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ABSTRACT. In this paper, we study a 3 dimensional Hybrid system which involves a switching
mechanism such that at the moment of switching the differential equation that governs the model
is changing. We first show that there is a center manifold and based on the results in [2] we show
that the system under investigation has a Hopf bifurcation. An appropriate example is constructed

to illustrate the theory.
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1. INTRODUCTION

In this study, we consider a 3 dimensional hybrid system which involves impulses
and a switching mechanism, which implies that the moments are variable. The switch-
ing takes place while the impacts occur. Before and after each impact two different
differential equations govern the model. While one of the system is active the other

one is passive.

In [2] a planar discontinuous dynamical system has been studied and there the
Hopf bifurcation theorem is proved. We have extended these results to 3 dimension

and now we consider a different system in 3 dimensional space.

Methods of analysis of equations with variable moments of discontinuities can be
found in [1]-[3], [6]-[25].

The paper is organized as follows. In the next section we give the non-perturbed
system. Section 3 describes the center manifold. The bifurcation of periodic solutions
is studied in section 4. Section 5 is devoted to an example in order to illustrate the

theory.
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2. THE NON-PERTURBED SYSTEM

We consider a system
SL’/ = A(i)x, X Q_f F(i),
Al’|xer(i) = B(Z)l’, (21)
Ai‘wEF(i) = <_1>H—17

where i = 1,2 stands for the switching mechanism, z = (21,29, 23)7 € R3, the

matrices Ag;) and B are 3 x 3 real matrices of the form

a; =B 0 az 0 —f,
An=| 0/ o 0|, A= 0 by 0 ;

0 0 b | | B 0 oy

bii bz 0 ] [ ci 0 e
B(l) = 0 —1 by |, B(2) =1 ca —1 ¢ |,

bs1 b3y —1 0 ¢z —1

with 81,08, > 0, I')y(I'(2)) is half plane axy + bxy = 0 (cxy + doz = 0), whose
projection in xixs(xix3)-plane starts from origin, for a,b,c,d € R, none of which
is zero. Moreover, Az denotes the jump operator. That is, if x(t4)) is the point
on I';y before jump and z(f(;)) is the point on f(i) just after the jump, then Az =
z(tiy) — x(tm).

The system (2.1) is described by the triplet (¢, x,7) where ¢t and = denote the time
and the space variables, respectively, while the piecewise constant variable ¢ denotes
the switching mechanism. For each ¢ = 1,2, system (2.1) is a discontinuous dynamical
system and satisfies the existence and uniqueness conditions given in [1], and hence

there is a unique solution and this solution is continuable to +o00 and —oo.

A solution of (2.1) with the initial triplet (to, zo, 7o) is defined as follows: Starting
from the point (%o, o), the solution moves along the trajectory of o' = Agyz, with
the initial condition x(tg) = xo, until the time when this trajectory meets the half
plane I',). The meeting is certain to exist because of the structure of the system
all solutions must intersect the plane of discontinuity in a finite time. If ¢ = 6,
is the time when the jump occurs, then i(6y) = ip. At this time the switching
procedure takes place and the new value of the switching mechanism is evaluated
as 1y = 1(0f) = ip + (—1)°"'. At the same time the space variable also performs
a jump and it jumps to the point z(05) = (I + By,))z(by). For each i = 1,2 we
define set f‘(i) ={( + By))zr : x € ') }. Thus, after the jump, the phase point is on
the half plane f(io). Starting from that time, the solution moves along the trajectory
of ¥’ = Ag,yx, with the initial point at (67 ), until the time when this trajectory
meets the half plane I'i;,y. If ¢ = 6, is the time of meeting, then new values of the
switching and the space variables are iy = iy 4+ (—1)" ™ and z(0)) = (I + By,))z(61),
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respectively. After the impact, the system obeys the differential equation 2’ = A;,),

starting from the point z(6; ), and so on.

Despite many insertions on hybrid systems have been done so far, the problems
that we shall consider in this study, like Hopf Bifurcation and the center manifold,

are new.

