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1. INTRODUCTION

This work is devoted to study the nature of vibrations whicisain a lattice struc-
ture. More precisely we will consider a system of point massRkich in their state of rest
have periodic distributions. These point masses haveactiens which are coupled in a
nonlinear way. Besides, a nonlinear damping mechanisnesepit in the model.

Nonlinear lattices, also called nonlinear networks arenitdisystems of ordinary dif-
ferential equations and appear very often in chemical i@astimage processing, biology,
cellular automata among many other important areas in seiend technology, see [4],
[7], [15] and the references therein. In the last 30 or 40 yeasearch on the so-called the-
ory of deterministic chaos has influenced the study of glaltaactors and possible upper
bounds for the Hausdorff dimension of such sets. This may diffieult task. Therefore,
the study of global attractors for nonlinear lattices seémbe a good alternative in or-
der to “approximate” the global attractor for the partiafeliential equation modeling the
continuous phenomenon.

In this article we are interested in the long time behavianaftidimensional nonlinear
lattices under the effect of nonlinear damping. In ordeiitgpdify notation we assume that
all “spatial” variables have the same peridd But, all our discussion could be easily
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rewritten to include lattices in which each “spatial” vdria has a different period/; with
1 < j < d. In other words, the closure conditions are valid

Unyng,...ng — Uni+Nina,...ng — Uni+Nino+Nona,...ng — " = Uni+Ni,no+Na,....ng+Ny

for any integersy;, j = 1,2,...,d, whereN; are given positive integers. There is a quite
large number of contributions in the literature where awhstudied relevant properties

of nonlinear lattices but almost all treated only the on@etisional case ([2, 5, 6, 9, 10,

11, 14, 18] and the references therein). Only in recent yeane attention on relevant

multidimensional discrete models were given ([8], [12] &nel references therein).

This article is organized as follows: In Section 2 we give tlgation and assump-
tions to obtain our main results. Then we state our conchssidGection 3 is devoted to
prove global well-posedness of the nonlinear multidimenal lattice with nonlinear inter-
nal damping. In Section 4 we prove the existence of a glolaaor. In the Appendix,
we deduce the expression of the Green’s function assodiatin linear lattice using the
discrete Fourier Transform as well as a proof of Poincaré&guality whenl > 1.

2. NOTATION, ASSUMPTIONS AND MAIN RESULTS

We denote byZ the set of integers. Let € Z and writen = (ny,n2,ng, ..., ng),
wheren; € Z,1 < j < d. We writeZ? = Z x Z x - --Z (d times). We consider a fixed
positive integetV (the period) and denote Wy, the set of sequences

N N N
gper = {a = {an}nGZd; an € Ru Z Z Z QAnyno,.ng — 0

ni=1ns=1 ng=1
and
Un = Qni+Nng,...,ng — @nyno+Npng,..ong — " = Anyng,..ng_1,nq+N> Vl’l}. (2'1)
N N N . . N )
Fromnow on . > -+ > anny.. n, Will be written as )" a,. We will denote by
ni=1ns=1 ng=1 n=1

N 1/2

| || the norm of¢,.,, which is given bylja|| = (Z afl) , Whenevera = {an}, q
n=1

belongs to/,.,. Next, we define the discrete operat@gt, d;,V*, V™ and the discrete
multidimensional Laplace operatdr. Letu,, = uy, n,....n, @and letus define for < j < d:

+ —
aj Un = unl,nQ,...,nj,l,nj+1,nj+1,...,nj un17n2,...7nj,77/]‘+1,...,77/d7

aj_un = Unyng,.ngmjpt,omg — Uning,.mj—1,m5—1n41,...nqs (2'2)
. (gt + +
VT Uy = (07 Un, 03 Un, - . ., O Un),

V Uy = (05 tn, 03 Un, . .., 0 Un),
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Aun = Uny,ng,....ng+1 + Uny ng,...ng_1+1,ng + -+
T Unynot1,m3,0ng T Uny+1,n0,..ng
+ Unyng,eng—1 T+ Ungno,ng 1 —1mng T 0
+ Uny na—1,...,ng + Uny—1,no,..., 2dun
d + d +
Thus,A =397 0f = 3 (0F — o).
J=1 J=1
Next, we describe our assumptions on the nonlinear termiseofrtodel: Leth andg
be vector-valued functions froR¢ — R? such that:

1) h andg are functions of clas§’'.
2) h(xy, 9, ..., 2q) = (h1(x1), ha(x2), ..., ha(xg))
g(x1, T2, ..., 2a) = (q1(21), 92(22), - - -, gal24)),
for some functiong;(s), g;(s), 1 < j < d.
3) h, andg] satisfyh (0) =0=g,(0)foranyl < j < d and g is not identically zero.
4) hy(s) = [ hi(t)dr >0 VseR, V1<j<d
The set of assumptions 1) up to 4) will be referred as (H1).
Let f = {fu}tnez, @ = {an}nez, b = {bn}nez Oiveninl,... We consider the following
problem: Find a unique solutian= {uy(t) }nez, t > 0, such that
tin — Auy = div h(Vuy) + div g(Vig,) + fo
un(0) = ap, Un(0) = by (2.3)
un(t) € lhe forallt > 0and anyn € Z¢

where
__ % . dzun
un - dt 9 un - dt2 )
d
div h(Vun) = Y [1;(0) tn) — 1y (0] tn)]
j=1
and

A (Vi) = 3005 ) = 9,0 )]

Remark 1. Problem (2.3) could be consider as a semi-discrete vergitreqcontinuous)
model
— Au = div h(Vu) + div g(Vue) + f.

