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ABSTRACT. In this paper, we have studied some extensions of Hardy-Hilbert’s inequality with

an improved weight coefficient. We have also established reverse inequalities of Hardy-Hilbert type

inequalities.
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1. INTRODUCTION

If an, bn ≥ 0, p > 1, 1
p
+ 1

q
= 1, and 0 <

∑∞

n=1 an
p < ∞, 0 <

∑∞

n=1 bn
q < ∞, then

the famous Hardy-Hilbert inequality (see Hardy et al. [2] texolowa) is given by

∞
∑

n=1

∞
∑

m=1

ambn

m + n
<

π

sin(π/p)

{

∞
∑

n=1

ap
n

}1/p{
∞

∑

n=1

bq
n

}1/q

, (1.1)

where the constant factor π
sin(π/p)

is the best possible. This inequality plays important

role in analysis. Considerable attention has been given to develop some types of

strengthened inequality by estimating the weight-coefficient. Gau [3] considered the

general case and proved a new inequality for the weight coefficient w(q, n) as

w(q, n) <
π

sin(π/p)
−

θp

n1/p

(

q > 1,
1

p
+

1

q
= 1, n ∈ N

)

, (1.2)

where θp = p − 1. Yang and Gau [8] found the best possible value for θp = θ =

1 − C = 0.42278433+, where C is Euler’s constant. They also proved the following

new Hardy-Hilbert’s inequality

∞
∑

n=1

∞
∑

m=1

ambn

(m + n)
<

{

∞
∑

n=1

[ π

sin(π/p)
−

1 − C

n1/p

]}
1

p
{

∞
∑

n=1

[ π

sin(π/p)
−

1 − C

n1/q

]}
1

q

.
(1.3)
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Yang [5] proved a strengthened version of Hardy-Hilbert’s inequality as follows

∞
∑

n=1

∞
∑

m=1

ambn

m + n
<

{

∞
∑

n=1

[ π

sin (π/p)
−

1

2n1/p + n−1/q

]

ap
n

}1/p

×
{

∞
∑

n=1

[ π

sin π/p
−

1

2n1/q + n−1/p

]

bq
n

}1/q

. (1.4)

Yang [6] has given reverse of the Hardy-Hilbert type inequality as If 0 < p < 1,
1
p

+ 1
q

= 1, an, bn ≥ 0, such that 0 <
∑∞

n=1
ap

n

2n+1
< ∞ and 0 <

∑∞

n=1
bq
n

2n+1
< ∞, then

∞
∑

n=1

∞
∑

m=1

ambn

(m + n + 1)2
> 2

{

∞
∑

n=0

[

1 −
1

4(n + 1)2

] ap
n

2n + 1

}
1

p

×
{

∞
∑

n=0

[

1 −
1

6(n + 1)(2n + 1)

] bq
n

2n + 1

}
1

q

, (1.5)

where the constant factor is the best possible.

In this paper, we have generalized the results of [5] and [6], which is related to

the double series of the form

∞
∑

n=1

∞
∑

m=1

ambn

m + n
.

For this series, we have estimated the weight-coefficient of the following form

w(qk, n) =

∞
∑

m=1

1

m + n

( n

m

)1/qk

(qk > 1, pk + qk = 1, n ∈ N). (1.6)

2. PRELIMINARIES

The sequence space lp has been generalized to l(p), in the following manner (see

Simmons [4]).

Definition 2.1. Let a bounded sequence, p = (pk) of strictly positive numbers, with

0 < pk ≤ sup pk = H < ∞. Then

l(p) = {x = (xk) :
∑

|xk|
pk < ∞}.

A natural metric on l(p) is

d(x, y) =
(

∞
∑

k=0

| xk − yk |pk

)1/M

,

where M = max(1, H).

