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ABSTRACT. We consider an abstract second order semilinear integrodifferential equation in-
volving fractional time derivatives of order between 0 and 2. Well-posedness is established under
appropriate conditions on the initial data and the nonlinearities. These conditions which depend on

the order of the fractional derivatives determine the exact underlying space.
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1. INTRODUCTION

Of concern is the following problem

u” (t) = Au(t) + f(t) + f(fg (t,s,u(s), D u(s),...,Du(s))ds,t >0
u(0)=wuweX, v(0)=u € X

where 0 < 3; < 2,4 = 1,...,n. Here the prime denotes time differentiation and

D i = 1,...,n denotes fractional time differentiation (in the sense of Riemann-

Liouville or Caputo). The operator A is the infinitesimal generator of a strongly

continuous cosine family C (¢), ¢ > 0 of bounded linear operators in the Banach space

X, f and ¢ are nonlinear functions from R* to X and RT* x RT x X x --- x X to

X, respectively, ug and u; are given initial data in X.

This problem has been extensively studied in case §; = --- = (3, = 0 or 1 (see [1-
5,7,8] and references therein, to cite but a few). Well-posedness has been proved using
fixed point theorems and the theory of strongly continuous cosine families in Banach
spaces developed in [15,16]. Several results on classical solutions and mild solutions
have been proved under different conditions on the nonlinearities and the initial data.
In case 1 = P = --- = (3, = 1, the natural underlying space where to look for
mild solutions is the space of continuously differentiable functions. In [10] the present
author (with Kirane and Medved) discussed the case where 0 < 31, 3a,..., 0, < 1. A
suitable space for the initial data and a suitable underlying space for the existence of

mild solutions have been found.

Received December 6, 2009 1083-2564 $15.00 ©Dynamic Publishers, Inc.



492 N. TATAR

Here we consider the case where 0 < 3; < 2, ¢ =1,...,n. This situation is more
delicate as derivatives of order more that 1 will require functions (in the underlying
space) to be more regular than C*. On the other hand, when trying to prove existence
and uniqueness of classical solutions one is tempted to require more regularity on the
cosine family. It seems that the former difficulty cannot be avoided whereas we will
see that we can “throw” part of the requirement of smoothness of the cosine family

on the considered nonlinearities. This observation is valid for mild solutions as well.
For simplicity we will discuss the problem
{ "(t) = Au(t —i—fo (t,s,u(s),Du(s))ds,t >0 (11)
u(O)zuOEX, u (O)—uleX
with 1 <y < 2.

The next section of this paper contains some notation and preliminary results
needed in our proofs. Section 3 treats existence and uniqueness of classical solutions
in appropriate spaces when the fractional derivatives are of Caputo type. Section 4

is devoted to the case of Riemann-Liouville fractional derivatives.

2. PRELIMINARIES

As announced earlier, in this section we present some notation, assumptions and
results needed in our proofs later. We start by the definitions of the different types

of fractional derivatives used in this paper.

Definition 2.1. The integral
1 T h(t)dt
(I h)(x) = / T >a
i I(a) Jo |

(a r — )’

is called the Riemann-Liouville fractional integral of h of order o > 0 when the right

side exists.

Here I' is the usual Gamma function
I'(z2) ::/ e *s* tds, z > 0.
0

In particular, for v > —1, we find

Mv+1) prta

[CY l/:
v Nla+v+1)

(2.1)

Definition 2.2. The (left hand) Riemann-Liouville fractional derivative of order
a > 0 is defined by
1 d\" [* h(t)dt
Dh = | — — = 1
D)) = o () [ e o> = lal+

whenever the right side is pointwise defined.
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Definition 2.3. The fractional derivative of order o« > 0 in the sense of Caputo is

given by
o 1 T KR (1) d
(“Duh) () = I(n — ) /a (z — t()l;)—:-i-l’ z>a, n=[a] +1.
In particular

B 1 d [* h(t)dt

(Dgh)(x)—m%/a m, $>a,0</6<1

T K (t)d
(“DPh) (z) = F(ll—ﬁ) / = (_t)t)tﬁ, r>a, 0<B<1 (2.2)

and

(DYh)(z) = ﬁ(%) /j%, r>a, 1<y<2

o 1 cOR(t)dt
( D] Jh) (z) = F(Q—”y)/a TS r>a, 1 <y<2 (2.3)

