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1. INTRODUCTION

This work is devoted to study the nature of vibrations which arise in a lattice struc-

ture. More precisely we will consider a system of point masses which in their state of rest

have periodic distributions. These point masses have interactions which are coupled in a

nonlinear way. Besides, a nonlinear damping mechanism is present in the model.

Nonlinear lattices, also called nonlinear networks are infinite systems of ordinary dif-

ferential equations and appear very often in chemical reactions, image processing, biology,

cellular automata among many other important areas in science and technology, see [4],

[7], [15] and the references therein. In the last 30 or 40 years research on the so-called the-

ory of deterministic chaos has influenced the study of globalattractors and possible upper

bounds for the Hausdorff dimension of such sets. This may be adifficult task. Therefore,

the study of global attractors for nonlinear lattices seemsto be a good alternative in or-

der to “approximate” the global attractor for the partial differential equation modeling the

continuous phenomenon.

In this article we are interested in the long time behavior ofmultidimensional nonlinear

lattices under the effect of nonlinear damping. In order to simplify notation we assume that

all “spatial” variables have the same periodN . But, all our discussion could be easily
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rewritten to include lattices in which each “spatial” variable has a different periodNj with

1 ≤ j ≤ d. In other words, the closure conditions are valid

un1,n2,...,nd
= un1+N1,n2,...,nd

= un1+N1,n2+N2,n3,...,nd
= · · · = un1+N1,n2+N2,...,nd+Nd

for any integersnj, j = 1, 2, . . . , d, whereNj are given positive integers. There is a quite

large number of contributions in the literature where authors studied relevant properties

of nonlinear lattices but almost all treated only the one-dimensional case ([2, 5, 6, 9, 10,

11, 14, 18] and the references therein). Only in recent yearsmore attention on relevant

multidimensional discrete models were given ([8], [12] andthe references therein).

This article is organized as follows: In Section 2 we give thenotation and assump-

tions to obtain our main results. Then we state our conclusions. Section 3 is devoted to

prove global well-posedness of the nonlinear multidimensional lattice with nonlinear inter-

nal damping. In Section 4 we prove the existence of a global attractor. In the Appendix,

we deduce the expression of the Green’s function associatedto the linear lattice using the

discrete Fourier Transform as well as a proof of Poincaré’sinequality whend > 1.

2. NOTATION, ASSUMPTIONS AND MAIN RESULTS

We denote byZ the set of integers. Letd ∈ Z
+ and writen = (n1, n2, n3, . . . , nd),

wherenj ∈ Z, 1 ≤ j ≤ d. We writeZ
d = Z × Z × · · ·Z (d times). We consider a fixed

positive integerN (the period) and denote byℓper the set of sequences

ℓper =
{

a = {an}n∈Zd ; an ∈ R,

N∑

n1=1

N∑

n2=1

· · ·

N∑

nd=1

an1,n2,...,nd
= 0

and

an = an1+N,n2,...,nd
= an1,n2+N,n3,...,nd

= · · · = an1,n2,...,nd−1,nd+N , ∀n
}

. (2.1)

From now on
N∑

n1=1

N∑

n2=1

· · ·
N∑

nd=1

an1,n2,...,nd
will be written as

N∑

n=1

an. We will denote by

‖ ‖ the norm ofℓper, which is given by‖a‖ =

(
N∑

n=1

a2
n

)1/2

, whenevera = {an}n∈Zd

belongs toℓper. Next, we define the discrete operators∂+
j , ∂−

j ,∇+,∇− and the discrete

multidimensional Laplace operator∆: Letun = un1,n2,...,nd
and let us define for1 ≤ j ≤ d:

∂+
j un = un1,n2,...,nj−1,nj+1,nj+1,...,nj

− un1,n2,...,nj ,nj+1,...,nd
,

∂−
j un = un1,n2,...,nj ,nj+1,...,nd

− un1,n2,...,nj−1,nj−1,nj+1,...,nd
, (2.2)

∇+un = (∂+
1 un, ∂+

2 un, . . . , ∂+
d un),

∇−un = (∂−
1 un, ∂−

2 un, . . . , ∂−
d un),
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∆un = un1,n2,...,nd+1 + un1,n2,...,nd−1+1,nd
+ · · ·+

+ un1,n2+1,n3,...,nd
+ un1+1,n2,...,nd

+ un1,n2,...,nd−1 + un1,n2,...,nd−1−1,nd
+ · · ·

+ un1,n2−1,...,nd
+ un1−1,n2,...,nd

− 2dun.

Thus,∆ =
d∑

j=1

∂−
j ∂+

j =
d∑

j=1

(
∂+

j − ∂−
j

)
.

Next, we describe our assumptions on the nonlinear terms of the model: Leth andg

be vector-valued functions fromRd 7→ R
d such that:

1) h andg are functions of classC1.

2) h(x1, x2, . . . , xd) = (h1(x1), h2(x2), . . . , hd(xd))

g(x1, x2, . . . , xd) = (g1(x1), g2(x2), . . . , gd(xd)),

for some functionshj(s), gj(s), 1 ≤ j ≤ d.

3) hj andgj satisfyhj(0) = 0 = gj(0) for any1 ≤ j ≤ d and g is not identically zero.

4) h̃j(s) =
∫ s

0
hj(τ)dτ ≥ 0 ∀ s ∈ R, ∀ 1 ≤ j ≤ d.

The set of assumptions 1) up to 4) will be referred as (H1).

Let f = {fn}n∈Z, a = {an}n∈Z, b = {bn}n∈Z given inℓper. We consider the following

problem: Find a unique solutionu = {un(t)}n∈Z, t ≥ 0, such that






ün − ∆un = div h(∇un) + div g(∇u̇n) + fn

un(0) = an, u̇n(0) = bn

un(t) ∈ ℓper for all t ≥ 0 and anyn ∈ Z
d

(2.3)

where

u̇n =
dun

dt
, ün =

d2un

dt2
,

div h(∇un) =

d∑

j=1

[hj(∂
+
j un) − hj(∂

−
j un)]

and

div g(∇u̇n) =

d∑

j=1

[gj(∂
+
j u̇n) − gj(∂

−
j u̇n)].

Remark 1. Problem (2.3) could be consider as a semi-discrete version of the (continuous)

model

utt − ∆u = div h(∇u) + div g(∇ut) + f.

Remark 2. Several authors definediv h(∇un) anddiv g(∇u̇n) as
d∑

j=1

[hj(∂
+
j un)+hj(∂

−
j un)]

and
d∑

j=1

[gj(∂
+
j u̇n) + gj(∂

−
j u̇n)], respectively. If we use their definition, we would require

thathj , gj are odd functions and not allgj are identically zero.

In the next two sections we will prove the following results.
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Theorem 2.1. (Global existence and uniqueness)Let {an}n∈Zd , {bn}n∈Zd, {fn}n∈Zd be

given inℓper and (H1) holds. In addition, assume thatsgj(s) ≥ 0, ∀ s ∈ R and1 ≤ j ≤ d.