Das and Nanda [1] have generalized Holder’s inequality in l(p) space, which is

given below.
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Lemma 2.1 (Das and Nanda [1]). Let (pn)∞n=1 is a real sequence be defined by 1
pn

+ 1
qn

=

1, for all n. Let an, bn ≥ 0. We write

Am =

m
∑

n=1

an
pn , Bm =

m
∑

n=1

bn
qn,

A =
∞

∑

n=1

an
pn, B =

∞
∑

n=1

bn
qn

and whenever the series on the right converge.

(a) Let pn > 1 for all n. Then

(i)

m
∑

k=1

akbk ≤ αmβm, (2.1)

where αm = sup
1≤n≤m

1

pn

+ sup
1≤n≤m

1

qn

, βm = sup
1≤n≤m

A1/pn

m B1/qn

m .

(ii) If a ∈ l(p), b ∈ l(q), then ab ∈ l and

∞
∑

k=1

akbk ≤ αβ, (2.2)

where α = sup
n≥1

1

pn
+ sup

n≥1

1

qn
, β = sup

n≥1
(A1/pnB1/qn).

(b) Let 0 < pn < 1 for all n. Then

(i)

m
∑

k=1

apk

k ≤ γm

[

sup
1≤n≤m

pn + sup
1≤n≤m

(1 − pn)
]

, (2.3)

where γm = sup
1≤n≤m

[(

m
∑

k=1

b
p′

k

k

)1−pn
(

m
∑

k=1

akbk

)pn
]

;

(ii) if a ∈ l(p) and b ∈ l(p′), then

∞
∑

k=1

apk

k ≤ γ
[

sup pn + sup(1 − pn)
]

, (2.4)

where γ = sup
n

[(

∞
∑

k=1

b
p′

k

k

)1−pn
(

∞
∑

k=1

akbk

)pn
]

.

It may be observed that by taking pn = constant, we get the usual Holder’s inequality

for lp space.

Lemma 2.2 (Yang [7]). If for r = 0, 1, 2, 3, 4, f (r)(∞) = 0, f (2r−1)(x) < 0, f (2r)(x) ≥

0, x ∈ [1,∞), and
∫ ∞

1
f(x)dx < ∞, then

∞
∑

m=1

f(m) ≤

∫ ∞

1

f(x)dx +
1

2
f(1) −

1

12
f ′(1). (2.5)
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Lemma 2.3 (Yang [5]). If x > 1, n ∈ N , then

fn(x) + gn(x) >
1

2
−

1

12n
−

1

2n3
. (2.6)

3. MAIN RESULTS

Lemma 3.1. If (pk) and (qk) are real bounded sequences defined by p−1
k + q−1

k = 1

where qk > 1 for all k ∈ N, n ∈ N then

w(qk, n) < sup
k≥1

{ π

sin(π/pk)
−

1

n1/pk
[fn(pk) + gn(pk)]

}

, for all k ≥ 1. (3.1)

Where w(qk, n) is defined by (1.6), and for x > 1

fn(x) = x +
1

12x
+

1

(1 + x)n
+

1

12xn2
+

1

3(1 + 3x)n3

gn(x) =
−1

12xn
−

1

2(1 + 2x)n2
−

7

12
−

1

2n
+

1

12n2
−

7

12n3

Proof. Let for all k ≥ 1

gk(x) =
1

(x + n)x1/qk
, where x ∈ [1,∞)( qk ≥ 1, n ∈ N). (3.2)

We define f(x) = supk≥1 gk(x). By (2.5), we obtain that

∞
∑

m=1

1

(m + n)m1/qk
≤ sup

k≥1

{

∫ ∞

1

1

(x + n)x1/qk
dx

+
( 1

12
−

1

12pk

) 1

1 + n
+

1

12(1 + n)2

}

. (3.3)

Since for all k ≥ 1

∫ 1

n

0

1

(1 + y)y1/qk
dy =

∫ 1

n

0

∞
∑

υ=0

(−1)υyυ−1/qkdy

=
∞

∑

υ=0

(−1)υ

∫ 1

n

0

yυ−1/qkdy =
pk

npk

∞
∑

υ=0

(−1)υ

(1 + υpk)nυ

>
pk

npk

3
∑

υ=0

(−1)υ

(1 + υpk)nυ

=
1

npk

[

pk +
3

∑

υ=1

(−1)υ

υnυ
−

3
∑

υ=1

(−1)υ

υ(1 + υpk)nυ

]



