove that the symmetric difference operation A is
continuous. Let a,,b, € Rand V € T'_(a,Ab,). Since V := {z € R : p(xA(a,Ab,) C
U}, for some U € Ble], the quasi-triangularity of ¢ yields that there exists some
U, € Ble] such that U, C V(U). Clearly

Ve, ={x € R: @(xla,) CU} €T (a5), Vs, :={r €R: p(xlb,) CU} €T (b,).

Moreover, by the quasi-triangularity of ¢, using the same trick as in the proof of the
previous proposition, one easily gets that a A b € V, for every a € V,, and every

b €V, that is the desired continuity of the symmetric difference operation A.

To end the proof, it remains to verify that the function 7, : a € R+—aAbeR
is I'_- continuous, uniformly respect to b € R. To this end, let a, € R and V €
[ (ao AD). Since V := {z € R : §(x A (a, ANb)) C U}, for some U € Ble], and
(aND) A (ap ANb) = (a A\ a,) A b, one clearly has

P((aAnb) A (a,Ab) = @((aLa,) Ab) C @glala,) CU  Va€e,
uniformly respect to b € R. O

Remark 3.3. It is well-known (see, for instance, [5], [22]) that any Fréchet-Nikodym

topology I',.,, on a Boolean ring is the p-topology on (R, A) for some group-valued

FN

finitely additive function p acting on R, i.e. ', = I',. In fact, once put G :=

FN —

(R,A,T',,) and denoted as p the identity map on R, then I', | coincides with I, .

N
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Mymic [11], [22], we can formulate the following

Definition 3.4. Let (S,,7,) be a topological space and e, € S, be arbitrary fived. If
€ Mle] and v € Mle,|, then v is said to be v-continuous (Y << v, for short) if,
and only if, for every U € Tle] there exists some V € T,le,] such that v([0,a]) CV
implies that 1([0,a]) C U. Moreover, 1 is said to be equivalent to v, in symbols
Y X v, whenever both ¥ << v and v << .

The results of this section can be therefore summed up as

Corollary 3.5. If ¢ € Mle] is quasi-triangular, then there exists a finitely additive
function u, acting on the same Boolean ring R and valued in some topological Abelian

group (Go, 7o), with 11(0) = e,, which is equivalent to v, i.e. 1 = .
4. AUXILIARY RESULTS

In this section we show some properties fulfilled by families of uniformly quasi-
triangular and uniformly exhaustive functions. We recall that a function ¢ € M|e]
is said to be e-ezhaustive (exhaustive, for short) whenever limy ¢(a;) = e for any
disjoint sequence (ag)ren in R, then for every subfamily ® of M]e] the definition of

uniform exhaustivity can be immediately expressed.

The first lemma exhibits a good behaviour on finite disjoint union of quasi-

triangular functions. The proof can be easily determined by an inductive argument.

Lemma 4.1. Let a € R be the supremum of a finite disjoint subset {aq,...,ar} of
R and U € 7le]. If ¢ is quasi-triangular, then

ola;) € UY Vie{l,... k} = o(a) € U. (1)

Moreover, if ® C M|e] is uniformly quasi-triangular, then (1) holds uniformly respect
to p € .

The following result describes the action of uniformly exhaustive functions on

increasing sequences in R.

Lemma 4.2. Let (by)ren be an increasing sequence in R. If ® C M|e] is uniformly

ezhaustive, then for every U € Tle| there exists some | € N such that
©([0,b, \ b)) € U Vk > 1, Vo € O. (2)

Proof. Assume the contrary. Then there exist some U, € T[e], a strictly increasing
sequence of index (k;);en, two sequences (¢;)ieny and (y;)ien, in @ and R respectively,
such that

P1 (yl A (bkl \bk171>) ¢ UO Vi e N7 (3>

where by, := b;. Since the sequence (yl A (bg, \ka)) is disjoint in R, the uniform

1eN
exhaustivity of ® contradicts (3) and this concludes the proof. O
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We are now in position to state the following extension to quasi-triangular func-
tions of a result concerning finitely additive functions due to T. Traynor in [19]. We
refer the reader also to (2.2) in Chap. IV of [5]. This result is one of the main

ingredient in the proof of the Vitali-Hahn-Saks theorem in next section.

Lemma 4.3. If ® C Mle] is uniformly exhaustive and uniformly quasi-triangular,
then for every U € tle] there exist some W € Tle] and a finite subset &y C O such
that for any a € R

¥([0,a]) C W Vi) € Oy - ola) € U Vo € O. (4)

Proof. Arguing by contradiction, then there exists some U, € 7[e] such that for every
W € 7le] and every finite ®; C & there are an element a, € R and a function ¢ €
verifying

W([0,a]) € W Vipedr  pla) ¢ U (5)

Because @ is uniformly quasi-triangular, starting from U, € 7[e|, one can consider
the decreasing sequence (US")pen, in 7le] and then, by induction in (5), determine

two sequences (ax)reny in R and (¢ )ken in @ such that for every k& € N it holds
Uil[0,a]) © USY wie {1, k), dla) € U, (6)

Now fix h € N, and define b, := V¥_, ., a;, k > h. Since (b)en is increasing and
ap < by, Lemma 4.2 guarantees the existence of an index [ € N with [ > h + 1, such
that

e([0,ar \ b)) = @lap\ Viya) € UMY VE>1, Ve d. (7)

Therefore, going on by induction, one can determine a strictly increasing sequence of

index (l,)nen such that for every n € N one has that
Plag \ Vi a) C UMD Wk > 1, Y€ o, (8)

We claim that there exists an index n, € N such that iy, (a;,) € U,, Yn > n,.