Then, there exists a unique solutionu(t) = {un(t)}n∈Zd of problem(2.3) and un(t) ∈

C2([0, +∞; R)) for anyn = (n1, n2, . . . , nd) ∈ Z
d.

Theorem 2.2. (Existence of global attractor)Under the assumptions of Theorem 2.1 sup-

pose that there exist positive constantsk0, k1 andp ≥ 0 such that

shj(s) ≥ k0h̃j(s), sgj(s) ≥ k1|s|
p+2,

for all s ∈ R, ∀ 1 ≤ j ≤ d. Then, the semigroup of operators

S(t)(a, b) = (u(t), u̇(t)), t ≥ 0

associated to the solutionu(t) of (2.3)has a global attractorA in the Hilbert spaceH =

ℓper × ℓper with the norm||(a, b)||H =
( N∑

n=1

(a2
n

+ b2
n
)
)1/2

, n = (n1, n2, . . . , nd). The setA

is compact and “attracts” every bounded set ofH (in the topology of the norm inH).

3. GLOBAL WELL POSEDNESS

Let a = {an}n∈Zd andb = {bn}n∈Zd belong toℓper and consider the linear problem

associated with (2.3)






v̈n − ∆vn = 0

vn(0) = an, v̇n(0) = bn

vn(t) ∈ ℓper for all t ≥ 0 and anyn ∈ Z
d.

(3.1)

The explicit solution of (3.1) is given by

vn(t) =
N∑

m=1

[Ġ(n −m, t)am + G(n− m, t)bm], (3.2)

whereG(n, t) is the discrete Green’s function associated with (3.1). Forpurposes of self-

containess we deduceG(n, t) in Appendix. Some results valid forvn(t) are given in the

Lemma3.3.

Lemma 3.1.Let b = {bn}n∈Zd andc = {cn}n∈Zd belong toℓper. Then

1)
N∑

n=1

∆bn = 0, 2)
N∑

n=1

bn∆cn = −
N∑

n=1

∇+bn · ∇+cn,

where ∇+bn · ∇+cn =
d∑

j=1

∂+
j bn∂+

j cn.

Proof: The proofs are straightforward calculations using the periodicity. �

Next, we need a discrete version of Poincaré’s inequality.
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Lemma 3.2.Leta = {an}n∈Zd ∈ ℓper. Then, there exists a positive constantC = C(N, d)

such that
N∑

n=1

a2
n
≤ C(N, d)

N∑

n=1

|∇+an|
2,

where|∇+an|
2 =

d∑

j=1

(
∂+

j an

)2
. The positive constantC(N, d) can be taken to be4dN2d.

Proof: The proof ford = 1 is given in Agarwal [1], page 860. Another proof was given by

Konotop and Perla Menzala in [9]. We did not find a proof in the literature in cased > 1.

Thus, we provide one in the Appendix. �

Lemma 3.3. Let a = {an}n∈Zd andb = {bn}n∈Zd belong toℓper. Letv(t) = {vn(t)}n∈Zd

be the solution of(3.1). Then

a)
N∑

n=1

vn(t) = 0.

b)
N∑

n=1

v2
n
(t) ≤ C(N, d)

N∑

n=1

|∇+vn(t)|2.

c)
N∑

n=1

(v̇n(t))2 ≤ C(N, d)
N∑

n=1

|∇+v̇n(t)|2

for anyt ≥ 0 andn = (n1, n2, . . . , nd).

Proof: Using (3.1) and Lemma 3.1 we know that

d2

dt2

N∑

n=1

vn(t) =

N∑

n=1

∆vn(t) = 0, ∀ t ≥ 0.

Therefore,
N∑

n=1

vn(t) = c1 + c2t, ∀ t ≥ 0,

wherec1 andc2 are constants. The initial conditions in (3.1) imply thatc1 = c2 = 0. This

proves a). Items b) and c) follow from Lemma 3.2 and a). �

Let T be a fixed positive number. We define the spaceX(T ) consisting of all vector-

valued functionsu(t) = {un(t)}n∈Zd such that

i) un1+N,n2,n3,...,nd
(t) = · · · = un1,n2,...,nd+N(t) = un(t), ∀ t ∈ [0, T ).

ii) un ∈ C1([0, T ); R) for anyn = (n1, n2, . . . , nd) ∈ Z
d

and
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iii)

sup
0≤t<T

N∑

n=1

[(u̇n(t))2 + |∇+un(t)|2 + u2
n
(t)] < +∞. (3.3)

The norm in the linear spaceX(T ) is given by

||u||2X(T ) = sup
0≤t<T

N∑

n=1

[(u̇n(t))2 + |∇+un(t)|2 + u2
n
(t)].

Clearly(X(T ), ||·||X(T )) is a Banach space. Observe that the solutionv(t) = {vn(t)}n∈Zd

of (3.1) belongs toX(T ) for anyT > 0.

Let us use the notation

F (un, u̇n) = div h(∇+un) + div g(∇+u̇n), (3.4)

whereh andg are as in Section 2.

Lemma 3.4. Let {an}n∈Zd, {bn}n∈Zd and {fn}n∈Zd in ℓper. There existT0 > 0 and a

unique elementu(t) = {un(t)}n∈Zd in X(T0) such that

un(t) = vn(t) +

N∑

m=1

∫ t

0

G(n− m, t − s)[F (um(s), u̇m(s)) + fm]ds,

for anyn = (n1, n2, . . . , nd) ∈ Z
d. Here,m = (m1, m2, . . . , md) andn − m = (n1 −

m1, n2 − m2, . . . , nd − md). The functionG is given in the Appendix.

Proof: The conclusion follows using Banach fixed point theorem and the properties of

G(n, t). �

Proposition 3.1.Let {an}n∈Zd, {bn}n∈Z and{fn}n∈Zd belonging toℓper. Then, there exist

T0 > 0 and a unique elementu = {un}n∈Zd in X(T0) such thatun is a solution of(2.3)

andun ∈ C2([0, T0); R) for anyn ∈ Z
d.