GEN. HARDY-HILBERT INEQU. 485

putting x = ny, we find that

∫ ∞

1

1

(x + n)x1/qk
dx =

1

n1/qk

∫ 1

n

0

1

(1 + y)y1/qk
dy

=
1

n1/qk

[

∫ ∞

0

1

(1 + y)y1/qk
dy −

∫ 1/n

0

1

(1 + y)y1/qk
dy

]

=
1

n1/qk

[ π

sin ( π
pk

)
−

pk

npk

∞
∑

υ=0

(−1)υ

(1 + υpk)nυ

]

<
1

n1/qk

π

sin ( π
pk

)
−

1

n

[

pk +
3

∑

υ=1

(−1)υ

υnυ
−

3
∑

υ=1

(−1)υ

υ(1 + υpk)nυ

]

.

We then find that

1

1 + n
=

1

n

(

1 +
1

n

)−1

<
1

n

(

1 −
1

n
+

1

n2

)

,

and
1

(1 + n)2
=

1

n2

(

1 +
1

n

)−2

<
1

n2

(

1 −
2

n
+

3

n2

)

.

Substituting the above results in(3.3), by (1.6) we have (3.1).

Lemma 3.2. If (pk) and (qk) are real bounded sequences defined by p−1
k + q−1

k = 1

where qk > 1 for all k ∈ N, n ∈ N then

w(pk, n) < sup
k≥1

{ π

sin(π/pk)
−

1

2n1/qk + n−1/pk

}

for all k ∈ N. (3.4)

Proof: Since for n ≥ 3,
(1

2
−

1

12n
−

1

2n3

)(

1 +
1

2n

)

=
1

2
+

1

n

(1

6
−

1

24n
−

1

2n2
−

1

4n3

)

>
1

2
,

then
1

2
−

1

12n
−

1

2n3
>

1

2 + n−1
(n ≥ 3).

By (3.1) and (2.6), we have for all k ≥ 1

w(qk, n) < sup
k≥1

{ π

sin(π/pk)
−

1

n1/pk

(1

2
−

1

12n
−

1

2n3

)}

< sup
k≥1

{ π

sin(π/pk)
−

1

2n1/pk + n−1/qk

}

(n ≥ 3). (3.5)

Taking θp = 1 − C, by (1.2)(see Yang and Gau [8]), we find that for all k ≥ 1

w(qk, 1) < sup
k≥1

{ π

sin(π/pk)
−

1 − C

1

}

< sup
k≥1

{ π

sin(π/pk)
−

1

2 × 1 + 1

}

. (3.6)

Since C < 3/5 = 0.6, then we have

1

2 × 21/pk + 2−1/qk
<

1 − C

21/pk
, for all k ≥ 1
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and

w(qk, 1) < sup
k≥1

{ π

sin(π/pk)
−

1 − C

21/pk

}

< sup
k≥1

{ π

sin(π/pk)
−

1

2 × 21/pk + 2−1/qk

}

.

It follows that for n = 1, 2, (3.4) also holds. Then (3.4) is valid for any n ∈ N .

Theorem 3.1. If an, bn ≥ 0, (pk) and (qk) are real bounded sequences defined by
1
pk

+ 1
qk

= 1, where pk > 1 for all k ∈ N , and 0 <
∑∞

n=1 apk
n < ∞, 0 <

∑∞

n=1 bqk
n < ∞.

