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modified definition of the fractional difference operator [1].
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1. INTRODUCTION

Though the importance of fractional derivative to model a variety of real world
problems became obvious few decades ago, the study of the theory of fractional differ-
ential equations was initiated and some basic results have been obtained recently [8].
In fact, the study of the theory of fractional dynamic systems is more global than the
theory of classical ordinary differential equations. The notions of fractional calculus
may be traced back to the works of Euler, but the idea of fractional difference is very

recent.

In [2] Diaz and Osler defined the fractional difference by the rather natural ap-
proach of allowing the index of differencing, in the standard expression for the n'”
difference, to be any real or complex number.

In this paper, the definition of fractional difference of a function w,, given by [1],
is slightly modified using which the fractional difference of function w,, is expressed in
terms of the function at the previous arguments. Using the modified definition some

important difference inequalities are obtained.

2. PRELIMINARIES

Definition 2.1. The backward difference operator A_,, is defined as A_,, = e7!(1 — B)

where Bf, = f,_1 is standard backward shift operator and ¢ is interval length.
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In [3] Gray and Zhang gave a definition of the fractional difference as follows:

Definition 2.2. For any complex number o and f defined over the integer set
{a—p,a—p+1,...,n}, the o' order difference of f(n) over {a,a+1,...,n} is
defined by

n—a

N A I'k+p—a)
V0 = £y 2 gy 2.)

Later, Hirota [4] took the first n terms of Taylor series of A%, = e (1 — B)®

and gave the following definition.

Definition 2.3. Let a € R. Then difference operator of order « is defined by

e () (D sy, a£1,2,.

Aatin = m » (2.2)
e ijo (T)(_]‘)jun—]a a=meE Z>0.
Here (%), (a € R,n € Z) stands for a binomial coefficient defined by
I'(a+1)
a ey >V
N = 2.3
()1 - 2
0 n < 0.

In 2002, Nagai [1] introduced another definition of fractional difference which is

a slight modification of Hirota’s fractional difference operator.

Definition 2.4. Let a € R and m be an integer such that m —1 < a < m. The

difference operator A, _,, of order « is defined as

n—1
A%ty = AAT = ey (O‘ - m) (1P A" gty (2.4)

=0\

Definition 2.5. Let f(n,r) be any function defined for n € NJ, 0 < r < oo and

consider the initial value problem
V1 = f(n,uy), u(0) = wp. (2.5)

A function v, defined on N{ is said to be an under function with respect to the
initial value problem (2.5) if V*v,41 < f(n,v,). Similarly any function w, defined
on N is said to be a over function with respect to the initial value problem (2.5) if
VoUW, > f(n,wy).
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3. MAIN RESULTS

In this paper, we consider a particular case of (2.4). By taking the interval length
e =1and m =1, (2.4) becomes

n—1
o a—1 :
S I G [N

i=o N/

Since for 0 < a < 1, (O‘J_.l) = (=1)7(?>%),

J
n—1 ] —
AS,—nun = Z ( . )A—(n—j) Up—j-
=0 N J

For convenience, we denote the backward difference operator A, _, by V. Then the

fractional difference operator of order o (0 < a < 1) is given by

Veu, = ni <‘7 - a) Vit ;. (3.1)

=0 N 7

Throughout this paper we use (3.1) as the fractional difference operator of order «
0<a<l).

Remark 3.1. For any o (0 < e < 1),

n—

V™%, = Z

1
j=0

(5o

Remark 3.2. If f is defined over {0,1,...,n}, then using (2.1), the o'* order differ-

ence of f(n) over {1,2,...,n} can be written as

which is same as (3.1). Hence (3.1) satisfies all the properties satisfied by (2.1) [3],
which are given below:

i. For any real numbers o and 3, VVPu, = V*hu,,.
ii. For any constant ‘c’, V|[cu,, + v,] = ¢V%u, + Vu,.
iii. For a € R, V*(u,v,) = 32" (2) [V U] [VO0).