Remark 2.4. The fractional integral of order « is well defined on LP, p > 1 (see
[14]). Further, from Definition 2.2, it is clear that the Riemann-Liouville fractional
derivative is defined for any function h € LP, p > 1 for which k,_, * h is n times
differentiable (where ko (t) := t* '/I'(«) and * is the incomplete convolution). In

fact, as domain of D§ = D“ we can take

D(D®) = {h € LP(0,T) : kp_o + h € W™P(0,T)}

(t —s)nt
Ck]f'+/ T)l)'go(s)ds}

In particular, we know that the absolutely continuous functions (p = n = 1) are differ-

where

n—1

Wn™r0,T) = {u dp € LP(0,7)

k=0

entiable almost everywhere and therefore the Riemann-Liouville fractional derivative
of order 0 < § < 1 exists a.e. In this case (for an absolutely continuous function)
the derivative is summable (see Lemma 2.2 [13]) and the fractional derivative in the
sense of Caputo of order 0 < [ < 1 exists as well. Moreover, we have the following

general relationship between the two types of fractional derivatives

—

n—

N B h*) (a) . 1 T R (t)dt
DINE) = 3 i | e
w9 o
= kzom(fﬁ—a> +(0Da h) (QU), Tr > a (24)

in case h(z) € AC"[a,b] :={f :[a,b] = R and (D" f)(x) € AC|a,b]}.
See [6,9,11-14] for more on fractional derivatives.

We will assume that
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(H1) A is the infinitesimal generator of a strongly continuous cosine family C(t),

t € R, of bounded linear operators in the Banach space X.
The associated sine family S(¢), t € R is defined by

t
S(t)x = / C(s)zds, te R, z € X.
0

It is known (see [16,17]) that there exist constants M > 1 and w > 0 such that

t
/ e“lslds|
to

E :={x € X : C(t)x is once continuously differentiable on R}

IC(t)] < Me*!l t € Rand |S(t) — S(t)| < M t,to € R. (2.5)

If we define

then we have

Lemma 2.5 (see [16,17]). Assume that (H1) is satisfied. Then
(i) SH)X C E,teR,

(i) SE)E C D(A), t € R,

(ili) 4C(t)z = AS(t)z, z € E, t € R,

(iv) LC(t)x = AC(t)x = C(t)Az, x € D(A), t € R.

iv) pa

Lemma 2.6 (see [16,17]). Suppose that (H]) holds, v : R — X a continuously
differentiable function and q(t fo (t — s)v(s)ds. Then, q(t) € D(A), ¢'(t) =

Jy C(t = s)v(s)ds and ¢"(t fo (t — s)v'(s)ds + C(t)v(0) = Aq(t) + v(t).

Definition 2.7. A function u € C?*(I, X) (I = [0,T1) is called a classical solution of
(1.1) with Caputo fractional derivative if u(-) € D(A), satisfies the equation in (1.1)

and the initial conditions are verified.

Definition 2.8. A continuous solution u, such that “D” u(t) (Du(t) in case of
Riemann-Liouville fractional derivative) exists and is continuous, of the integro-

differential equation
u(t) = C(t)ug + S(t)us + /Ot S(t—s)f(s)ds
+ /Ot S(t—s) /Osg(s, 7,u(r),” DVu(r))dr ds (2.6)
is called mild solution of problem (1.1).

It follows from [15] that, in case of continuity of the nonlinearities, solutions of

(1.1) are solutions of the more general problem in Definition 2.8.
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3. WELL POSEDNESS IN CASE OF CAPUTO DERIVATIVE

In this section we consider fractional derivatives in the sense of Caputo and prove

existence and uniqueness of a classical solution. We will use the space
C([0,7]) :=={veC(0,T): D ve C([0,T])}
equipped with the norm |[jv[| := [jv[[, + HCDVUHC where ||.|| is the uniform norm
in C([0,TY).
Let X4 be the space D(A) endowed with the graph norm ||z|| , = [|z| + || Az].

We need the following assumptions on f and g
(H2) f: Rt — X is continuously differentiable.

(H3) g: R x RT x X4 x X — X is continuous and continuously differentiable

with respect to its first variable.