M&

Remark 2. Several authors defingv h(Vuy,) anddiv g(Vi,) asy [h;(0; un)+h;(0; un))

1

J

and Z[gj(a in) + g;(07 in)], respectively. If we use their definition, we would require
Jj=
thathj, g; are odd functions and not aj} are identically zero.

In the next two sections we will prove the following results.
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Theorem 2.1. (Global existence and uniquene$st {an }nezds {0ntnezds {foltneze b€
given in/,., and (H1) holds. In addition, assume that;(s) > 0,Vs € Randl < j < d.
Then, there exists a unique solutiofy) = {uy(t)},eze Of problem(2.3) and u,(t) €
C?([0, +o0; R)) for anyn = (ny, ny, ..., ng) € Z°.

Theorem 2.2. (Existence of global attractokynder the assumptions of Theorem 2.1 sup-
pose that there exist positive constakgsk,; andp > 0 such that

Shj(S) > kohj(S), ng(8> Z ]{Zl‘S‘p+2,

forall s € R,V1 < j <d. Then, the semigroup of operators
S(t)(a,b) = (u(t),u(t), t=0

associated to the solutiont) of (2.3)has a global attractot4 in the Hilbert spaced =
N 1/2

Cper X Lper With the norm|(a, b)|| g = ( S (a2 + bfl)) ,n = (ny,ny,...,ng). The setd
n=1

is compact and “attracts” every bounded set@f(in the topology of the norm i#).

3. GLOBAL WELL POSEDNESS

Leta = {an}neze @andb = {by}ncze belong tol,.,. and consider the linear problem
associated with (2.3)

Up — Avy =0
Un<0) = Qn, Un<0) = by (31)
vn(t) € Lo forallt > 0 and anyn € Z4.

The explicit solution of (3.1) is given by

a(t) = Y [G(n—m, t)am + G(n — m, t)by), (3.2)

m=1

whereG(n, t) is the discrete Green’s function associated with (3.1). geoposes of self-
containess we deduc&(n, t) in Appendix. Some results valid fax,(¢) are given in the
Lemmas3.3.

Lemma 3.1.Letb = {by, }neze @andc = {cn }neze belong tol,.,. Then

N N N
1) S Aby =0, 2)3 bpAca=— > Vb, - Ve,
n=1 n=1 n=1

d
where  VTb, - VTey = 3 07 bad] cn.
j=1
Proof: The proofs are straightforward calculations using thequicity. U

Next, we need a discrete version of Poincaré’s inequality.



LARGE TIME BEHAVIOR OF MULTIDIMENSIONAL 159

Lemma 3.2.Leta = {an}neze € {per- Then, there exists a positive constaht= C(NV, d)
such that

N N
Y ai <O |[Vial,

n=1 n=1

d
where|V*ta,|> = 5 (8;Fan)2. The positive constaidt (N, d) can be taken to béd N7,

j=1
Proof: The proof ford = 1 is given in Agarwal [1], page 860. Another proof was given by
Konotop and Perla Menzala in [9]. We did not find a proof in titerature in case > 1.
Thus, we provide one in the Appendix. O
Lemma 3.3.Leta = {an}neze aNdb = {by, }neza belong tol,.,. Letv(t) = {vn(t) bneza

be the solution 0f3.1). Then

a) f: vn(t) = 0.
b) f: vi(t) < C(N,d) éi:l |V (1) %

C)

M=

(5a(0))? < C(N, d) i V()

I
—_

n

foranyt > 0 andn = (ny,ns, ..., ng).

Proof: Using (3.1) and Lemma 3.1 we know that

2N N
T D wat) =) Avy(t) =0, V>0
n=1 n=1
Therefore,
N
Z'Un(t) :Cl+62t, Vit 2 0,
n=1

wherec; andc, are constants. The initial conditions in (3.1) imply that= ¢, = 0. This
proves a). Iltems b) and c) follow from Lemma 3.2 and a). O

Let 7" be a fixed positive number. We define the spAqé”) consisting of all vector-
valued functions:(t) = {un () }neze such that

I) Unpy+Nmna,ng,...,nq (t) = "= Uny ng,..., nd-l-N(t) = un(t)’ Vite [OaT)
i)  un € CY[0,T);R) foranyn = (ny,ny,...,ng) € Z4

and
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ii)
sup Y [(tn(t))* + [V un(t)[? + u (1)) < +o0. (3.3)

0<t<T =3

The norm in the linear spacg(T) is given by
N
ey = sup D> [(@a()* + |V un(t)* + i (2)].
0<t<T =

Clearly (X (T),||-||x(r)) is a Banach space. Observe that the soluti®h= {vy(¢)} ez
of (3.1) belongs toX (7") for any T > 0.

Let us use the notation
F(tn, ttn) = div h(VTuy) + div g(Viy,), (3.4)

whereh andg are as in Section 2.