m=0
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Lemma 3.3. Let n € NI, 0 < r < oo and u,, be a function defined on N&. Then for

O<a<l
1 .
1 j—a)
1<j—a>( j o) (3:2)

— 1= (i
V%u,, = u, — (n a)uo -«

n—1
j
Proof. We know from (3.1) that

(0%
Veu,, =

Il
- o

I
/‘\/‘D/‘\
<. |
Q
~__
=
3
i\
S
3
4
|
\a

S .
|

Hence the proof. O

Example 3.4. For any b with |b| > 1, using (3.1) we get
. ain bn(b—l)n_l j—a\, _.
i Vb::—7T—§:< ).

I+ —|=b"—=b—~.
" T3 2”7 3

§>—t
o
[ 3]
|
(o]
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i, Vbl =b— 1.
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Remark 3.5. We note that V*ug = 0 and V*u; = u; — ug = Vuy.
Remark 3.6. For a € R,
VeV~ %u, = V-*V%u, = u, — up.
Also
VeV~ un, — ug) = VOV (u, — ug) = up — up.

Theorem 3.7. Let n € NI, 0 < r < oo and f(n,r) be a non decreasing function in
r for any fized n. Let v, and w, be two functions defined on N§. Suppose that for
n >0 and 0 < a <1 the inequalities

Vi1 < f(n,v,), (3.3)
Vi1 > f(n,wy). (3.4)
hold. Then vy < wy tmplies

vp < wy, forallm > 0.

Proof. For a = 1, fractional differences coincides with ordinary differences and hence
the result is true [7]. Now consider for 0 < a < 1. Suppose that (3.5) is not true.
Then because of vy < wy there exists a k € N(J{ such that v, < wg and vi1 > wey.
It follows, using (3.2), (3.3), (3.4) and the monotone property of f, that

f(kvwk) < Vg

k — i -«
:wk+1—( i ) Oéz G —a) (j )wk+1—j

J=1
k —
< Ugy1 — < I )

] —«
Vk41—5
1 J
= va’Uk+1

< f(k7 Uk)u

which is a contradiction in view of the above assumptions and the monotonicity of

B

J

f(n,r) in r. Hence the proof. O

Remark 3.8. If we assume that vy < wg in Theorem 3.7 the equality in the conclusion
(3.5) must be dropped.

Theorem 3.9. Let my(n,r) and my(n,r) be two non negative functions defined for
n € N&, 0 < r < oo and non decreasing with respect to r for any fivred n € N§. Let
yn be a function defined for n € N& and that

m1(n, yn) < VYni1 < ma(n, yn) (3.5)
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for alln € NJ and 0 < o < 1. Let v, and w, be the solutions of the difference

equations
Vi1 = mi(n,v,), v(0) = vy, (3.6)
Vawn+1 = m2(n, wn), ’UJ(O) = Wyp. (37)
and suppose that vog < yo < wy. Then
vp < yp <w,, neNG. (3.8)
Proof. Consider the second part of (3.6) and (3.8) i.e.
V%ni1 < ma(n, yn),
Vo‘wn+1 = My (n, wn)

Applying Theorem (3.7), since yg < wp we obtain the right half of the inequality in
(3.9) i.e. yp < wy,. A similar argument yields the left half of the inequality (3.9). O

Theorem 3.10. Let the functions mi(n,r) and ma(n,r) be as in Theorem 3.9 and

T, and y, be the solutions of the difference equations
Vaxn-i-l = f(n> l’n)> ZL’(O) = Zo, (39)
V% = g(n,yn),  y(0) = yo. (3.10)
where x,, and y, are defined forn € N§ and 0 < a < 1 and f(n,r) and g(n,r) are
defined for n € N{, 0 <r < oo and satisfy the condition
mi(n, [z, = yul) < |f(n,20) = g(n, yn)| < ma(n, |20 — ynl) (3.11)
for allm € N§. Let v, and w,, be the solutions of (3.7) and (3.8) and for n € N{.