To investigate the system we use the so-called generalized cylindrical coordinates.
At any time, when i = 1, we let z; = rcos ¢, T2 = rsin¢g, 3 = z, and when
i =2 we let 11 = rcos @), T2 = 2, T3 = rsin@). In this change of variables, when
i = 1, we consider the projection of the point z = (z1,x9,x3) on the x;xs-plane and
when i = 2, we consider the projection of the point z = (x1, o, z3) on the zyx3-plane
and the line segment joining the projection point and the origin. Here r denotes the
length of this line segment and ¢(;) denotes the angle between that line and positive

r1-axis measured in positive direction.

Now, from the differential part of (2.1) we obtain

dr
:>\(i)717

do

fz;) , (2.2)
= 0%,

do ) 2

where A\;) = /B, be) = B,-/ﬂ,-, fori=1,2.

To find the jump part, we investigate the cases when ¢ = 1 or 2 separately. Let
i = 1. Assume that initially the system is at the point (xg1, Zo2, o3), or in cylindrical
coordinates at the point (1o, z9) when ¢y = 0. The system will follow the differential
equation until the time when it meets the half plane I';;y. If the phase point is at
(711, T12, T13) before the impact, using Ax|xep(l) = Bz, we see that after the impact

the phase point will be at (Z11, 12, T13) where
T11 = (b + 1)@ + biazaz,
T1g = ba313,
T13 = b31711 + b3a1a.
If we denote the angle of I';) by <) and use the cylindrical coordinates, z1; =
1 COSY(1), T12 = T1SINY(1), Ti3 = 21, We get
T11=m7 ((bll + 1) cosyq) + biz sin 7(1)) ,
T19 = basz,
T13 =" (631 oS (1) + b3z sin fy(l)) )
In cylindrical coordinates, after the jump, the phase point will be at (7, Z;) with
71 = kiar1,

Z1 = bazz,
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where

. 2 ) 2
kis = \/[(bll + 1) cos (1) + biz sin 7(1)] + [bgl cos (1) + bz sin 7(1)] ) (2.3)

After this time, 7 is switched to 2, the first equation is paused, the second equation
is activated, and the system will obey the differential equation 2’ = Agyx until the
time when it touches the half plane I'(5). If the phase point is at (z91, 222, 23) where
the meeting occurs, and () is the angle of I'(5), then after switching it will be on f(g)

at the point (Zo1, Too, To3) Where

To1 = (c11 + 1)xo1 + c13293,
Tog = C21T91 + C23L23,

T93 = C3292.
In cylindrical coordinates, w1 = ry cos Y(2), Ta2 = 22, T3 = rpsin‘y(g), these lead to

i’gl = T2 ((Cll + 1) COS7Y(2) + C13 sin 7(2)) s
Tos =12 (21 CO8Y(2) + Cazsin () ,
To3 = 3229,

which means that after the jump if the phase point has cylindrical coordinates (75, 25),

at the angle 7(g), then

Ty = ko172,
Zg = C3222,
where
) 2 ) 2
ko = \/[(011 + 1) cosy(2) + ci3sin 7(2)] + [021 COS 7Y(2) + Ca3 5in 7(2)] ) (2.4)

Therefore, the part of the system (2.1) when ¢ = 1 can be written as

dr
doq)
dz

=bmyz, on) # Y1) (mod 27),
dog ~twx fw F 0 25

AT g0y =v1) (mod 27) = k()T
Ad)| ¢y =vr) (mod 2r) = 1y,

Az‘fbu):’m) (mod 27) = C(1)%,

where k() = kioko @ Cm=0) _ 1 cuy = bo3Ca0e’@ (2 =02) _ 1, 01y = Y@ — 70 and

02) = 27 + Y1) — Y2)- Similarly, consecutive two parts of the system corresponding
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to 7 = 2 can be written as
dr
do(2)

dz

= )\(2)7’,

=boz, 9@ # Y(2) (mod 27),
do(2) (2.6)