Then

∞
∑

m=1

∞
∑

n=1

ambn

m + n
< α sup

k≥1

{

∞
∑

n=1

[ π

sin(π/pk)
−

1

2n1/pk + n−1/qk

]

apk
n

}
1

pk

×
{

∞
∑

n=1

[ π

sin(π/pk)
−

1

2n1/qk + n−1/pk

]

bqk
n

}
1

qk (3.7)

and we also have

∞
∑

m=1

(

∞
∑

n=1

ambn

m + n

)pk

< α sup
k≥1

[ π

sin(π/pk)

]pk−1

×

∞
∑

n=1

[ π

sin(π/pk)
−

1

2n1/pk + n−1/qk

]

apk
n . (3.8)

Proof. By generalized Holder’s inequality (2.2), we have

∞
∑

m=1

∞
∑

n=1

ambn

m + n
=

∞
∑

m=1

∞
∑

n=1

[ 1

(m + n)1/pk

(m

n

)1/pkqk

am

][ 1

(m + n)1/qk

( n

m

)1/pkqk

bn

]

≤ α sup
k≥1

{

∞
∑

m=1

∞
∑

n=1

1

m + n

(m

n

)
1

qk apk
m

}
1

pk

{

∞
∑

m=1

∞
∑

n=1

1

m + n

( n

m

)
1

pk bqk
n

}
1

qk

= α sup
k≥1

{

∞
∑

n=1

[

∞
∑

m=1

1

m + n

( n

m

)1/qk
]

apk
n

}1/pk

×
{

∞
∑

n=1

[

∞
∑

m=1

1

m + n

( n

m

)1/pk
]

bqk
n

}1/qk

= α sup
k≥1

{

∞
∑

n=1

w(qk, n)apk
n

}1/pk
{

∞
∑

n=1

w(pk, n)bqk
n

}1/qk

.
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Hence by (3.4), inequality (3.7) holds.

Since by (3.4), w(pk, n) < π
sin(π/pk)

, then by Holder’s inequality (2.2), we obtain

∞
∑

n=1

ambn

m + n
=

∞
∑

n=1

[ an

(m + n)1/pk

( n

m

)1/pkqk
][ 1

(m + n)1/qk

(m

n

)1/pkqk
]

≤ α sup
k≥1

{

∞
∑

n=1

[ 1

(m + n)

( n

m

)1/qk
]

apk
n

}1/pk
{

∞
∑

n=1

[ 1

(m + n)

(m

n

)1/pk
}1/qk

= α sup
k≥1

{

∞
∑

n=1

[ 1

(m + n)

( n

m

)1/qk
]

apk
n

}1/pk

{w(pk, n)}1/qk

< α sup
k≥1

{

∞
∑

n=1

[ 1

(m + n)

( n

m

)1/qk
]

apk
n

}1/pk
{ π

sin(π/pk)

}1/qk

By (3.4), we find

∞
∑

m=1

(

∞
∑

n=1

ambn

m + n

)pk

< α sup
k≥1

[ π

sin(π/pk)

]pk/qk
∞

∑

m=1

∞
∑

n=1

1

(m + n)

n

m

)1/qk

apk
n

= α sup
k≥1

[ π

sin(π/pk)

]pk−1
∞

∑

n=1

[

∞
∑

m=1

1

(m + n)

( n

m

)1/qk
]

apk
n

= α sup
k≥1

[ π

sin(π/pk)

]pk−1
∞

∑

n=1

w(qk, n)apk
n

= α sup
k≥1

[ π

sin(π/pk)

]pk−1
∞

∑

n=1

[ π

sin(π/pk)
−

1

2n1/pk + n−1/qk

]

apk
n

This proves (3.8).

4. SOME REVERSE TYPE INEQUALITIES

In this section we have generalized the reverse inequalities of Hardy-Hilbert type

inequalities in l(p) space.