Proof: Let T0 > 0 as in Lemma 3.4. Applying the operator∂2

∂t2
−∆ (where∆ =

d∑

j=1

∂−
j ∂+

j )

to the solutionun of the integral equation it follows thaẗun − ∆un = F (un, u̇n) + fn for

anyn ∈ Z
d. Obviouslyun(0) = an andu̇n(0) = bn. Uniqueness follows using Gronwall’s

inequality. Since the procedure is standard we will omit thedetails here. �

Proof of Theorem 2.1. Let [0, Tmax) be the maximum interval of existence of problem

(2.3) obtained in Proposition 3.1. Consider the total energy EN (t) given by

EN (t) =
1

2

N∑

n=1

[(u̇n)2 + |∇+un|
2] +

N∑

n=1

d∑

j=1

h̃j(∂
+
j un) −

N∑

n=1

fnun. (3.5)

Using equation (2.3) we obtain

N∑

n=1

u̇nün =
N∑

n=1

u̇n∆un +
N∑

n=1

u̇n div h(∇un) +
N∑

n=1

u̇n div g(∇u̇n) +
N∑

n=1

fnu̇n. (3.6)
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Since
N∑

n=1

u̇nhj(∂
−
j un) = −

N∑

n=1

hj(∂
+
j un)∂+

j u̇n

then
N∑

n=1

u̇n div h(∇un) = −

N∑

n=1

d∑

j=1

hj

(
∂+

j u̇n

)
∂+

j u̇n. (3.7)

Similarly
N∑

n=1

u̇n div g(∇u̇n) = −

N∑

n=1

d∑

j=1

gj(∂
+
j u̇n)∂+

j u̇n. (3.8)

Next, we find the derivative ofEN (t), replace the identities (3.6)–(3.8) and use Lemma 3.1,

item 2) to obtain

d

dt
EN (t) = −

N∑

n=1

d∑

j=1

gj(∂
+
j u̇n)∂+

j u̇n ≤ 0 (3.9)

for any0 ≤ t < Tmax. Consequently,EN (t) ≤ EN(0) for any0 ≤ t < Tmax. Now, we

claim that

||u||2X(T ) ≤ c̃1EN(0) + c̃2||f ||
2, (3.10)

for some positive constants̃c1, c̃2 and anyT > 0 such that0 ≤ t ≤ T < Tmax. First, we

will prove that
N∑

n=1

un(t) = 0 for any0 ≤ t < Tmax. Due to periodicity we know that

N∑

n=1

div h(∇un) =
N∑

n=1

d∑

j=1

[hj(∂
+
j un) − hj(∂

−
j un)]

=

d∑

j=1

{
N∑

n=1

[hj(∂
+
j un) − hj(∂

−
j un)]

}

= 0

and
N∑

n=1

div g(∇u̇n)=0. Then, using (2.3) and Lemma 3.1 we deduce that
N∑

n=1

ün(t)=0.

Consequently,
N∑

n=1

un(t) =
N∑

n=1

an + t
N∑

n=1

bn = 0 for any0 ≤ t < Tmax.

Now, for anyα > 0
∣
∣
∣
∣
∣

N∑

n=1

fnun

∣
∣
∣
∣
∣
≤

1

2α

N∑

n=1

|un|
2 +

α

2
||f ||2

holds. We use Lemma 3.2 andα = 2 C(N, d) to obtain

1

4

N∑

n=1

{(u̇n)2 + |∇+un|
2} ≤ EN (t) + 4 C(N, d)||f ||2, (3.11)

for any0 ≤ t < Tmax. Again, using Lemma 3.2 we conclude that

||u||2X(T ) ≤ 4
(
1 + C(N, d)

)
EN(0) + 16 C(N, d)

(
1 + C(N, d)

)
||f ||2,

for any0 ≤ t ≤ T . This proves (3.10). ThereforeTmax = +∞. Uniqueness follows using

Gronwall’s inequality. �
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4. GLOBAL ATTRACTOR

Let us consider the spaceH = ℓper × ℓper whereℓper is as in (2.1). The norm inH is

given by

||(a, b)||H =
(
||a||2 + ||b||2

)1/2
=

(
N∑

n=1

(a2
n

+ b2
n
)

)1/2

,

whenevera = {an}n∈Zd andb = {bn}n∈Zd belong toℓper. Givena, b andf = {fn}n∈Zd in

ℓper then by Theorem 2.1 we have a unique global solutionu(t) = {un(t)}n∈Zd of problem

(2.3).

Thus we can consider the mapS(t) : H 7→ H given byS(t)(a, b) =
(
u(t), u̇(t)

)
,

t ≥ 0. {S(t)}t≥0 is a semigroup of operators fromH into H.

Lemma 4.1. Assume (H1) andsgj(s) ≥ 0 for any s ∈ R and1 ≤ j ≤ d. Let a, b and

f in ℓper. Then, for eachT > 0, the mapR : H 7→ C([0, T ]; H) defined byR(a, b) =
(
u(t), u̇(t)

)
is continuous. Hereu = u(t) = {un(t)}

n∈Zd is the global solution of problem

(2.3).

Proof: Let u = {un(t)}
n∈Zd andw = {wn(t)}

n∈Zd be global solutions of (2.3) with initial

dataa = {an}n∈Zd , b = {bn}n∈Zd and ã = {ãn}n∈Zd , b̃ = {b̃n}n∈Zd in ℓper, respectively.

Let z = {zn(t)}
n∈Zd wherezn(t) = un(t)−wn(t) for anyt ≥ 0 andn = (n1, n2, . . . , nd) ∈

Z
d. Thus,{zn(t)}

n∈Zd satisfies

z̈n − ∆zn = F (un, u̇n) − F (wn, ẇn). (4.1)

Multiplying (4.1) by żn and adding we obtain

1

2

d

dt

N∑

n=1

[(żn)2 + |∇+zn|
2] = χN(t), (4.2)

where

χN(t) =
N∑

n=1

{ d∑

j=1

[

hj(∂
+
j un) − hj(∂

+
j wn) + hj(∂

−
j wn) − hj(∂

−
j un)

+ gj(∂
+
j u̇n) − gj(∂

+
j ẇn) + gj(∂

−
j ẇn) − gj(∂

−
j u̇n)

]}

żn. (4.3)

We can find estimates forχN(t) using the same arguments as we did in the proof of Lemma

3.4 to get

|χN(t)| ≤

N∑

n=1

{ d∑

j=1

[

2M1(|∂
+
j zn| + |∂−

j zn|)

+ 2M2(|∂
+
j żn| + |∂−

j żn|)
]}

|żn|, (4.4)

where

M1 =
d∑

j=1

max
|s|≤2s1

|h
(1)
j (s)|, M2 =

d∑

j=1

max
|s|≤2s1

|g
(1)
j (s)|
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ands1 = ||u||X(T ) + ||w||X(T ). Using Schwarz’s inequality and the periodicity we obtain

from (4.4) the estimate

|χN(t)| ≤ 2
d+4
2 M0

{

1

2

N∑

n=1

(żn)2 +

N∑

n=1

|∇+zn|
2 + 2d

N∑

n=1

(żn)2

}

,

whereM0 = max{M1, M2}. From (4.2) and the above estimate it follows

d

dt

N∑

n=1

[(żn)2 + |∇+zn|
2] ≤ 2

d+4
2 M0(1 + 4d)

N∑

n=1

[(żn)2 + |∇+zn|
2]. (4.5)

Finally, using Gronwall’s inequality and Lemma 3.2 we deduce from (4.5) the estimate

N∑

n=1

{(żn)2 + z2
n
} ≤ C0

N∑

n=1

{(żn(0)2 + (zn(0))2}, (4.6)

whereC0 = 4d[1 + C(N, d)] exp(2
d+4
2 M0(1 + 4d)T ). From (4.6) it follows that

sup
0≤t≤T

||(u, u̇) − (w, ẇ)||H ≤ C0||(a, b) − (ã, b̃)||. (4.7)

In order to prove the continuity ofR remains to estimate the quantityM0. Observe the

estimate below (3.11). On the right hand side, it will be enough to get an appropriate

bound forEN(0). Using (3.5) att = 0 we find that

EN(0) ≤
(
2d +

1

2

)
||(a, b)||2H + NdM̃1 +

1

2
||f ||2,

whereM̃1 =
d∑

j=1

max
|s|≤2||a||

|h̃j(s)|. Therefore,

||u||2X(T ) ≤ 4
(
1 + C(N, d)

)
{
(
2d +

1

2

)
||(a, b)||2H + NdM̃1 +

(
4 C(N, d) +

1

2

)
||f ||2

}

.