AT [ gy =2y (mod 20) = k)7
Ad@)]p(ay=r2) (mod 2r) = 2 — O2),

AZ‘¢(2)=’Y(2) (mod 2m) = €(2)%,

where ko) = kiokorer®fm — 1, Ca) = bozcz2e?®%) — 1. The domains of (2.5) and (2.6)
are
Ry, = | @nm + J(2), 2(n + D) + )]
nez,
and
R o = U (2nm + 30y, 2nm + Y2,
nez

respectively. We, now, construct the Poincaré section on x;z3-plane, starting with ¢ =
1, and consider the solution (7(¢)), 2(¢(1))) with the initial position at (1o, z9) when
¢y = 0. The solution will move along the trajectory of (2.5) with the initial position
at (1o, z0) until the time when the angle is ¢y = (). At this time the solution
is at (r1,21) where ri = exp(Awyya))ro, 21 = exp(bayya))zo, and switching occurs.
After that time the phase point is at (7, Z;) where 7, = kior1 = k12 exp(Aa)y(1))70,
%1 = bazzy = byz exp(ba)y(1))%0, and the solution moves along the trajectory of (2.6)
until the time when it meets the half plane I'p). The solution of (2.6) with the
initial condition (1)) = 71, 2(a)) = Z1, for Y1) < P2) < Y2 is given by r(d)) =
exp(A2) (D) —7(1)))71, 2(P(2)) = exp(bey(d2) —Y1)))Z1- At the angle (9, just before
the next impact, we have

7y = 1(Y(2)) = k12 exp(Aw)Y1) + A2) (2T — b2)))70,
2o = 2(Y(2)) = caz exp(ba)v(1) + b2 (21 — O2))) 20

Once the impact takes place, the solution will be on the half plane f(g) at the point
(T9, Z2) = (ko172, c3222) and system (2.5) will be active. Till the solution meets the half
plane I'(y), that is, for o) < @1y < 2m+7(1), we have r(¢)) = exp(Aq) (¢ —F(2))) T2,

2(¢ay) = exp(bay(Pa)y — Y2)))Z2, and on the Poincare section, we have

7’(27’(’) = ]{312]{721 exp(A(l) (27’(’ — 9(1)) + )\(2) (271' — 9(2)))7”0,
2(2m) = bazcaz exp(bay (27 — O1y) + by (27 — 0(2))) 20

We, now, define

q1 = ]{312]{721 exp()\(l) (27’(’ - 9(1)) + )\(2) (271' - 9(2))), (27)
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and

g2 = 623032 eXp(b(l)(Qﬂ' - 9(1)) + b(g)(Qﬂ' — 9(2))) (28)
Note that ¢; > 0,9, > 0. Depending on ¢; and g we have the following lemmas.

Lemma 2.1. Assume that ¢ = 1. If

271'—9(1) 27‘(‘—9(2) .
B + B2 7
(i) go < 1, then a solution with initial position on x1x9-plane is periodic with period

(i) g2 = 1, then all solutions are periodic with period T =

T, and all other solutions lie on the surface of cylinders and they move toward
the x1xo-plane, i.e., x1x9-plane is center manifold and x3-axis is stable manifold;
(iii) g2 > 1, then a solution with initial position on x1xe-plane is periodic with period
T, and all other solutions lie on the surface of cylinders and they move away from

xr1x9-plane, i.e., x1xo-plane is center manifold and x3-axis is unstable manifold.

Lemma 2.2. Assume that ¢; < 1. If

(i) g2 = 1, then a solution with initial position on x3-axis is T-periodic and all other
solutions will approach to xs3-axis, i.e., r3-azis is center manifold and x1xs-plane
is stable manifold;

(ii) g2 < 1, then all solutions will spiral toward the origin, i.e., origin is asymptoti-
cally stable;

(iii) go > 1, then a solution with initial position on x1xs-plane spirals to origin, and
a solution with initial position on xs-axis will move away from the origin, i.e.,
origin is half stable (or conditionally stable).