Lemma 3.4. Let {an}nezd, {bn}tneze @and {fn}necze in oo There existly > 0 and a
unique element(t) = {un(t) }neze IN X (1p) such that

un(t) = valt) + ) /0 G —m,t = 8)[F(tm(s), im(s)) + fmlds,

foranyn = (nq,ns,...,ng) € Z¢ Here,m = (my,my,...,my) andn — m = (n; —
mi,ng — My, ...,ng — mg). The functiond is given in the Appendix

Proof: The conclusion follows using Banach fixed point theorem drelroperties of
G(n,t). O
Proposition 3.1.Let {an }neza, {bn}nez aNA{ fn }neze belonging tol,,.,. Then, there exist
Ty > 0 and a unique element = {uy, }nezae iN X (75) such thatu,, is a solution of(2.3)
andu, € C*([0,Ty); R) for anyn € Z¢.

d
Proof: LetT, > 0 asin Lemma 3.4. Applying the operatﬁ% — A (whereA = 8;8})
j=1

to the solutionu,, of the integral equation it follows that, — Au, = F(uy, U,) + fo fOr
anyn € Z*. Obviouslyu, (0) = a, andu,(0) = b,. Uniqueness follows using Gronwall’s
inequality. Since the procedure is standard we will omitdbails here. O

Proof of Theorem 2.1. Let [0, T},.x) be the maximum interval of existence of problem
(2.3) obtained in Proposition 3.1. Consider the total enéfg (¢) given by

1 N N d ~ N
Ey(t) =5 [(m)* + Vil + > > hi(0fun) = Y favm. (3.5)
n=1 n=1 j=1 n=1

Using equation (2.3) we obtain

N N N N N
D imiin = Y i Aun + Yt divA(Vun) + Yt divg(Vim) + Y fatin.  (3.6)
n=1 n=1 n=1 n=1 n=1
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Since
N N
> tinhy (05 un) = — Y hy(0F tn) 0 i
n=1 n=1
then N
Zun div h(Vuy) = ZZ (0] tin) O . (3.7)
n=1 n=1 j=1
Similarly
N N d
D i divg(Viw) = =Y > ;0] tin) 0 tin. (3.8)
n=1 n=1 j=1

Next, we find the derivative o'y (), replace the identities (3.6)—(3.8) and use Lemma 3.1,
item 2) to obtain

d N d

Bt Zzg] (07 1n)0 tin < 0 (3.9)

n=1 j=

forany0 < ¢t < Thax. ConsequentIyEN(t) En(0) forany0 < t < Tiax. Now, we
claim that

lull%(ry < E@EN(0) + el fI, (3.10)

for some positive constanés, ¢, and anyl’ > Osuchthal <t < T < T First, we

N
will prove that > u,(t) = 0 forany0 <t < T,..«. Due to periodicity we know that

n=1

M) =
Mg

D divh(Vug) =

n=1

(150} un) — h; (05 tn)]

1 1

=)
Il

.
Il

[0 un) — hj(aj_un)]} =0

1 1

Rl
WE

J n

N N
and > div g(Vu,)=0. Then, using (2.3) and Lemma 3.1 we deduce thatii,,(¢)=0.

n=1 n=1

N N N
Consequently) ~ uy(t) = > an+1t >, by =0forany0 <t < Tax.

n=1 n=1 n=1

Now, for anya > 0

N
anun =~ 2 Z|un|2 _||f||2
n=1

holds. We use Lemma 3.2 and= 2 C'(N, d) to obtain

N
0 (i) + IV ual?} < () +4 N, |1 3.11)
n=1

forany0 <t < Th.x. Again, using Lemma 3.2 we conclude that
|l () < 4(1+ C(N,d))Ex(0) +16 C(N,d)(1 4+ C(N,d))|| fI?,

forany(0 < ¢t < T'. This proves (3.10). TherefofE, .. = +oc. Uniqueness follows using
Gronwall’s inequality. O
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4. GLOBAL ATTRACTOR

Let us consider the spadé = (., x (e Wherel,,, is as in (2.1). The norm i/ is
given by

N 1/2
(a, B[ = (llalf? +18]1%) "% = <Z<ai+bi>> ,

n=1

whenevel = {ay fneze @andb = {by, }neza belong tol,.,. Givena,b andf = {fn}_cza in
(per then by Theorem 2.1 we have a unique global solutign = {u, ()} ez« Of problem
(2.3).

Thus we can consider the mafit): 4 — H given by S(t)(a,b) = (u(t),u(t)),
t > 0. {S(t)},, is a semigroup of operators frofi into .
Lemma 4.1. Assume (H1) andg;(s) > 0 foranys € Rand1l < j < d. Leta,b and
fin l,e. Then, for eacll” > 0, the mapR: H — C([0,T]; H) defined byR(a,b) =
(u(t),u(t)) is continuous. Here = u(t) = {un(t)},cza is the global solution of problem
(2.3).
Proof: Letu = {un(t)}, cze andw = {wy(t)}, <z« be global solutions of (2.3) with initial
datac = {an}, ez, b = {bn}, ez @anda = {an} cza, b = {bn}_cza iN Lyer, respectively.
Letz = {zn(t)}, cza Wherez,(t) = un(t)—wy(t) foranyt > 0 andn = (ny,ng, ..., ng) €
Z%. Thus,{zn(t)}, ez« Satisfies

— Az = F(up, Uy) — F(wy, wy). (4.1)
Multiplying (4.1) by Z,, and adding we obtain