Similarly,

||w||2X(T ) ≤ 4
(
1 + C(N, d)

)
{
(
2d +

1

2

)
||(ã, b̃)||2H + NdM̃2 +

(
4 C(N, d) +

1

2

)
||f ||2

}

,

whereM̃2 =
d∑

j=1

max
|s|≤2||ã||

|h̃j(s)|. The above estimates allow us to conclude from (4.7) that

the continuity ofR follows from the continuity of the functionshj(s), gj(s) and h̃j(s),

j = 1, . . . , d. �

The proof of Theorem 2.2 will follow from the next five Lemmas.

Lemma 4.2. Under the assumptions of Theorem2.2, there exist a positive constantα

depending only onN, p, d, k0, k1 andmax
|s|≤1

{ d∑

j=1

|g
(1)
j (s)|

}

such that

sup
t≤s≤t+1

ẼN(s) ≤ α
[

F
4

p+2 (t) + F 2(t) + ||f ||2
]

,

for anyt ≥ 0, whereẼN(t) = EN(t) + 4 C(N, d)||f ||2, F 2(t) = EN (t) − EN (t + 1) and

EN(t) is given by(3.5).



164 J. C. OLIVEIRA, J. M. PEREIRA, AND G. PERLA MENZALA

Proof: Let

J(s) =
N∑

n=1

d∑

j=1

∂+
j u̇n(s)gj(∂

+
j u̇n(s)).

Integration of (3.9) over[t, t + 1] give us

F 2(t) =

∫ t+1

t

J(s) ds. (4.8)

Using the mean value theorem for integrals we obtain the existence oft1 ∈ [t, t + 1
4
] and

t2 ∈ [t + 3
4
, t + 1] such that

J(t1) = 4

∫ t+ 1
4

t

J(s) ds and J(t2) = 4

∫ t+1

t+ 3
4

J(s) ds. (4.9)

Using (4.8) and (4.9) we get

J(t1) + J(t2) ≤ 4F 2(t). (4.10)

Multiplying equation (2.3) byun, adding in{1, 2, . . . , N}d, using periodicity and integrat-

ing the result over[t1, t2] we obtain

N∑

n=1

∫ t2

t1

|∇+un|
2ds +

N∑

n=1

d∑

j=1

∫ t2

t1

∂+
j un(s)hj(∂

+
j un(s))ds

= −

N∑

n=1

{un(t2)u̇n(t2) − un(t1)u̇n(t1)} +

N∑

n=1

∫ t2

t1

(u̇n(s))2ds

−

N∑

n=1

d∑

j=1

∫ t2

t1

∂+
j un(s)gj(∂

+
j u̇n(s))ds +

N∑

n=1

∫ t2

t1

fnun(s)ds. (4.11)

Next, we will find good estimates for each term on the right hand side of (4.11). Using

Lemma 3.2 and (3.11) we obtain
∣
∣
∣
∣
∣

N∑

n=1

un(t2)u̇n(t2)

∣
∣
∣
∣
∣
≤ C(N, d)

(
N∑

n=1

|∇+un(t2)|
2

)1/2( N∑

n=1

|∇+u̇n(t2)|
2

)1/2

≤ 4 C(N, d)
(
ẼN (t2)

)1/2

(
N∑

n=1

|∇+u̇n(t2)|
2

)1/2

. (4.12)

For eacht ≥ 0 we consider the sets

Ij,1(t) = {n ∈ {1, 2, . . . , N}d such that |∂+
j u̇n(t)| ≤ 1}

Ij,2(t) =
{
1, 2, . . . , Nd

}
\ Ij,1(t), j = 1, 2, . . . , d.

Now, using the inequalitysgj(s) ≥ k1|s|
p+2 and Hölder’s inequality, we obtain

∑

n∈Ij,2(t2)

(
∂+

j u̇n(t2)
)2

≤
∑

n∈Ij,2(t2)

|∂+
j u̇n(t2)|

p+2

≤ k−1
1

∑

n∈Ij,2(t2)

∂+
j u̇n(t2)gj(∂

+
j u̇n(t2)). (4.13)
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Hölder’s inequality implies

∑

n∈Ij,1(t2)

(
∂+

j u̇n(t2)
)2

≤ N
pd

p+2 k
− 2

p+2

1

(
N∑

n=1

∂+
j u̇n(t2)gj

(
∂+

j u̇n(t2)
)

) 2
p+2

. (4.14)

Using (4.13) and (4.14) we deduce

N∑

n=1

|∇+u̇n(t2)|
2 =

d∑

j=1

N∑

n=1

(∂+
j u̇n(t2))

2

=
d∑

j=1







∑

n∈Ij,1(t2)

|∂+
j u̇n(t2)|

2 +
∑

n∈Ij,2(t2)

|∂+
j u̇n(t2)|

2







≤
d∑

j=1

{

k−1
1

N∑

n=1

∂+
j u̇n(t2)gj(∂

+
j u̇n(t2))

+N
pd

p+2 k
− 2

p+2

1

(
N∑

n=1

∂+
j u̇n(t2)gj(∂

+
j u̇n(t2))

) 2
p+2






. (4.15)

Using (4.10) and the inequality
d∑

j=1

ar
j ≤ d

(
d∑

j=1

aj

)r

valid wheneveraj > 0 andr > 0, it

follows from (4.15) the estimate

(
N∑

n=1

|∇+u̇n(t2)|
2

)1/2

≤ 2k
−1/2
1 F (t) + d

1
2 4

1
p+2 N

dp
2(p+2) k

− 1
p+2

1

(
F (t)

) 2
p+2 . (4.16)

Combining (4.12) with (4.16) we proved the estimate

∣
∣
∣
∣
∣

N∑

n=1

un(t2)u̇n(t2)

∣
∣
∣
∣
∣
≤ 4 C(N, d)

(
ẼN (t2)

)1/2
{

βF (t) + γF
2

p+2 (t)
}

,

where β and γ are positive constants. Similarly, we can obtain an estimate for
∣
∣