Lemma 2.3. Assume that ¢ > 1. If

(i) ¢ = 1, then a solution with initial position on wxs-azis is T-periodic and all
other solutions will move away from xs-azxis, i.e., r3-axis is center manifold and
r1x2-plane is unstable manifold;

(ii) g2 < 1, then a solution with initial position on xyxo-plane moves away from
origin, and a solution with initial position on x3-axis will move toward the origin,
i.e., origin is half stable (or conditionally stable);

(iii) go > 1, then all solutions will move away from origin i.e., origin is unstable
focus.

From now on, we assume that ¢ = 1,¢2 < 1, i.e., x1z9-plane is center manifold
and z3-axis is a stable manifold for (2.1).
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3. CENTER MANIFOLD
Consider the system

o' =Apz+ folr), = &Tlae,
A:L’|xep(i) = B(,’)ZE, (3.1)
Ai|r€F(i) = (_1)i+17

where A, By and 'y are the same as in (2.1), fu)(z) = O(||z]|?), and fu) =
(filu fig, fzg) fori = 1, 2. We assume that f11(0, 0, 1’3) = f12(0, 0, .f(fg) = 0, f21 (0, Ta, 0) =
f31(0,22,0) = 0 for all x5, x5 € R. Using the cylindrical coordinates, we obtain

dr
do)
dz

= A7+ Py(r, ¢qy, 2),

d =buyz + Q(l)(r> a1y, z), day # V) (mod 27),
o0 (3.2)

A7’|¢>(1)=’Y(1) (mod 2m) = k(l)r7
Ad)lpay=r1) (mod 2m) = O(1),
Az40y=v01) (mod 27) = €(1)%5

when ¢ = 1, and

dr
do)
dz

= Ao + Pa)(r, 92, 2),

d = bz + Q(2)(7°> ?2), z), @) # V2 (mod 27),
Pe) (3.3)

AT|¢>(2)=’Y(2) (mod 2m) = k(2)r7
AP2)]pay=rz) (mod 27) = 2T — O2),

Az[ gy =y05) (mod 27) = €(2) 2,

when ¢ = 2, where functions F; and ()(;) are 27 periodic in ¢;, continuously dif-
ferentiable and Py = O(r?,2), Qu = O(r* z), for i = 1,2. The domain of (3.2)
is Ry, and the domain of (3.3) is Ry, . We now use the t-substitution which was
introduced in [2]. When i = 1 we let ¢ = ¥(¢ (1)), and when i = 2 we let ¢ = V(¢ (z)),

so that we obtain

dr

% = )\(2)7" + F(Z) (Tv (bu Z)v

dz

% = b(Z)Z -+ G(z) (7’, ¢7 Z)v ¢ ;é 90(7,)7 (34)

AT|¢=SD(1') = k(i)r7
AZ|¢=<P(¢) = 0%

where F;)(r,¢,2) = Pu(r,v™(¢), 2), Guy(r.¢,2) = Quy(r,v™1(¢),2) and ¢ =
(@), for i = 1,2. Following the methods given in [4] we see that system (3.4) has
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two integral equations whose equations are given by
/ X(l G(l ( (S,¢,T),S,Z(S,¢,T))d$

Y(y(2)+2nm)
+/'“ X+ (6, 8) Gy (r(5, 6,7, 5, 2(5, 6, 7))ds, (3.5)

—00

and

—L Xay— (6 5)Fuy(r(s, 6, 2), 5, (s, 6, 2))ds

—/’ Xy (6, 8)Fiy (r(s5, 6, 2), 8, (5, 6, 2))ds,  (3.6)
(A1) +2(n+1)m)

when i =1, 2n7 4 J(2) < ¢y < 2(n + 1)7 + (1) for some integer n, and

/ Xy (6, 8)Gia) (r (s, 6,7), 5, (5, 6, 7)) ds

Y(y(1)+2nm)
+/'“ Xyt (6, )Gy (r(5,6,7), 5, 2(5, 6,7))ds,  (3.7)