1d

§d_ £ + |V+Zn| ] (t), (42)

where

N d
= ST [0 un) = 105 wn) + (05 wm) = 1y (05 1)
n=1 j=1
+ 5(0; ) — 950 ) + (9 thn) = 9505 )| }n  (43)
We can find estimates fory (¢) using the same arguments as we did in the proof of Lemma
3.4 to get

{zdj 20110 2] + 10} zul)

J=1

+ 20510} 2l + 105 20)] }lzal, (4.4)

|XN

||M2

where
d d

M, = max |h( (s)|, My= max |g(-1)(s)|

< |s|<2s1 J ‘= Is|<2s1 7
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ands; = ||ul|x) + ||w||x. Using Schwarz’s inequality and the periodicity we obtain
from (4.4) the estimate

N N N
dtd 1 2 \2 +. |2 2 \2
v(t)] <25 M0{§Z(zn) +;\v 2l +2d;(zn) }

n=1 n
whereM, = max{M;, M,}. From (4.2) and the above estimate it follows

N N
% Z[(zn)2 | VT2al?] < 25 My(1 + 4d) Z[(zn)2 + VT zal?). (4.5)

n=1 n=1
Finally, using Gronwall’s inequality and Lemma 3.2 we deelfrom (4.5) the estimate

N N
D AGa)? + 2} < Co ) {(a(0)° + (2a(0))%), (4.6)
n=1 n=1
whereCy = 4d[1 + C(N, d)] exp(2F" My(1 + 4d)T). From (4.6) it follows that
sup [[(w, @) = (w,b)|lu < Coll(a, ) — (@ )|l- (4.7)

In order to prove the continuity o remains to estimate the quantity,. Observe the
estimate below (3.11). On the right hand side, it will be egioto get an appropriate
bound forEx (0). Using (3.5) at = 0 we find that

1 ~ 1
Ex(0) < (2d+ 3)l1(a,b)|% + N3G + S 1P,

- d .
whereM; = > | \Higﬁill |h;(s)|. Therefore,
j=1Is|=2[]a

[ul ey < 4(1+ C(N, d) {(m )@, DI + NN, + (4 C(N, d) + §)||f||2}.
Similarly,

lolB, < 401+ O ) { (2 + @ DIE + 308 + (4 Cv,a) + )P

. d -
whereM, = 3 ‘ %aﬁgn |h;j(s)|. The above estimates allow us to conclude from (4.7) that
j=1181=2]|a

the continuity of R follows from the continuity of the functions, (s), g;(s) and h;(s),

j=1,...,d. O
The proof of Theorem 2.2 will follow from the next five Lemmas.

Lemma 4.2. Under the assumptions of Theoréh®, there exist a positive constant

d
depending only oV, p, d, kg, k1 and1|m2>1<{ > |g](-1)(8)|} such that
s|< j=1

sup E(s) < o [Faf2(t) + F(t) + || |1°]

t<s<t+1

for anyt > 0, whereEy (t) = Ex(t) + 4 C(N,d)||f||% F2(t) = Ex(t) — Ex(t + 1) and
En(t) is given by(3.5).
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Proof: Let N
J(s) :ZZ 0} in(8)g;(9] iin(s)).-
us

Integration of (3.9) oveft, ¢ + 1] give

F2(t) = /t - J(s)ds. (4.8)

Using the mean value theorem for integrals we obtain thet@xi® oft; € [t,t + 1] and
ty € [t + 3,t 4 1] such that

t+1 t+1
J(t1) = 4/ J(s)ds and J(ty) = 4/ J(s)ds. (4.9)
t t+3
Using (4.8) and (4.9) we get
J(t) + J(ty) < 4F%(t). (4.10)
Multiplying equation (2.3) by, adding in{1,2, ..., N}¢, using periodicity and integrat-
ing the result oveft,, t;] we obtain

Z/j\ un|2ds+zz 0 un()hy (0 un(s))ds

n=1 j=1

= =D fualt)in(s) ~ wn(t i) + 3 / *lin(s))2ds
—ZZ / 0} tn(5)g; (9} tin (s ds+z fnun ds. (4.11)

n=1 j=1 =17/t
Next, we will find good estimates for each term on the rightchaide of (4.11). Using
Lemma 3.2 and (3.11) we obtain

N N /2 , N 1/2
> un(ta)im(t2)| < C(N,d) (Z \V+un(t2)\2> (Z |v+un(t2)|2>
N 1/2
<AC(N,d)(Ey(t:) " <Z|v+un<t2>|2> . (4.12)

For eacht > 0 we consider the sets
Li(t)={ne{1,2,...,.N}* suchthat [0 i,(t)] <1}
t)={1,2,...,N I\ L:(t), j=12,....d

Now, using the inequalityg;(s) > k;|s|P™ and Holder's inequality, we obtain

Z (afﬂn(tz)fg Z |8J‘."un(t2)|p+2

I'IEI]'AVQ(tQ) nelj,Q(tQ)

<KDY O inlta)g;(9) tm(t))- (4.13)

IIEIJ"Q (t2)
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Holder’s inequality implies

2

2 N p+2
> (O tm(t)” < N2k, 7 (Z 0} i (t2)g; (6‘fun(t2))> L (414

n€1j71(t2) n=1

Using (4.13) and (4.14) we deduce

M“‘
WE

N
D IV in(t)?
n=1

(9 in(t2))?