. . C e . l
To prove this, for every n € N, write a;, as disjoint union of ¢,, := a;, A (an:l;ﬂ aj) and

dy = ay, \ \/é'”;liﬂrl a;; moreover define d/, := d,, \ V4 d,, and d! :=d,, A (V"4 d,,).
Therefore each q;, is the pairwise disjoint union of ¢,, d/, and d!, that is

a, =c,Vd,vVd — VneN. 9)

Since

Cn = ay, N (\/é-’jliﬂ aj) = V?:liﬂ (yj A aj) Vn € N, (10)

where y;’s are suitable elements in R such that the y; A a;’s are mutually disjoint,
from (6) one deduces that

wln+1([073/j A a]]) g Uo(j+1) vj S {ln + 17 R ln—l—l}v
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thus, Lemma 4.1 and (10) imply that
Un(.cl) € UMD € UB Wnen, (11)

Corresponding to the neighbourhood U(Sz), since (d))nen is disjoint as well as @ is

uniformly exhaustive, then there exists an index n, € N such that
o(d) € UP Vn > n,, Yo € ®. (12)

Accordingly to (11) and (12), as {¢y, : n € N} C & is uniformly quasi-triangular and
¢, A d, = 0, one obtains that

Y s1lenVd) € UY  ¥Yn>n, (13)

Let us now observe that
&' = dy A (VL d) = Vil ((dn \Vrtd,) A dm> VneN,  (14)
moreover for each m € {1,...,n — 1} one also has
(da \ VIS de) Ay = (e, \ V74 ag) A (an, \ VIS ) A (\ V5L ag) (15)
as well as [,,, <1,. But, from (8),
Pla, \ Vi a;) © UMD € U™t Wme{l,....n—1}, Vp € O,
hence (15) yields in particular that
<p((dn \ VPl A dm> e UMY yme{l,....n—1}, Vo€ ®.
Then, from Lemma 4.1 and (14) one infers that
o(d)) e UM Vn € N, Vp € . (16)
Thus, by (13),(16) and (9), the uniform quasi-triangularity of ® assures that
U a1(c, Vd,vVdl) =, 1(a,) € U, Vn>n,.

This proves the claim and obviously contradicts (6). This contradiction completes
the proof. O

5. CONVERGENCE THEOREMS

In this section we always assume that (S, 7) is a Hausdorff topological space and
the ring R verifies the Subsequential Completeness Property (briefly SCP), i.e. for
every disjoint sequence (a)ren in R then there exists an infinite subset M of N such
that the supremum of the set {ax : k € M} exists. We refer the reader to [4], [10],

[21] for more details.

In a previous paper [1] we have proved the following two results
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Theorem 5.1 (Cafiero). If (¢, )nen s a sequence of exhaustive and uniformly quasi-
triangular elements of Me], then (pn)nen is uniformly exhaustive if, and only if, the

following condition holds

(%): for every U € Tle] and every disjoint sequence (ag)ren in R there exist some
ko,no € N such that ¢, (ag,) € U for every n > n,.

Theorem 5.2 (Brooks-Jewett). Let (¢n)nen be a sequence of exhaustive and uni-
formly quasi-triangular elements of Mle|. If (pn)nen converges pointwise in R to a

exhaustive element ¢ of Mle] , i.e.

lim ¢,(a) = p(a), a€R, (17)

n—-+00

then (pn)nen s uniformly exhaustive.

Here, combining the previous theorem with Lemma 4.3, we are able to state the

following

Theorem 5.3 (Vitali-Hahn-Saks). Let (¢, )nen be a sequence of exhaustive and uni-
formly quasi-triangular elements of Mle| converging pointwise in R to a exhaustive
element @ of Mle]. If every p,, is v-continuous, where v belongs to Mle,| and e, is
an arbitrary fized point in some topological space (S,,T,), then the sequence (@n)nen

18 V-equicontinuous.

Proof. First, by Theorem 5.2, ® := {p, : n € N} is uniformly exhaustive and uni-
formly quasi-triangular. Next, let U € 7[e] be given. Then Lemma 4.3 assures that
there are some W € 7le] and a finite subset ®; C @ such that for any a € R
condition (4) holds, i.e.

¥([0,a]) € W Vi € &y — pla) € U Vo € ®.

Since every ¢ € ®; is v-continuous, then corresponding to W € 7[e| there exists

some V € 7,[e,] such that
W0,a) €V = p(0d) W  Wea,

Hence the sequence (¢, )nen is v-equicontinuous and the proof is complete. O
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