—00

and

= —/d) X(g)_(¢, S)F(g)(T(S,QS, Z)a572(57¢> T))ds

S X0 F(r(s.6.2), 5050, 9)ds, (33)
Y (Y(2)+2n)
when i = 2, Jq) + 2n7 < ¢(2) < Y(2) + 2n7 for some integer n. In the above integrals
X1 (¢, 5) = P @79 H (1+cq))
s<p)<é

and

Xo-(¢,5) =00 TT (14 k).

5<p(5)<¢
Moreover, in (3.5) and (3.7), the pair (r(s, ¢,7), 2(s, ¢,r)) denotes a solution of (3.4)
with r(¢,¢,7) = r, and in (3.6) and (3.8), the pair (r(s, ¢, 2), 2(s, ¢, z)) denotes a
solution of (3.4) with z(¢, ¢, z) =

As it has been done in [4], one can show that there are positive constants K,
My, og such that ¢, satisfies:

Dy(p,0) =0, (3.9)
[@o(@,71) = Po(, r2)|| < Kolljry — 72| (3.10)

for all 71,7 > 0 such that a solution w(¢) = (r(¢), z(¢)) of (3.4) with the initial
condition w(pg) = (ro, Po(Po,70)), 70 > 0, is defined on R and satisfies

(@)l < Moroe™@=%), ¢ > ¢y (3.11)
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Similarly, there exist positive constants K_, M_, o_ such that ®_ satisfies:
®_(9,0) =0, (3.12)
[P (¢, 21) = (0, 22)|| < K_l|z1 — 2| (3.13)

for all 21, 25 such that a solution w(¢) = (r(¢), 2(¢)) of (3.4) with the initial condition
w(po) = (P_(¢o, 20), 20), 20 € R is defined on R and satisfies

(@)l < M-]|z]le™= @), ¢ < gy

Set Sop = {(r,¢,2) : z = $o(p,7)} and S_ = {(r,¢,2) : 7 = ®_(¢,2)}. In this
setting Sy is called the center manifold and S_ is called the stable manifold.
The analogues of the following Lemma together with its proof can be found in

[4].

Lemma 3.1. If the Lipschitz constant ¢ is sufficiently small, then for every solution
(r(¢), 2(¢)) of (3.4) there exists a solution (u(¢),v(¢)) of (3.4) on the center manifold
So such that

Ir(9) — w(@)]| < 2Mo]lr(éo) — ul¢o)[le @,
12(6) — ()|l < Mollz(do) — v(do)lle= @), ¢ > ¢y,

where My and oy are the constants used in (3.11).

(3.14)

On the local center manifold Sy, the first coordinate of the solutions of (3.4)

satisfies the following system:

d
ﬁ = >\(i)’f‘ + F(i)(ra o, (I)O(¢7 T))v o F# (i)

AT|¢=<P(¢) = k@

(3.15)

Theorem 3.2. The trivial solution of (3.4) is stable, asymptotically stable or unstable

if the trivial solution of (3.15) is stable, asymptotically stable or unstable, respectively.

4. BIFURCATION OF PERIODIC SOLUTIONS

In this section we investigate the bifurcation of periodic solutions. Let us consider

the system

v = Awz + fo (@) + pfo (e p), = ¢ Ta,
A:L’|xep(i) = B(,’)ZE, (4.1)
Ai|r€F(i) = (_1)i+17

where Ay, By, fu) and I'(;) are the same as in (3.1). For each ¢ = 1,2, the function
f(i) is assumed to be analytic in x € R, u € (—puq, o) for sufficiently small pg, and

f(0, ) =0 for all u € (—po, pto). Using the generalized cylindrical coordinates, as it
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is done for (3.1), and then using i-substitution as it is done for (3.2) and (3.3), we

obtain

d
d
d; bay(m)z +Gay(r, 0,2, 18), ¢ # ©a), (4.2)