1

0 () + > [0 tn(t2)]?
I'lejjl(tQ ne

Ij2(t2)

<
Il
—_
=)
Il

M=

1

J

M-

<

{lﬁ_l Z 0} U (t2)g; (0} iin(t2))

n=1

1

J
_2

) N p+2
+Nwf, 7 (Z@jun@z)gj(@jun(tz))) } (4.15)

n=1

d d "
Using (4.10) and the inequality a} < d (Z aj> valid whenever;; > 0 andr > 0, it
j=1 '

follows from (4.15) the estimate

N 1/2 )
<Z|V+un(t2)|2> < 9k VER(t) + di AP NI kT (F(1) 72, (4.16)

n=1

Combining (4.12) with (4.16) we proved the estimate

Z un(t2>un(t2)

n=1

<4 O(N.d)(Ex(t2) " {BF(0) + 7F72(1) }

where § and ~ are positive constants. Similarly, we can obtain an esgnfar

N
| > un(t1)tn(t1)|. Therefore, we have the inequality
n=1

D funlta)inlta) —un(t)ia(i)}] < Cr sup (By(s)' [F(0) + F7=(0)] - (427)

Next, we obtain an estimate for the term

Zza un g] a un( ))

j=1 n=1
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Letky, = max{z |g ( )|}. Then, we havey;(s)| < ky|s| for any|s| < 1. Clearly

Is|<1 | j=1

Z |07 un(s)g; (0} in(s))| < 5 Z|8+un

IlEIj’l(S)
k . .
+52 Y 107 in(5)]195(3] in(s))- (4.18)
IlEIj’l(S)
Also

N 1/2

> \8fun(8)9j(8fﬂn(8))\§(Z@*%(S)P) Y 195(9] in(s))]

nelj,Q(S) n=1 IIEIJ"Q(S)

N 12
< <Z |V+un(8)|2> > 10 () 195 (0 tin(s))]-
- (4.19)

Using (4.18), (4.19), adding over = 1,2,...,d, using (3.11) and integrating over the

interval [¢,, t;] we obtain
< Z / Fuin(s)[2ds + 2 /
t

ZZ a Un(8)g;(0F itn(s
+<2 sup  (En(s ))1/2)/ J(s)ds. (4.20)

Ill]ltl

t<s<t+1 1
N
Next, to estimate) (un(s))2 we use Lemma 3.2 and proceed as we did from (4.13) up to
n=1
(4.16) to obtain
N

(itn(5))” < C(N,d) S |Vt (s)

< O(N,d) { kT J(s) +d N#zk, 72 J(s)piz} .

Consequently,
N

Z /:2 (itm(s))"ds < Co [FQ(t) + (F(t))f%] : (4.21)

whereCy = Cy(N, d, p, k1) > 0. Finally, using Lemma 3.2 and (3.11) we deduce

1/2
Z fnun ds<||fHCNd/ <Z|V+un ) ds

n=1"4
<20(N,d)|Ifl| sup (En(s)"". (4.22)

t<s<t+1
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Substitution of (4.17), (4.20), (4.21) and (4.22) into @.8jive us

N to N d to
%Z / VFunds + Y ) / OF un ()1 (07 un(s))ds
n=1"71 t

<Gy [(Fﬁ(w) + F2(t)] +Cy [(Fp%(t)) +F(t)
+ P2+ IfIl] sup (Bw(s)", (4.23)

t<s<t+1
for some positive constants; and C; which depend only onV, p, d, k; and k,. Since
En(s) = Ex(t) +4C(N,d)||f]|?, using assumptions of Theorem 2.2 (o) we obtain

N

En(t) <5 D @) + [Vrunl + kgt YD OF (un)hy (95 un)

n=1 n=1 jZl

4
—_

N
3" fatin +4C(N, )| /1], (4.24)

n=1

Integration of (4.24) ovejt,, t] and using (4.23) and (4.21) give us

| B <5 sw (Ex(o)"? (@) + P+ PO + 1]

t1 t<s<t+1

+ Cs [(F72 (1) + FA(0)| + 4 C(N, )11, (4.25)

whereCs; andCy are positive constants depending only/®rp, d, ko, k1 andks. Using the
mean value theorem for integrals, there exists [¢;, o] such that

%EN(t*) < (ta — ) En(t") = / 2 En(s)ds. (4.26)

t1

Clearly, for anyt € [t,t*] we have
"
EnlD) = Bn(t) + / J(s)ds < En(t*) + F2(t)
t

due to (3.9) and (4.8). Consequently, wheneyet s < t+1 we haveEy(s) < En(t;) <
En(t*) + F2(t). Similarly, if t < s < t, the same estimate holds. Therefory(s) <
En(t*) + F2(t) foranyt < s < t + 1. Thus, from (4.26) and (4.25) we conclude the proof
of Lemma 4.2. O