N∑

n=1

un(t1)u̇n(t1)
∣
∣. Therefore, we have the inequality

∣
∣
∣
∣
∣

N∑

n=1

{
un(t2)u̇n(t2) − un(t1)u̇n(t1)

}

∣
∣
∣
∣
∣
≤ C1 sup

t≤s≤t+1
(ẼN(s))1/2

[

F (t) + F
2

p+2 (t)
]

. (4.17)

Next, we obtain an estimate for the term

d∑

j=1

N∑

n=1

∂+
j un(s)gj(∂

+
j u̇n(s)).
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Let k2 = max
|s|≤1

{
d∑

j=1

|g
(1)
j (s)|

}

. Then, we have|gj(s)| ≤ k2|s| for any |s| ≤ 1. Clearly

∑

n∈Ij,1(s)

|∂+
j un(s)gj(∂

+
j u̇n(s))| ≤

1

2

N∑

n=1

|∂+
j un(s)|2

+
k2

2

∑

n∈Ij,1(s)

|∂+
j u̇n(s)||gj(∂

+
j u̇n(s))|. (4.18)

Also

∑

n∈Ij,2(s)

|∂+
j un(s)gj(∂

+
j u̇n(s))| ≤

(
N∑

n=1

|∂+
j un(s)|2

)1/2
∑

n∈Ij,2(s)

|gj(∂
+
j u̇n(s))|

≤

(
N∑

n=1

|∇+un(s)|2

)1/2 N∑

n=1

|∂+
j u̇n(s)||gj(∂

+
j u̇n(s))|.

(4.19)

Using (4.18), (4.19), adding overj = 1, 2, . . . , d, using (3.11) and integrating over the

interval [t1, t2] we obtain
∣
∣
∣
∣
∣

N∑

n=1

d∑

j=1

∫ t2

t1

∂+
j un(s)gj(∂

+
j u̇n(s)) ds

∣
∣
∣
∣
∣
≤

1

2

N∑

n=1

∫ t2

t1

|∇+un(s)|2ds +
k2

2

∫ t2

t1

J(s)ds

+

(

2 sup
t≤s≤t+1

(
ẼN (s)

)1/2
)∫ t2

t1

J(s) ds. (4.20)

Next, to estimate
N∑

n=1

(
u̇n(s)

)2
we use Lemma 3.2 and proceed as we did from (4.13) up to

(4.16) to obtain

N∑

n=1

(
u̇n(s)

)2
≤ C(N, d)

N∑

n=1

|∇+u̇n(s)|2

≤ C(N, d)

{

k−1
1 J(s) + d N

pd
p+2 k

− 2
p+2

1 J(s)
2

p+2

}

.

Consequently,
N∑

n=1

∫ t2

t1

(
u̇n(s)

)2
ds ≤ C2

[

F 2(t) + (F (t))
4

p+2

]

, (4.21)

whereC2 = C2(N, d, p, k1) > 0. Finally, using Lemma 3.2 and (3.11) we deduce

∣
∣
∣
∣
∣

N∑

n=1

∫ t2

t1

fnun(s)ds

∣
∣
∣
∣
∣
≤ ||f ||C(N, d)

∫ t2

t1

(
N∑

n=1

|∇+un(s)|2

)1/2

ds

≤ 2C(N, d)||f || sup
t≤s≤t+1

(
ẼN (s)

)1/2
. (4.22)



LARGE TIME BEHAVIOR OF MULTIDIMENSIONAL 167

Substitution of (4.17), (4.20), (4.21) and (4.22) into (4.11) give us

1

2

N∑

n=1

∫ t2

t1

|∇+un|
2ds +

N∑

n=1

d∑

j=1

∫ t2

t1

∂+
j un(s)hj(∂

+
j un(s))ds

≤ C3

[(
F

4
2+p (t)

)
+ F 2(t)

]

+ C4

[(
F

2
p+2 (t)

)
+ F (t)

+ F 2(t) + ||f ||
]

sup
t≤s≤t+1

(
ẼN(s)

)1/2
, (4.23)

for some positive constantsC3 andC4 which depend only onN, p, d, k1 andk2. Since

ẼN(s) = EN (t) + 4C(N, d)||f ||2, using assumptions of Theorem 2.2 (onhj) we obtain

ẼN (t) ≤
1

2

N∑

n=1

[(u̇n)2 + |∇+un|
2] + k−1

0

N∑

n=1

d∑

j=1

∂+
j (un)hj(∂

+
j un)

−

N∑

n=1

fnun + 4C(N, d)||f ||2, (4.24)

Integration of (4.24) over[t1, t2] and using (4.23) and (4.21) give us
∫ t2

t1

ẼN(s)ds ≤ C5 sup
t≤s≤t+1

(
ẼN(s)

)1/2
[(

F
2

p+2 (t)
)

+ F 2(t) + F (t) + ||f ||
]

+ C6

[(
F

4
p+2 (t)

)
+ F 2(t)

]

+ 4 C(N, d)||f ||2, (4.25)

whereC5 andC6 are positive constants depending only onN, p, d, k0, k1 andk2. Using the

mean value theorem for integrals, there existst∗ ∈ [t1, t2] such that

1

2
ẼN (t∗) ≤ (t2 − t1)ẼN(t∗) =

∫ t2

t1

ẼN(s)ds. (4.26)

Clearly, for anỹt ∈ [t, t∗] we have

ẼN (t̃) = ẼN(t∗) +

∫ t∗

t̃

J(s)ds ≤ ẼN (t∗) + F 2(t)

due to (3.9) and (4.8). Consequently, whenevert1 ≤ s ≤ t+1 we haveẼN(s) ≤ ẼN(t1) ≤

ẼN(t∗) + F 2(t). Similarly, if t ≤ s ≤ t1 the same estimate holds. Therefore,ẼN (s) ≤

ẼN(t∗) + F 2(t) for anyt ≤ s ≤ t + 1. Thus, from (4.26) and (4.25) we conclude the proof

of Lemma 4.2. �

Lemma 4.3.Letρ > 0, a, b andf in ℓper. Under the assumptions of Theorem 2.2, whenever

||(a, b)||H ≤ ρ, there exist positive constantsα0 andα1 such that

sup
t≤s≤t+1

(
ẼN(s)

) p+2
2 ≤ α0[ẼN (t) − ẼN(t + 1)] + α1||f ||

p+2,

for any t ≥ 0. Hereα0 = α0(ρ, ||f ||, α, N, d) andα1 = α1(ρ, α), whereα > 0 is as in

Lemma4.2.
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Proof: SinceF 2(t) = EN(t)−EN (t + 1) = ẼN(t)− ẼN (t + 1) ≤ 2ẼN(0) holds, we use

Lemma 4.2 to obtain

sup
t≤s≤t+1

ẼN (s) ≤ α

[

1 + 2
2

p+2
(
ẼN(0)

) p
p+2 + 2

2(p+1)
p+2

(
ẼN(0)

) 2(p+1)
p+2

]

F
4

p+2 (t) + α||f ||2.