AT =y = Ky (1),

AZ|¢=90(2') = C() (1)z,
where all of the new elements depending on u can be evaluated as it was done for
(3.4). Following the methods, as we did to obtain (3.5)—(3.8) one can see that (4.2)

has two integral manifolds whose equations are given by

Dol 1) = /X (6,5, 1)G oy (r(5, 6,7, 1), 5, 2(5, 6,7, 1), )

h(2)
+ X(2)+(¢> S>IU“)G(2)(T(S>¢> r, /L),S,Z(S,Qb,’l", ,u),u)ds, (43)

—00

and

(6y20) = /Xu (6,8 1) Fly (15, 6, 2, 1), 5, 2(5, 6, 2 1), 1)

_i 2)— (0, 8, 1) Fio)(r(s, &, 2, 1), 5, 2(s, 6, 2, ), p)ds, (4.4)
(1)

when i = 1, 2n7+%(9) < ¢y < 2(n+1)7471) for some integer n, Vo) = V(7y2)+2nm),
by =¥ () + 2(n + ), and

Dol 7, 1) = /X (6,5, 1)G o) (5, 6,7, 1), 5, 2(5, 6,7, ), 1)

Y1)
+ X(l)+(¢> S>IU“)G(1)(T(S>¢> r, /L),S,Z(S,Qb,’l", ,u),u)ds, (45)

—00

and

() = /X<2 (6,5, 1) Fioy (1 (5, &, 2, 1), 5, 2(5, 6,7, ), 1)

-/, V= (¢, 8, 1) Py (r(s, 6, 2, 1), 8, 2(s, 6, 2, 1), p)ds, (4.6)
(2)

when i@ = 2, Yy + 2n7 < d2) < Y(2) + 2n7 for some integer n, Yy = Y(ya) + 2n7),
12(2) = ¥(J2) + 2n7). In the above integrals

Xy (¢, 8, 1) = ebw (W(9=s) H (1 +cu(p))
s<pj)<é

and

X(z (¢> S :U“) = 6)\(1)( we=s) H (1 + k(l)(u))

SSP(j) <P
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Moreover, in (4.3) and (4.5), the pair (r(s, ¢, r, 1), z(s, ¢,r, 1)) denotes a solution of
(4.2) with r(¢, ¢, r, u) = r, and the pair (r(s, ¢, z, 1), 2(s, ¢, z, 1)), in (4.4) and (4.6),
denotes a solution of (4.2) with z(¢, ¢, z, u) = z.

Set So(u) = {(r,¢,2,1) = 2 = Po(¢,r,u)} and S_(u) = {(r,¢,2,u) : 7 =
®_(¢p,z,1)}. On the local integral manifold Sy(p), the first coordinate of the so-

lutions of (4.2) satisfies the following system:

dr
= = )\2 FZ ) 7(1) s Iy ) ) 1))
o @ ()T + Fay(r, 0, @o(, 7 p), 1), & # i) (47)
AT|¢=<P(¢) = ki) (p)r-
Similar to (2.7) and (2.8) one can define
¢ (1) = krzkar exp(Aq) (1) (27 — 0(1)) + A2y (1) (27 — 02))), (4.8)
and
q2 (,u) = b23C32 exp(b(l) (,u) (271' — ‘9(1)) + b(g) (,u) (271' - ‘9(2))) (49)

System (4.7) is a system studied in [2] and there it was shown that this system, for
sufficiently small p, has a periodic solution with period 77 = T'(u) ~ T. Here we will
show that if the first coordinate of a solution of (4.2) is 7"-periodic, then so is the

second one.

We first note that

X(z)+(¢ + T/a s+ T/a ,u) = X(2)+(¢7 S, :U“)a
T(S+T,>¢+T,>Ta :u) = T(S>¢> r, ,u)>
Z(3+T/7¢+T/7Znu> = Z(S7¢7Z7/’l/>7

and each G(;) is 1" periodic in ¢. Assume without loss of any generality that ¢ = 1.