Lemma4.3.Letp > 0,a,bandf in /.. Under the assumptions of Theorem 2.2, whenever
l|(a,b)||z < p, there exist positive constanig and«; such that

p+2 ~

S (En(s)) ® < aolEn(t) = En(t+1)] + o[ f]P,

foranyt > 0. Hereag = ao(p, ||f||, @, N,d) anda; = a1(p, ), wherea > 0 is as in
Lemma4.2.
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Proof: SinceF?(t) = Ex(t) — Ex(t+1) = Ex(t) — Ex(t + 1) < 2Ex(0) holds, we use
Lemma 4.2 to obtain
2(pt1) 2pt1)

sup En(s) < a |14 2777 (Ex(0)72 + 27772 (Ex(0)) » } F72(t) + ol | f]|*

t<s<t+1

(4.27)
Since|0; aa| < 2[|a|| < 2p then we can easily verify the estimates
n 1 2 2 1 2 2 d
Ex(0) < 5IIbII* + 2d||al[* + lal]* + (4C(N, d) + )||f|| +N Zﬁlax |y (s
d
< (2d+ 1)p2 + (4C(N.,d) + 1)||fH2 + Ndz max |h;(s)] (4.28)
= 2 ’ 2 sz '
Using (4.28) into (4.27) proves Lemma 4.3. U

We will use the following Lemma due to M. Nakao [13].
Lemma 4.4. Let ®(¢) be a nonnegative continuous function On7], 7' > 1, possibly
T = +oo satisfying

sup P(s)'T < C[@(t) —P(t+ 1)+ K (4.29)

t<s<t+1

forany0 <t < T —1,someC > 0, K > 0 andy > 0. Then, we have

(1) < [C7y(t — 1)* + (sup B(s))7] "7 4 KV

0<s<1
for0 <t < T.If (4.29)holds withy = 0, then we have
o\
O(t) < Osgliglq)(s) (H—C) +K, 0<t<T.

Here 5™ = max{f, 0} and[t] is the biggest integer less than or equalto
Lemma4.5.Letp > 0, a,bandf in /.. Under the assumptions of Theor@r, whenever
|(a, b)||# < p, there exist positive constants (j = 0, 1, 2, 3) such that

(i) 1t p > 0 thenEx(t) < fo(1+1)"» + Bl f][%, V¢ > 0.

(i) 1f p = 0thenEy(t) < Byexp(—pst) + au]|f||% Vit > 0.

Here 33 = log (%), 5y and 3, depend onyy andp, 3; depends omy; andp. The
constantsy, anda; are as in Lemmd.3.

Proof: Let us prove i). Using Lemmas 4.3 and 4.4 with= E, v = LK = o[ f]|P+?
andC = oy we obtain

SIS

En(t) < [5—(t = 1) + (Ex(0))

_b
2

+af Il (4.30)

foranyt > 1.
d .

Letn = 2= anduy = (2d + §)p* + (4C(N,d) + H|If|* + N* 32 Irr‘1<a2x|hj(s)|. Using
j=11Is1<2p
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(4.30) and (4.28) it follows that

En(t) < [m(t—1) + 5" 70 +al P |2 Wi 1. (4.31)
Sincet=%/? < 22/P(1 +t)~%/7 for anyt > 1 and

[a(t = 1) + "] < min {paa, "2} Vs,
then it follows from (4.31) that
En(t) <CA+0)727 + 3P| |1)1%, Vi1,
whereC' = 22/ min{ i, u;”/Q}—2/P. If 0 <t<1,then
En(t) < Ex(0) < Ex(0)22/P(1 4 t)7%?
< 22Ppp(1+4) 7,

which together with (4.31) proves i).
Next, we prove item ii). Using Lemmas 4.3 and 4.4 we deduce

- B (]
Bn(t) < sup EN<s>( % ) LA

0<s<1 14+ ag

< En(0) exp <(t ~1)log (1 ioao)) + o[ fI?

1+OK0

&%)

B (0) ( ) exp(—fht) + |12

which proves ii). O
Lemma 4.6. There existg, > 0 such that the balB = {(u,w) € H; ||(u,w)||g < po}
is an absorbing set for the semigro{if(t) }:>o in H.

Proof: Let U be a bounded set ifl. Choosep = p(U) > 0 such that|(a,b)||xz < p for
any(a,b) in U. Using Lemmas 3.2 and 4.5 together with (3.11) we deduce

N

15 () (@ Ol = Nl @)l = Y [(n)® + g

n=1

[(iim)? 4 |V unl?] < 4C(N,d)Ey(t)

WE

< C(N, d)

n=1

<AC(N,d)[Bo(1+ )77 + Bi]| FII,

foranyt > 0if p > 0. If p = 0 we have
1S()(a, b)|[3 < 4C(N, d)[B2 exp(—Fat) + aa[| f[]?],
. p/2 .
for anyt > 0. Choosingog = 8C(N,d)3:||f||*> and T = max{(Blﬁ—;)cHQ) — 1,0} in

casep > 0 or p2 = 8C(N,d)ay]| f||> andTy = max {ﬁgl log (ﬁ) ,O} if p = 0then,
it follows that||S(t)(a,b)||x < po for anyt > Tj, which proves Lemma 4.6. O
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Proof of Theorem 2.2 Due to the estimates in Lemma 4.6 it follows that the senuigro
{S(t)},~, takes bounded sets df into bounded sets off for any T > 0. Since H
has finite dimension then eadht) is a compact operator if. Thus, the conclusion of
Theorem 2.2 follows from Lemma 4.6 and a classical resultigivn the book of R. Teman
[16] (Chapter 1). O

5. GLOBAL ATTRACTOR FOR THE MULTIDIMENSIONAL SINE-GORDON
EQUATION

In this section we briefly indicate how we can use most of tHeutations in the
previous sections in order to obtain the existence of a ¢laitactor for the Sine-Gordon
type model. An extensive work has been done on global abréor the continuous as
well as for the discrete case [16, 17].