Lemma 4.1 (Yang [6]). Define the weight function w(n) as

w(n) =
(

n +
1

2

)

∞
∑

k=0

1

(k + n + 1)2
, n ∈ N0(= N ∪ {0}). (4.1)

then we have

1 −
1

4(n + 1)2
< w(n) < 1 −

1

6(n + 1)(2n + 1)
(n ∈ N0). (4.2)
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Theorem 4.2. If an, bn ≥ 0, (pk) and (qk) are real sequences defined by 1
pk

+ 1
qk

= 1,

where 0 < pk < 1 for all k ∈ N , and 0 <
∑∞

n=0
a

pk
n

2n+1
< ∞, 0 <

∑∞

n=1
b
qk
n

2n+1
< ∞. Then

∞
∑

n=0

∞
∑

m=0

ambn

(m + n + 1)2
≥ 2α inf

k≥1

{

∞
∑

n=0

[

1 −
1

4(n + 1)2

] apk
n

2n + 1

}1/pk

×
{

∞
∑

n=0

[

1 −
1

4(n + 1)2

] bqk
n

2n + 1

}1/qk

(4.3)

where α = (sup pk + sup (1 − pk))
−1.

Proof. By the reverse Holder’s inequality(2.4) and (4.1), we have

∞
∑

n=0

∞
∑

m=0

ambn

(m + n + 1)2

=

∞
∑

n=0

∞
∑

m=0

[ am

(m + n + 1)2/pk

][ bn

(m + n + 1)2/qk

]

≥ (sup pk + sup (1 − pk))
−1 inf

k≥1

{

∞
∑

n=0

∞
∑

m=0

apk
m

(m + n + 1)2

}
1

pk

{

∞
∑

m=0

∞
∑

n=0

bqk
n

(m + n + 1)2

}
1

qk

= α inf
k≥1

{

∞
∑

n=0

[

∞
∑

m=0

m + 1/2

(m + n + 1)2

] 2apk
m

2m + 1

}
1

pk

{

∞
∑

n=0

[

∞
∑

m=0

n + 1/2

(m + n + 1)2

] 2bqk
n

2n + 1

}
1

qk

= 2α inf
k≥1

{

∞
∑

m=0

w(m)
apk

m

2m + 1

}
1

pk

{

∞
∑

n=0

w(n)
bqk
n

2n + 1

}
1

qk (4.4)

where α = (sup pk + sup (1 − pk))
−1. Since 0 < pk < 1 and qk < 0 for all k ≥ 1, by

(4.2), it follows that (4.3) is valid.

Theorem 4.3. If an ≥ 0, (pk) and (qk) are real sequences defined by 1
pk

+ 1
qk

= 1,

where 0 < pk < 1 for all k ∈ N , and 0 <
∑∞

n=0
a

pk
n

2n+1
< ∞. Then

∞
∑

n=0

(

n +
1

2

)pk−1[
∞

∑

m=0

am

(m + n + 1)2

]pk

> 2α inf
k≥1

∞
∑

n=0

[

1 −
1

4(n + 1)2

] apk
n

2n + 1
(4.5)

where α = (sup pk + sup (1 − pk))
−1.
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Proof. By the reverse Holder’s inequality(2.4), (4.1) and (4.2), we have w(n) < 1 and

for all k ≥ 1

[

∞
∑

m=0

am

(m + n + 1)2

]pk

=
{

∞
∑

m=0

[ am

(m + n + 1)2/pk

][ 1

(m + n + 1)2/qk

]}pk

≥ α inf
k≥1

{

∞
∑

m=0

apk
m

(m + n + 1)2

}{

∞
∑

m=0

[ 1

(m + n + 1)2

}pk−1

= α inf
k≥1

{

∞
∑

m=0

apk
m

(m + n + 1)2

}{

w(n)
(

n +
1

2

)−1}pk−1

> α inf
k≥1

[(

n +
1

2

)1−pk
∞

∑

m=0

apk
m

(m + n + 1)2

]

. (4.6)

Hence
∞

∑

n=0

(

n +
1

2

)pk−1[
∞

∑

m=0

am

(m + n + 1)2

]pk

> α inf
k≥1

∞
∑

n=0

∞
∑

m=0

apk
m

(m + n + 1)2

= α inf
k≥1

∞
∑

m=0

[

∞
∑

n=0

m + 1
2

(m + n + 1)2

] 2apk
m

2m + 1

= 2α inf
k≥1

∞
∑

m=0

w(m)
apk

m

2m + 1
(4.7)

by (4.2), we have (4.5).
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