(H4) g and g; (the derivative of g with respect to its first variable) are Lipschitz

continuous, that is
||g(t7 5,1’1,'3}1) - g(t7 5,1'2,'3/2)” S Ag (Hllfl - z2|| + ||y1 - y2||)>

1 (85,21, 0) = 1,22, 21| < Agy (foa = 2l + 3 = el
for some positive constants A, and A,.
Lemma 3.1. For1 <y <2, up € D(A) and vy € E we have
D7 C(t)ug = I*7C(t) Aug
and

CDFY S(t)u1 = ]Z_VAS(t>U1.

Proof. These relations follow immediately from Definition 2.3 (or relation (2.3)) and
Lemma 2.5. Indeed, as ug € D(A) and uy € E, it is clear that

CDIC()ug = ﬁ /0 (t 3)1—7%0(5)%@
1 / ()10 (s) Augds = IP1C(0) A
_F(Q—v) ; S S)Augds = Ug
and
. 1t d
DSt uy = m/o (t—s) £C(S)u1d$
1 ! 1—v _ 72—y U
= m/o (t—s) TAS(s)urds = IV AS(t)uy.
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Lemma 3.2. Suppose that (H1) holds, S(t) is the sine family associated with the
cosine family C(t) and w : R — X a continuously differentiable function. Then, for
1<vy<2andte[0,T] we have

(°D") ( /0 "S(r - s)w(s)ds) (1) = /0 t 20t — s)w'(s)ds + I27C(£)w(0).

Proof. From Definition 2.3 (or relation (2.3)) and Lemma 2.6 applied to w (which is

a continuously differentiable function), we easily derive that

(D7) ( /0 " S(r - s)w(s)ds) (1) = ﬁ /0 () < /0 " S(r — z)w(z)dz) "
:ﬁ/ (t—r)! Ucf—z 2)dz + C(r)w ()]dT

1 Lot
F(Q " /C’T—z )dsz+F(2 7)/(15—7') C(m)w(0)dr

e
2 3 / dz / )0 (r — 2)w! (2)dr + P77C(Hw(0)
/da/ (t - 2 = 0)' 0! (2)do + I 7C(t)w(0)

:/ﬁﬂawww@@+ﬂ%wm@wenﬂ-

Now we state and prove the main result of this section.

Theorem 3.3. Assume that (H1)-(H4) hold. If ug € D(A) and uy € E then there
exists T > 0 and a unique function u: [0,T] — X, u € C ([0,T]; Xa) N C?([0,T]; X)
which satisfies (1.1) with Caputo fractional derivative “D ™ u

Proof. Let us define, for t € [0,T] and u € C$([0,T]),

(Ku)(t) := C(t)ug + S(t)us + /0 S(t—s)f(s)ds
+ /0 S(t—s) /Osg (s, 7,u(r),” Du(r)) dr ds. (3.1)

Notice that C(t)ug € D(A) because uy € D(A) and we have AC(t)uy = C(t)Auy.
From the facts that u; € E and S(t)E C D(A) ((ii) Lemma 2.5) it is clear that
S(t)u; € D(A). Moreover, it follows from Lemma 2.5, (H2) and (H3) that both
integral terms in (3.1) are in D(A). Therefore, Ku € C ([0, T]; D(A)). In addition to
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that we have from Lemma 2.6,

(AKu)(t) = C(t)Aug + AS(t)uy + /Ot C(t —s)f'(s)ds+ C(t)f(0) — f(t)
+/0 C(t—s) [g (s, s, u(s), CDyu(S)) + /08 g1 (S,T,U(T), CDA/u(T))] dr ds
_ /0 g (tmu(n)C DR dr, te 0,7, (3.2)

Next, applying the operator “D” to both sides of (3.1), we get in virtue of Lemma 3.1

CDV(Ku)(t) = I*77C(t) Aug + I YAS(t)u, + D7 /Ot S(t — s)f(s)ds

t s
- CDV/ S(t— s)/ g (s,mu(r), D u(r))drds, te€[0,T].  (3.3)
0 0
Regarding the third term in the right hand side of (3.3), we have by Lemma 3.2, for
tel0,7]

PDU<A7ﬂr—@ﬂﬂ@)uw=/3%%w—sv%Ms+ﬂﬂcwﬂm

0

and
‘D’ /OtS(t —3) /Osg (s,7,u(r), CDWU(T)) dr ds
- /t I*77C(t — s) [g (s, s, u(s), CD’Yu(s))

+ /OS 0 (8, 7, u(r),’ D“’u(T)) dT} ds

because of the continuous differentiability of f(s) and

/05 g (s, T, u(T), cp” u(T)) dr.