(4.27)

Since|∂+
j an| ≤ 2||a|| ≤ 2ρ then we can easily verify the estimates

ẼN (0) ≤
1

2
||b||2 + 2d||a||2 +

1

2
||a||2 +

(
4C(N, d) +

1

2

)
||f ||2 + Nd

d∑

j=1

max
|s|≤2ρ

|h̃j(s)|

≤
(
2d +

1

2

)
ρ2 +

(
4C(N, d) +

1

2

)
||f ||2 + Nd

d∑

j=1

max
|s|≤2ρ

|h̃j(s)|. (4.28)

Using (4.28) into (4.27) proves Lemma 4.3. �

We will use the following Lemma due to M. Nakao [13].

Lemma 4.4. Let Φ(t) be a nonnegative continuous function on[0, T ], T > 1, possibly

T = +∞ satisfying

sup
t≤s≤t+1

Φ(s)1+γ ≤ C[Φ(t) − Φ(t + 1)] + K (4.29)

for any0 ≤ t < T − 1, someC > 0, K > 0 andγ > 0. Then, we have

Φ(t) ≤
[
C−1γ(t − 1)+ + ( sup

0≤s≤1
Φ(s))−γ

]−1/γ
+ K1/1+γ

for 0 ≤ t < T . If (4.29)holds withγ = 0, then we have

Φ(t) ≤ sup
0≤s≤1

Φ(s)

(
C

1 + C

)[t]

+ K, 0 ≤ t < T.

Hereβ+ = max{β, 0} and [t] is the biggest integer less than or equal tot.

Lemma 4.5.Letρ > 0, a, b andf in ℓper. Under the assumptions of Theorem2.2, whenever

||(a, b)||H ≤ ρ, there exist positive constantsβj (j = 0, 1, 2, 3) such that

(i) If p > 0 thenẼN(t) ≤ β0(1 + t)−
2
p + β1||f ||

2, ∀ t ≥ 0.

(ii) If p = 0 thenẼN (t) ≤ β2 exp(−β3t) + α1||f ||
2, ∀ t ≥ 0.

Hereβ3 = log (1+α0

α0
), β0 andβ2 depend onα0 andp, β1 depends onα1 andp. The

constantsα0 andα1 are as in Lemma4.3.

Proof: Let us prove i). Using Lemmas 4.3 and 4.4 withΦ = ẼN , γ = p
2
, K = α1||f ||

p+2

andC = α0 we obtain

ẼN (t) ≤

[
p

2α0

(t − 1) +
(
ẼN(0)

)− p

2

]− 2
p

+ α
2

p+2

1 ||f ||2, (4.30)

for anyt > 1.

Let µ1 = p
2α0

andµ2 = (2d + 1
2
)ρ2 + (4C(N, d) + 1

2
)||f ||2 + Nd

d∑

j=1

max
|s|≤2ρ

|h̃j(s)|. Using
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(4.30) and (4.28) it follows that

ẼN (t) ≤
[
µ1(t − 1) + µ

−p/2
2

]− 2
p + α

2
p+2

1 ||f ||2, ∀ t > 1. (4.31)

Sincet−2/p ≤ 22/p(1 + t)−2/p for anyt > 1 and
[
µ1(t − 1) + µ

−p/2
2

]−2/p
≤ min

{
µ1, µ

−p/2
2

}−2/p
t−2/p, ∀ t > 1,

then it follows from (4.31) that

ẼN (t) ≤ C̃(1 + t)−2/p + α
2/p+2
1 ||f ||2, ∀ t > 1,

whereC̃ = 22/p min{µ1, µ
−p/2
2 }−2/p. If 0 ≤ t ≤ 1, then

ẼN(t) ≤ ẼN (0) ≤ ẼN(0)22/p(1 + t)−2/p

≤ 22/pµ2(1 + t)−2/p,

which together with (4.31) proves i).

Next, we prove item ii). Using Lemmas 4.3 and 4.4 we deduce

ẼN (t) ≤ sup
0≤s≤1

ẼN (s)

(
α0

1 + α0

)[t]

+ α1||f ||
2

≤ ẼN(0) exp

(

(t − 1)log

(
α0

1 + α0

))

+ α1||f ||
2

= ẼN (0)

(
1 + α0

α0

)

exp(−β3t) + α1||f ||
2,

which proves ii). �

Lemma 4.6. There existsρ0 > 0 such that the ballB = {(u, w) ∈ H ; ||(u, w)||H ≤ ρ0}

is an absorbing set for the semigroup{S(t)}t≥0 in H.

Proof: Let U be a bounded set inH. Chooseρ = ρ(U) > 0 such that||(a, b)||H ≤ ρ for

any(a, b) in U . Using Lemmas 3.2 and 4.5 together with (3.11) we deduce

||S(t)(a, b)||2H = ||(u, u̇)||2H =

N∑

n=1

[(u̇n)2 + u2
n
]

≤ C(N, d)

N∑

n=1

[(u̇n)2 + |∇+un|
2] ≤ 4C(N, d)ẼN(t)

≤ 4C(N, d)[β0(1 + t)−2/p + β1||f ||
2],

for anyt ≥ 0 if p > 0. If p = 0 we have

||S(t)(a, b)||2H ≤ 4C(N, d)[β2 exp(−β3t) + α1||f ||
2],

for any t ≥ 0. Choosingρ2
0 = 8C(N, d)β1||f ||

2 andT0 = max

{(
β0

β1||f ||2

)p/2

− 1, 0

}

in

casep > 0 or ρ2
0 = 8C(N, d)α1||f ||

2 andT0 = max
{

β−1
3 log

(
β2

α1||f ||2

)

, 0
}

if p = 0 then,

it follows that||S(t)(a, b)||H ≤ ρ0 for anyt ≥ T0, which proves Lemma 4.6. �
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Proof of Theorem 2.2. Due to the estimates in Lemma 4.6 it follows that the semigroup

{S(t)}t≥0 takes bounded sets ofH into bounded sets ofH for any T ≥ 0. SinceH

has finite dimension then eachS(t) is a compact operator inH. Thus, the conclusion of

Theorem 2.2 follows from Lemma 4.6 and a classical result given in the book of R. Teman

[16] (Chapter 1). �

5. GLOBAL ATTRACTOR FOR THE MULTIDIMENSIONAL SINE-GORDON

EQUATION

In this section we briefly indicate how we can use most of the calculations in the

previous sections in order to obtain the existence of a global attractor for the Sine-Gordon

type model. An extensive work has been done on global attractors for the continuous as

well as for the discrete case [16, 17].

We consider model (2.3) with hypothesis (H1) together with the following assumptions

(H2): There existsβ > 0 such that|hj(s)| ≤ β, for anys ∈ R, j = 1, 2, . . . , d and there

existk1 > 0 andp > 0 such thatsgj(s) ≥ k1|s|
p+2, for anys ∈ R, j = 1, 2, . . . , d.