We consider model (2.3) with hypothesis (H1) together wihfollowing assumptions
(H2): There exist$s > 0 such thath;(s)| < 4, foranys € R, j = 1,2,...,d and there
existk; > 0 andp > 0 such thatg,(s) > k;|s|P*? foranys e R, j =1,2,...,d.

Global existence, uniqueness and continuous dependentieeanitial data follow
by Theorem 2.1 and Lemma 4.1. Going back to identity (4.11)amma 4.2 the term

Z Z 0 un(s)h;(0) un(s)) can be bound using Schwarz’s inequality and (H2) as follows

j=1n=1

YD O un(s)hy(0F un(s))

7j=1 n=1

d N 1/2 N 1/2
-y (z |v+un|2) (z mjw;unnz)
7=1 =1 n=1

(4En(s)) P (NB2)2

Mg_

=

< 2dNY?3  sup (EN(S))I/z.
t<s<t+1
Therefore
d N to ~ 12
ZZ/ I unh; (9] un)ds <2dN?B sup (En(s)) "
=1 n=1 t<s<t+1
Also
d N
ZZ/ h] 8 un(s))ds| < 2dNY25  sup (EN(S))I/z, (5.1)
j=1 n=1 t<s<t+1
becauseh,;(s)| <

Lemma 4.2 together with the ones obtained above we get afigriating identity (4.11)
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over|ty, to]

%Z/t |V un(s)Pds < ¢ sup (EN(S))”Z{(F@))?% + F2(t) + F(t)

1<s<t+1
+2 C(N d)If| + 24N} + e { F2() + (F(1) "}, (5.2)
for some positive constants andc,. Integration ofEN(t) over|ty, ts] and using (5.1) and
(5.2) give us
[ Evds <o s (Bl [(0) 7+ F0) + Pl

t<s<t+1
A+ B] + e [(F@) 7 + F2(0)] + 4 C(V, )l

for some positive constants andc,. Next, we proceed as in Lemma 4.3 to obtain
- pt2 .~ . p+2
sup  (En(s)) * < aolEn(t) — En(t+1)] +ai (|If|P+5°%) 7,
t<s<t+1
for anyt > 0. Again, using Nakao’s result [13] we obtain the correspagdissumptions

to verify Lemmas 4.5 and 4.6, which proves the existenceajalattractor in this casél

6. APPENDIX

6.1 Green'’s function for the semi-discrete linear/-dimensional problem.

We use the same notation as in Section 2. We want todipd) = G(n,t), n =
(n1,n2,...,nq) Such thaf Gy (t)}, ez € lper @and satisfies

G(n,t) — AG(n, 1)

g 1 If == — . — N 6.1
G@,0)=0, G(n,t)=0y= = e N 6.1)
0, otherwise.
We look for a solution of the form
N
G(n,t) = Re {Z Uk(t)W}\‘,‘“} 7 62)
k=1

where
N N N
k= (ki ko, k), D= Y . kn=> kn
k=1 k=1  kg=1 j=1
andWy = exp(22i). Substitution of (6.2) into (6.1) give us

N
3 {Uk(t) — Ui(t) [ngkl e W —2d W Wj@d} } wkn — 0, (6.3)

k=1
foralln; =1,2,..., N andl < j <d. Therefore, to solve (6.3) it is sufficient to solve

(1) — Uil) {z 3" cos (Qﬁfﬂ‘) - Qd} 0 (6.4)

k=1
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with .
U(0) =0, Uy(0) = N (6.5)
The solution of (6.4)—(6.5) is given by
L ifki=ky=---=ky=N
U(t) =~ P I (6.6)
Sl}“\,(;’i‘u‘kt) ., otherwise

1/2
d
wherew, = 2 (E sinz(%'“j)> is the dispersion quantity. Therefore, the Green’s func-
j=1

tion G(n,t) is given by

1 [& sin(wyt) 27 t

J— / k

G(n,t) = W {; Tk COS(Nk : n)} + W’ (67)
N N

where the sun) ~ ' means thad ~ does notinclude thetermwith = ky = --- = k; = N.

k=1 k=1
It is straightforward to verify that (6.7) satisfies (6.1)da{®.2). Observe that here we used
the so-called discrete Fourier Transform (see [3]).

6.2 Discrete version of Poincag’s inequality in dimensiond > 1.

In this appendix we present a proof of a discrete version afid2oé’s inequality in
dimensiond > 1. Proofs in casel = 1 were given in [1] and [9]. The techniques used

there do not seem to work in higher dimensions. Uet = {1,2,...,N} andL,; =
Ay X Ay X -+ X A@\{(l,l,...,l)}. Givenm = (my,ma,...,my) € Lgandl < j <
_dti\r;es
d we write
(ml,mg,...,mj,l,l,...,l) |f1§j<d
m;i1 = L .
(my, mag,...,my) if j=d
Also
8] kaml mM,..., mq aml ma,..., M1, k41541545 mq aml M2 y.uny My 1, ksMj415-4y mq

The main idea of the proof consists in writing the differeage— a1 1, withm €
L,, as a telescopic sum and estimating all the resulting teWesdistinguish two cases.

(i) Allcomponentsm; > 1, j =1,2,...,d.
(i) The number 1 appears exactly incomponents, where < k < d.