Assume that vy < |xg — yo| < wo. Then

Vp < |2p — yn| < w,,  foralln € N§. (3.12)

Proof. Let u, = |z, —yn|. Then ug = |29 —yo| < wp. On account of the monotonicity
of my(n, ), we obtain, using Remark 3.5,
uy = |z — yi

= |zo + f(0,70) — yo — 9(0,40)|

< |zo — yol + £(0,20) — 9(0, yo)|

< ug + ma(0, [zo — yol)

< wp + m2(0, wy)

= wo + V>,

= Wwq.
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If the inequality u,, < w, is fulfilled for n = 1,2, ..., k, it follows by the monotonicity
of ma(n,r) that

Ug+1 = |$k+1 - yk+1|

-|(4)
() ji (77 Yy — otk

= ' (k ; a) (o — yo) + o zk: . : (‘j ; a) (Th41-5 = Y1)

(J—a)

(j B a) Tp1—j + [k, x)

k .
1 j—
a Z . ( j )($k+1—j — Ykt1—5)

— (j —a)

+ [ f (ks zr) — g(k, yr)|

k— o
S( I )‘ﬁo—yo|+az

+ [f(k,2x) — g(k, yk)\
()

= Wk+1-

j—O{
( )mﬂw—%ﬂw|

( ; )wk+1—j+m2(k‘>|$k—yk|)

Hence by mathematical induction we obtain |z,, —y,| < w, for all n € Ni. The proof
of the left half of the inequality in (3.13) is similar. O

Theorem 3.11. Let f(n,r,s) be a function defined forn € Nj, 0<r < oo, 0 < s <
oo is non negative and nondecreasing with respect to v and s for any fivred n € N .

Let u,, be solution of the difference equation
VU1 = f(n, un, uy,), u(0) = ug (3.13)
for alln € NI and 0 < a < 1. Suppose that the inequality

Ve i1 < f(n, T, yn). (3.14)
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is satisfied for allm € N§ and 0 < a < 1, where the functions x, and y, are defined
forn € N{ such that xog < ug. Then

Ty < Uy, (3.15)

for all n € N§ provided
Un < Up (3.16)

for allm € NJ.
Proof. Consider (3.15) and (3.14) i.e.
Ve i1 < f(n,x,, yn),
VU1 = f(n, U, uy).
Since y,, < u,, applying Theorem 3.9, x¢ < ug implies x,, < u,. O

Remark 3.12. Let u, be any function defined on Nj and f(n,r) be a function
deﬁnedonn€N§,0§r<oo. Then for n > 0 and 0 < o < 1,

VU1 = f(n,uy,)
or
V=NV %%11 =V f(n, uy).
By using Remarks 3.1 and 3.6 we get
n—1 .
+ « ‘
Up4+1 — Up = Z (j . )Vf(n _]>un—j)

=0 N 7

or

J

n—1 .
+ )
U”HZZ(] ,a)Vf(n—j,un_j)jLuo.

J=0

Theorem 3.13. Let u,, a, and b, be nonnegative functions defined for n € N§. Let
f(n,r) be a nonnegative function defined forn € N&, 0 < r < oo and non decreasing
in 1 for any fized n € N . If

n—2 .
Uy, gan—l—bnz (jj;a)Vf(n—l—j,un_l_j) (3.17)
=0
forn € N, then

for n € N§, where r,, is the solution of the difference equation
V1 = f(n,a, + byryn), 7(0) =0 (3.19)

forneN{ and 0 < a < 1.
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Proof. Define function z, by

n—2 .
+ .
2 = Z (j , a)Vf(n— 1 —j,tup_1-j).
=0

J

Then zy = 0, u, < a, + b,z, and using Remark 3.12
V%1 = f(n,u,) < f(n,an, + byzy).

By using Theorem 3.9 we have z, < r,. Then u, < a, +b,2, < a, + b,r,. Hence the
proof. O
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