Therefore Ku € CS([0,T]) and K maps CS([0,T]) into CS([0,T]).

Now we want to prove that K is a contraction on C’$ endowed with the metric

pluv) = sup (lult) — v(l| + A (u(t) — o) + [ D" ult) - D w()]).

0<t<T

For u,v in C’g, we have from (3.1),

() (t) — (Ko H</(/ rear) 4, [ flut) - ool

+ HCD’yu (1) — D7 v(r) }H dr ds.

|(Ku)(t) — (Kv)(t)]] < Aﬂ; M (/0 e“”df) p(u,v). (3.4)

Thus,
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From (3.2) we infer
[(AKu)(t) = (AK0) ()|

<M, [ (Juls) = o(s) L+ D ) = D7 u(s) ) ds
0ty [ [ (lur) = o)Ly + 1 °D" uts) — D7 (s ) drds

A, / (lu(s) = v(s)[Ls + |°D" u(s) — “D” w(s)|]) ds

Hence

T

Ak - (AR O] < M, ([ eT0s) plao)

0
T2 T
+ MA, — 5 (/ e“’(T_s)ds) p(u,v) + A Tp(u,v)
0
T
< {(Ag + Ay, T )M (/ e“’(T_S)ds) +A9T} pu,v). (3.5)
0
Finally, the relations (3.3) and Lemma 3.2 imply that

|°D™ (Ku)(t) - “D” (Kv)(1)|

<A, /012—'Y|c<t—s>\[||u<s>—v<s>||A+HCD”u — D7 u(s)|] ds

A, / PC( - 5)| / [lum) = o(D) Lo+ D7 u(r) — D" o(r)|] dr ds

|“D7 (Ku)(t) — “D" (Kv)(t)]|
MA, > (T MA, T3 Tew ot
S[F(i%—v) [ e gy d]”( ?)

< rj\é T_z_;) (A, + A, T) ( /O ' erT) o(u, v). (3.6)

Choosing T' sufficiently small in (3.4)-(3.6) we infer that K is a contraction on
CS([0,T]) and hence there exists a unique mild solution v € CS([0,T]). Further-
more, it is clear that u € C?([0,7]; X) and satisfies problem (1.1) with Caputo
fractional derivative because

u(t) = C(t)ug + S(t)us + /Ot S(t—s)f(s)ds

+ /Ot S(t—s) /Osg (s,7 u(r), “D" u(r)) dr ds
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is twice continuously differentiable and by Lemma 2.6
u"(t) = AC(t)ug + AS(t)uy + A /O t S(t—s)f(s)ds + f(t)
+ A /Ot S(t — s) /0 g (s,7,u(7),C DYu(7)) dr ds
- /Ot g (t. 7 u(r),” Du(r)) dr

= Au(t) + f(t) + /0 g (t,7,u(r), Du(r)) dr.

4. THE CASE OF R-L DERIVATIVE

Here we are concerned about solutions of problem (2.6) with Riemann-Liouville
fractional derivative. The admissible space for the initial data would be “larger” than
the one for classical solutions ((ug,u1) € D(A) x E) as expected. However, initial
data here must be “more regular” than the one existing in the literature with a first
order derivative in the nonlinearity ((ug,u1) € E x X). For 0 < A < 2, we define

E\ = {x € X : D’C(t)z is continuous on R}

and
RL - :
ny ([OvT]) T {U S C([OvT]) . D%U S C([OvTD}
equipped with the norm [[v]| := ||| + [|D7v[|, where ||.||; is the uniform norm in
c([0,T]).

We will need the following assumptions
(H5) f : R™ — X is a continuous function such that D?"'f € C([0,T]), that is
f e ci([0, 7))
(H6) g: Rt x Rt x X x X — X is continuous and continuously differentiable with

respect to its first variable.

We will need the result below which is the analogue to Lemma 3.2 for the case

of Riemann-Liouville derivatives.