In order to make clear the idea let us first do the calculatitverwd = 3. Given
m € L, we write in the case (i)

mi1—1 mi1—1
oy gy — @100 = D (110 = np11) T Y (G mg1,1 = Gy o)
ni=1 no=1
m3—1
+ E (am1,m27n3+1 - am1,m27n3) (6.8)

nz=1
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and in case (ii) we have the following possible identities

mi1—1 mo—1
Uy ma 1 — Q111 = E (@ny 41,10 = Gny 1) + E (@i mg 41,10 = Gy noi1)s
ni=1 no=1

if my, Mg > 1 andmg =1,

mi—1 m3—1
Uy 1ms — G111 = § (Any41,00 = Gny11) + E (Gmy 131 = Gy 1)
n1=1 nz=1

if my,mg > 1 andm2 =1,

mi1—1 mi1—1
A1mams — A1,1,1 = E (a17n2+1,1 - a17n271) + E (am171,n3+1 - a17m27n3)a
no=1 n3=1

if mg, mg > 1andm; = 1;

mi1—1
Umy,11 = G111 = Z (@ny 41,10 = @y 11)
ni=1
if my > 1 andm2 =mg3 = 1,
mo—1
A1mo,1 — A11,1 = Z (a1,n2+1,1 - al,n2,1,1)
no=1
if my > 1andm; =ms =1, and
m3—1
A1,1,ms — A1,1,1 = Z (a1,1,n3+1 - al,l,ng)
nz=1
if mg > 1 andm1 =mq = 1.
We can write formula (6.8) as
3 m[—l
— — o
Amy,ma,mz — A1,1,1 = £mgdme, 1
/=1 TL(Zl

and in the case (ii), we can write each one of formulas (623) as

3—k my,—1

Ay masms — 01,11 = E § Oty g, Amy, 1,5

r=1 ng.=1

173

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)
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wherek € {1, 2} is the number of components @f.;, m,, m3) equal to one. For example,
from (6.10) we have

mi1—1
Amy1ms — A11,1 = E (an1+1,1,1 — am’l,l) (617)

ni=1
m1—1 mg—1

= E Moy Ay 11+ E 03 113y 1. (6.18)
n1=1 nz=1
my1—1 m3—1

= : :817n1am171+ E 83,7130'777,3,1 (619)
n1=1 nz=1
2 mgr,—l

= D D G - (6.20)

r=1 ny.=1

Observe that in this case we have choéer- 1 and/, = 3. Similarly, choosing/; = 1,

¢, = 2and/¢; = 2, ¢, = 3 we obtain formulas (6.9) and (6.11), respectively. To write
(6.12)-(6.14) as (6.16) we proceed in the same manner. Fongbe, choosing,; = 2,
from (6.13) we have

mo—1
1mp,1 — A1,11 = Z (A1 npt1,1 = A1y 1) (6.21)

no=1
mo—1 mo—1

_ E + _ E +

- 82,n2a17m271 - aQ,nga'm%l (622)
na=1 ngo=1
mll—l

= > O 1 (6.23)

nll—l

In general, in any dimensiah > 1, if m € £;, then we can write the analogous to (6.17)

in case (i) as
d my— 1

Ay mo,...omg — A11,...,1 = Z Z ag nlamg 1- (624)

=1 ng= 1
In case (ii), for eactk fixed components equal tg there exist indexeé. € {1,2,...d},
withr =1,2,...d — k,suchthat; < ¢, < --- < {4, andm,, > 1, and we can write

d—k me,.—1

Uy moimg = @110 = D Y Oty Gomy 1 (6.25)

r=1 ng.=1

which is the analogous to formula (6.21). Observe that tlaeee{dfk) = R,L possi-
bilities of choices for; < ¢, < --- < £4_;. Now we will estimate the right hand side of
identities (6.24) and (6.25). We have
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in case (6.24) happens, or

d—k mg,.—1

d N
|am1,m2 ..... mg — A1,1,..., 1| S Z Z ‘a@,‘,ngramgr,1| S ZZ ‘a:_an‘u
r=1 n=1

r=1 ng.=1

d N
if (6.25) holds. LetS(N,d) = > > |0 am|. Then, we have

r=1m=1
|am1,m2 ..... mg — A1,1,...,1 S S(N7 d)u v (mlu ma, ... 7md) € »Cd- (626)
N
Next step is to boundk, ;1| by S(N,d). We know by hypothesis thap  a,, = 0,
m=1

Vm = (mq,ma,...,mg). Then

N

Nd&1,1 ..... 1= Z[al,l ..... 1~ am] = - Z [am —a171,..., 1]-
m=1 meLy

Estimating the above identity using (6.26) we obtain

Nary,.al € D @mymoreimy — 011,01 < Y S(N,d) < NYS(N,d).  (6.27)

meLy meLy

It follows from (6.26) and (6.27) that

|am‘ = |am1,m2 ..... md‘ < |am1,m2 ..... mg — A1,1,..., 1‘ + ‘al,l ..... 1| < 25(N7 d), (628)

N
wheneverm € L£; and Y a,, = 0. Combining (6.27) and (6.28) we conclude that

m=1

.....

Schwarz’s inequality we obtain

m=1

N N N d N N
Dol <) 4SP(Nd) <4y {NdZd > |ajan|2} =4d N** Y |Vtay?,
n=1 n=1 n=1 r=1 n=1 n=1

which is the discrete Poincaré’s inequality in dimension 1.
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