Now,

Do(¢ + 17,7, 1)

p+T"
= / X(1)+(¢+T/,S,/L)G(1)(T(S,¢+T,,T, M),S,Z(S,¢+T,,T, :u)nu“)ds

[e.e]

Yy +T’
+ / Xy (@0 + T, 8, 0)Goy(r(s, o+ T, r,pn), s, 2(s, 0+ T, r, ), p)ds

p
= / Xy (o, t, )Gy (r(t, ¢ + T' vy ), t, 2(t, @, 1,y ), p)dt

P(2)
+ X(2)+ <¢7 i M)G(2) (T(tv (bv T, u)v t, Z(tu ¢7 T :U’)v M)dt

—00

= q)0(¢7 r, ,[L),

where we used the substitution s = ¢ + T" after the first equality. Then we have the

following theorem which, in case of two dimension, can be found in [2].
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Theorem 4.1. Assume that ¢;(0) = 1, ¢1(0) # 0, |g2(0)] < 1, and the origin is
a focus for (3.1). Then, for sufficiently small ro and 2, there exists a function
= 8(ro, 20) such that the solution (r(¢,d(ro, 20)), 2(¢,(ro, 20))) of (4.2), with the
initial condition r(0,0(ro, 20)) = 70,2(0,(r0,20)) = 20, s periodic with a period,
T' = (2m = 6p)) /01 + (21 — O(2))/ B2 + o( |l

5. AN EXAMPLE

As an example consider the system

o = Awz + fo (@) + pfo (e p), = ¢ Ta,
A:L’|xep(i) = B(,’)ZE, (5.1)
Ai|r€F(i) = (_1)i+17

where
-1 -2 0 1 0 =2
Ap=1]2 -1 0 |, Agp=|0 -01 0 |,
0 0 -01 2 0 11
-1 1 0 -1 0 2
By=|0 -1 1|, Bgyg=|2 -1 0 |,
1 =3 -1 0 1 -1
N {(w1, 29, 23) € R®:2, = \/5932,9:1 > 0},
F(2) = {(x1,$2,$3) S R3 X = \/§$3,.f1}'1 > O}’
—r1\/af + a3 —x14/23 + 22
foy(@) = | —mv/al+a3 |, fole)=| mv/ai+ad |,
_$3vx%+$§ —l’gx/xf—l—x%
and
T1 + T3 + pr1 73 Tl — WToTs3
f(l)(x7 ,LL) = ) + T1X3 + HT1To s f(2) (,’L‘7 Iu) = To — UT1T3
T3 T3 — UT122

Now, we find f(l) and f‘(g) as
Loy = (I+Bw)ly
= {(z2, 73,711 — \/gxg) (21, 20, 23) € Ty }
= {(z1,22,23) : z3 =0,21 > 0}
and
Pe = ([+Bg)le

= {(2x3,221,22) : (x1,22,23) € L9y}
= {(21,®2,13) : T2 = V3x1, 21 > 0}.
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(a) n=1 (b)y n=2 (c)n=3

FIGURE 1. The solution of (5.1) starting at (z19,%20,%30) =
(0.002,0,0.001) with = 0.1 after n rotations.

(a) n=1 (b)y n=2 (c)n=3

FIGURE 2. The solution of (5.1) starting at (z19,%20,%30) =
(0.2,0,0.01) with p = 0.1 after n rotations.

Thus, we have yq) = 7/6,91) = 0,72 = 7/6,%2) = 7/3, and hence 0y =
7/6,02) = 117/6. Therefore, using (4.8) and (4.9), we obtain ¢;(x) = e*" and
¢@(p) = et~/ Clearly, ¢1(0) = 1,¢,(0) # 0 and |g2(0)] < 1. Hence, by Theorem
4.1, system (5.1) has a periodic solution with period ~ 7. In Figure 1, an inner

solution of (5.1) is seen. Figure 2 shows an outer solution of (5.1).
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