Global existence, uniqueness and continuous dependence onthe initial data follow

by Theorem 2.1 and Lemma 4.1. Going back to identity (4.11) inLemma 4.2 the term
d∑

j=1

N∑

n=1

∂+
j un(s)hj(∂

+
j un(s)) can be bound using Schwarz’s inequality and (H2) as follows

∣
∣
∣
∣
∣

d∑

j=1

N∑

n=1

∂+
j un(s)hj(∂

+
j un(s))

∣
∣
∣
∣
∣
≤

d∑

j=1

(
N∑

n=1

|∇+un|
2

)1/2( N∑

n=1

|hj(∂
+
j un)|2

)1/2

≤

d∑

j=1

(
4ẼN (s)

)1/2
(Ndβ2)1/2

≤ 2dNd/2β sup
t≤s≤t+1

(
ẼN (s)

)1/2
.

Therefore

∣
∣
∣
∣
∣

d∑

j=1

N∑

n=1

∫ t2

t1

∂+
j unhj(∂

+
j un)ds

∣
∣
∣
∣
∣
≤ 2dNd/2β sup

t≤s≤t+1

(
ẼN(s)

)1/2
.

Also
∣
∣
∣
∣
∣

d∑

j=1

N∑

n=1

∫ t2

t1

h̃j(∂
+
j un(s))ds

∣
∣
∣
∣
∣
≤ 2dNd/2β sup

t≤s≤t+1

(
ẼN (s)

)1/2
, (5.1)

because|h̃j(s)| ≤ β|s|, for all s ∈ R. Using all the other estimates we got in the proof of

Lemma 4.2 together with the ones obtained above we get after integrating identity (4.11)
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over[t1, t2]

1

2

N∑

n=1

∫ t2

t1

|∇+un(s)|2ds ≤ c1 sup
t≤s≤t+1

(
ẼN (s)

)1/2
{(

F (t)
) 2

p+2 + F 2(t) + F (t)

+ 2 C(N, d)||f ||+ 2dNd/2β
}

+ c2

{

F 2(t) +
(
F (t)

)4/p+2
}

, (5.2)

for some positive constantsc1 andc2. Integration ofẼN (t) over[t1, t2] and using (5.1) and

(5.2) give us
∫ t2

t1

ẼN (s)ds ≤ c3 sup
t≤s≤t+1

(
ẼN(s)

)1/2
[(

F (t)
) 2

p+2 + F 2(t) + F (t)

+ ||f || + β
]

+ c4

[(
F (t)

) 4
p+2 + F 2(t)

]

+ 4 C(N, d)||f ||2,

for some positive constantsc3 andc4. Next, we proceed as in Lemma 4.3 to obtain

sup
t≤s≤t+1

(
ẼN(s)

) p+2
p ≤ α̃0[ẼN (t) − ẼN (t + 1)] + α̃1

(
||f ||2 + β2

) p+2
p ,

for any t ≥ 0. Again, using Nakao’s result [13] we obtain the corresponding assumptions

to verify Lemmas 4.5 and 4.6, which proves the existence of global attractor in this case.�

6. APPENDIX

6.1 Green’s function for the semi-discrete lineard-dimensional problem.

We use the same notation as in Section 2. We want to findGn(t) = G(n, t), n =

(n1, n2, . . . , nd) such that{Gn(t)}
n∈Zd ∈ ℓper and satisfies







G̈(n, t) − ∆G(n, t)

G(n, 0) = 0, Ġ(n, t) = δn =







1 if n1 = n2 = · · ·nd = N

0, otherwise.

(6.1)

We look for a solution of the form

G(n, t) = Re

{
N∑

k=1

Uk(t)W k·n
N

}

, (6.2)

where

k = (k1, k2, . . . , kd),

N∑

k=1

=

N∑

k1=1

· · ·

N∑

kd=1

, k · n =

d∑

j=1

kjnj

andWN = exp(2π
N

i). Substitution of (6.2) into (6.1) give us

N∑

k=1

{

Ük(t) − Uk(t)
[

W−k1
N + · · ·+ W−kd

N − 2d + W k1
N + · · ·+ W kd

N

]}

W k·n
N = 0, (6.3)

for all nj = 1, 2, . . . , N and1 ≤ j ≤ d. Therefore, to solve (6.3) it is sufficient to solve

Ük(t) − Uk(t)






2

d∑

kj=1

cos

(
2πkj

N

)

− 2d






= 0 (6.4)
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with

Uk(0) = 0, U̇k(0) =
1

Nd
. (6.5)

The solution of (6.4)–(6.5) is given by

Uk(t) =







t
Nd if k1 = k2 = · · · = kd = N

sin(wk t)
Ndwk

, otherwise
(6.6)

wherewk = 2

(
d∑

j=1

sin2(
πkj

N
)

)1/2

is the dispersion quantity. Therefore, the Green’s func-

tion G(n, t) is given by

G(n, t) =
1

Nd

{
N∑

k=1

′ sin(wkt)

wk

cos(
2π

N
k · n)

}

+
t

Nd
, (6.7)

where the sum
N∑

k=1

′ means that
N∑

k=1

does not include the term withk1 = k2 = · · · = kd = N .

It is straightforward to verify that (6.7) satisfies (6.1) and (6.2). Observe that here we used

the so-called discrete Fourier Transform (see [3]).

6.2 Discrete version of Poincaŕe’s inequality in dimensiond > 1.

In this appendix we present a proof of a discrete version of Poincaré’s inequality in

dimensiond > 1. Proofs in cased = 1 were given in [1] and [9]. The techniques used

there do not seem to work in higher dimensions. LetAN = {1, 2, . . . , N} andLd =

AN × AN × · · · × AN
︸ ︷︷ ︸

d times

\{(1, 1, . . . , 1)}. Givenm = (m1, m2, . . . , md) ∈ Ld and1 ≤ j ≤

d we write

mj,1 =







(m1, m2, . . . , mj, 1, 1, . . . , 1) if 1 ≤ j < d

(m1, m2, . . . , md) if j = d
.

Also

∂+
j,kam1,m2,...,md

= am1,m2,...,mj−1,k+1,mj+1,...,md
− am1,m2,...,mj−1,k,mj+1,...,md

.

The main idea of the proof consists in writing the differenceam − a1,1,...,1, with m ∈

Ld, as a telescopic sum and estimating all the resulting terms.We distinguish two cases.

(i) All componentsmj > 1, j = 1, 2, . . . , d.

(ii) The number 1 appears exactly ink components, where1 ≤ k < d.