Lemma 4.1. Suppose that (H1) holds, S(t) is the sine family associated with the
cosine family C(t) and w: R — X a function in C’f_Ll([O, T)). Then, for1 <y <2,
we have

(D7) ( /0 " S(r — s)w(s)ds) (t) = /O tC’(o—)D’Y‘lw(t — o)do, t €0,T].
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Proof. From Definition 2.2 and Lemma 2.6 applied to w which is a continuous function
such that D"~ 'w € C([0,T]), we easily derive that

(D7) (/TS(T—s)w(s)ds) (t):ﬁ (CZ) /0 / S(r — s)w(s)dsdr
rz 5 <$)2/0/ )'S(T — s)w(s)dr ds
P @)2/0 ds/o (t— 5 — o)1 1S(o)w(s)do
—md/ot%U SISt — 5 — oYw (s)da)ds

dt
- o 7%/0 (/0 IOt — 5 — o)w (s)da)ds
- o 7%/0 (/0 (5 — o) C (0w (t—s)da)ds
_ )%/OC( )/ = o — o) w(v)dudo

/ C(o)D"  w(t — o)do + C(t)1* "w(0)

:/ C(o) D" w(t — o)do

0

The following result can be found in [14] (Remark 2.4 (2.68)).

Lemma 4.2. Let a >0, 3 <0 and ¢ € L'(a,b) be such that I"tPp € AC™([a,b]).

Then
n—1 (TL—k—l) (a)

¥
o ]5 — IOH-ﬁ . n+03
a+ a+¥ a+ % kZ:O F(O& _ ]{3)

where o, 5(x) = I p(x) and n = [-F] + 1

(z —a)>*!

Here is the main result of this section

Theorem 4.3. Assume that (H1) and (H4)-(H6) hold. If (up,u1) € E, x E,_q,
then there exists T > 0 and a unique solution u € CI*([0,T]) of problem (2.6) with

Riemann-Liouville fractional derivative.

Proof. For t € [0,T], consider the operator

(Ku)(t) := C(t)uo + S(t)us + /0 S(t—s)f(s)ds

_|_/0 S(t—s) /Osg(s, 7,u(7), DVu(T))dr ds. (4.1)
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If u e CfL([O, T]) then clearly Ku € C([0,T]; X). Moreover, applying the operator
D7 to both sides of (4.1) and using Lemma 4.2 to the third and fourth terms in the
right hand side of (4.1), we find

DY(Ku)(t) = D"C(t)ug + D' C(t)uy + /O t O(t — s)D71f(s)ds

+ /0 Ot — 5D < /0 (s mu(n), Dvu(f))df) ds.  (42)

Here we have used the relation
1 A .
D'Stu = ——— | — t—71)"7 d
S = re ) (dt) =St

- ﬁ (%)2 /0 S = rudr

1 d [t d
—7F(2—7)£/0 T C’(t—T)uldeLiF(2 7>dt S(0)uy
:Dy_lC(t)ul

For the last term in (4.2), we can write with the help of (2.2)

Dt </Osg(s,7,u(7), D’Yu(f))df)

_ ﬁ /05(8 - U)H% (/Oog(a, T,u(T),Dvu(T))dT) do

1 s 1—ry 7 o7 ulT Yul(T))dr o.o.ulo Tu(o o
:W/o““’) [/ng,,(),D (7))dr + g(o. 0. u(o), D'u(o))| d

— [2—7/ g1(s, 7, u(t), D'u(7))dr + 1> 7g(s, 5, u(s), D7u(s)).
0
Therefore

DY(Ku)(t) = D'C(t)ug + D'~'C u1+/ C(t—s)D7" f(s)ds

/ ct [12 1 / " 1(s,mu(r), Du(r))dr + I2g(s, s, uls), Du(s)| ds.
(4.3)

This relation (4.3), together with our assumptions on the initial data, f, g, g; and
the properties of the cosine family, shows that K maps CfL([O, T)) to CfL([O, T)).

Furthermore, for u,v € CI**([0,T7), we see that

[(Ku)(t) = (Ko) (@)

< M4, /Ot (/OH erT) /0 (lu(r) = ()| + [ DYu(r) — Dro(r)]]) dr ds

< MA, (/OT ewdT) T; lu(t) = o(®)]], -
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Finally,
(D7 Ku)(t) — (D"Kv)(t)]|

< A, / C(t — 5)| I / (lu(r) = o) + | D u(r) — Du(r)]) dr ds

+Ag/0 (C(t =) 127 (Jlu(s) = v(s)[| + [|1D7u(s) — DYo(s)|) ds

MT?* e
< T35 (A, + A, T) (/0 e )ds) Ju(t) —v@)], -
We conclude that, for T sufficiently small, K is a contraction on the complete metric
space CI*([0,T7]) and hence there exists a unique mild solution to (1.1). O
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