In order to make clear the idea let us first do the calculation when d = 3. Given

m ∈ Ld we write in the case (i)

am1,m2,m3 − a1,1,1 =

m1−1∑

n1=1

(an1+1,1,1 − an1,1,1) +

m1−1∑

n2=1

(am1,n2+1,1 − am1,n2,1)

+

m3−1∑

n3=1

(am1,m2,n3+1 − am1,m2,n3) (6.8)
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and in case (ii) we have the following possible identities

am1,m2,1 − a1,1,1 =

m1−1∑

n1=1

(an1+1,1,1 − an1,1,1) +

m2−1∑

n2=1

(am1,n2+1,1 − am1,n2,1), (6.9)

if m1, m2 > 1 andm3 = 1;

am1,1,m3 − a1,1,1 =

m1−1∑

n1=1

(an1+1,1,1 − an1,1,1) +

m3−1∑

n3=1

(am1,1,n3+1 − am1,1,n3), (6.10)

if m1, m3 > 1 andm2 = 1;

a1,m2,m3 − a1,1,1 =
m1−1∑

n2=1

(a1,n2+1,1 − a1,n2,1) +
m1−1∑

n3=1

(am1,1,n3+1 − a1,m2,n3), (6.11)

if m2, m3 > 1 andm1 = 1;

am1,1,1 − a1,1,1 =

m1−1∑

n1=1

(an1+1,1,1 − an1,1,1) (6.12)

if m1 > 1 andm2 = m3 = 1;

a1,m2,1 − a1,1,1 =

m2−1∑

n2=1

(a1,n2+1,1 − a1,n2,1,1) (6.13)

if m2 > 1 andm1 = m3 = 1, and

a1,1,m3 − a1,1,1 =

m3−1∑

n3=1

(a1,1,n3+1 − a1,1,n3) (6.14)

if m3 > 1 andm1 = m2 = 1.

We can write formula (6.8) as

am1,m2,m3 − a1,1,1 =

3∑

ℓ=1

mℓ−1∑

nℓ=1

∂+
ℓ,nℓ

amℓ,1, (6.15)

and in the case (ii), we can write each one of formulas (6.9)-(6.13) as

am1,m2,m3 − a1,1,1 =
3−k∑

r=1

mℓr−1
∑

nℓr =1

∂ℓr ,nℓr
amℓr ,1, (6.16)
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wherek ∈ {1, 2} is the number of components of(m1, m2, m3) equal to one. For example,

from (6.10) we have

am1,1,m3 − a1,1,1 =
m1−1∑

n1=1

(an1+1,1,1 − an1,1,1) (6.17)

=
m1−1∑

n1=1

∂1,n1am1,1,1 +
m3−1∑

n3=1

∂3,n3am1,1,m3 (6.18)

=

m1−1∑

n1=1

∂1,n1am1,1 +

m3−1∑

n3=1

∂3,n3am3,1 (6.19)

=
2∑

r=1

mℓr−1
∑

nℓr =1

∂ℓr ,nℓr
amℓr ,1. (6.20)

Observe that in this case we have chosenℓ1 = 1 andℓ2 = 3. Similarly, choosingℓ1 = 1,

ℓ2 = 2 andℓ1 = 2, ℓ2 = 3 we obtain formulas (6.9) and (6.11), respectively. To write

(6.12)-(6.14) as (6.16) we proceed in the same manner. For example, choosingℓ1 = 2,

from (6.13) we have

a1,m2,1 − a1,1,1 =

m2−1∑

n2=1

(a1,n2+1,1 − a1,n2,1) (6.21)

=

m2−1∑

n2=1

∂+
2,n2

a1,m2,1 =

m2−1∑

n2=1

∂+
2,n2

am2,1 (6.22)

=

ml1
−1

∑

nl1
=1

∂+
l1,nl1

aml1
,1. (6.23)

In general, in any dimensiond > 1, if m ∈ Ld, then we can write the analogous to (6.17)

in case (i) as

am1,m2,...,md
− a1,1,...,1 =

d∑

ℓ=1

mℓ−1∑

nℓ=1

∂+
ℓ,nℓ

amℓ,1. (6.24)

In case (ii), for eachk fixed components equal to1, there exist indexesℓr ∈ {1, 2, . . . d},

with r = 1, 2, . . . d − k, such thatℓ1 < ℓ2 < · · · < ℓd−k andmℓr
> 1, and we can write

am1,m2,...,md
− a1,1,...,1 =

d−k∑

r=1

mℓr−1
∑

nℓr=1

∂ℓr ,nℓr
amℓr ,1, (6.25)

which is the analogous to formula (6.21). Observe that thereare
(

d
d−k

)
= d!

k! (d−k)!
possi-

bilities of choices forℓ1 < ℓ2 < · · · < ℓd−k. Now we will estimate the right hand side of

identities (6.24) and (6.25). We have

|am1,m2,...,md
− a1,1,...,1| ≤

d∑

ℓ=1

mℓ−1∑

nℓ=1

|∂+
ℓ,nℓ

amℓ,1| ≤
d∑

ℓ=1

N∑

n=1

|∂+
ℓ an|,
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in case (6.24) happens, or

|am1,m2,...,md
− a1,1,...,1| ≤

d−k∑

r=1

mℓr−1
∑

nℓr=1

|∂ℓr,nℓr
amℓr ,1| ≤

d∑

r=1

N∑

n=1

|∂+
r an|,

if (6.25) holds. LetS(N, d) =
d∑

r=1

N∑

m=1

|∂+
r am|. Then, we have

|am1,m2,...,md
− a1,1,...,1| ≤ S(N, d), ∀ (m1, m2, . . . , md) ∈ Ld. (6.26)

Next step is to bound|a1,1,...,1| by S(N, d). We know by hypothesis that
N∑

m=1

am = 0,

∀m = (m1, m2, . . . , md). Then

Nda1,1,...,1 =
N∑

m=1

[a1,1,...,1 − am] = −
∑

m∈Ld

[am − a1,1,...,1].

Estimating the above identity using (6.26) we obtain

Nd|a1,1,...,1| ≤
∑

m∈Ld

|am1,m2,...,md
− a1,1,...,1| ≤

∑

m∈Ld

S(N, d) ≤ NdS(N, d). (6.27)

It follows from (6.26) and (6.27) that

|am| = |am1,m2,...,md
| ≤ |am1,m2,...,md

− a1,1,...,1| + |a1,1,...,1| ≤ 2S(N, d), (6.28)

wheneverm ∈ Ld and
N∑

m=1

am = 0. Combining (6.27) and (6.28) we conclude that

|am1,m2,...,md
| ≤ S(N, d)| holds for allm ∈ Ad

N such that
N∑

m=1

am = 0. Finally, using

Schwarz’s inequality we obtain

N∑

n=1

a2
n
≤

N∑

n=1

4S2(N, d) ≤ 4
N∑

n=1

{

Nd
d∑

r=1

d

N∑

n=1

|∂+
r an|

2

}

= 4d N2d
N∑

n=1

|∇+an|
2,

which is the discrete Poincaré’s inequality in dimensiond ≥ 1.
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