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ABSTRACT. We investigate the dynamical behavior of the following fourth-order rational differ-

ence equation
Tp—1Tp—3 + x%_l +a
Tnt+l = —3 ,m=20,1,2,...
Ty_1Tn—3 + ZTp-1t+a

where a € [0, 00) and the initial values x_3,x_2,2_1, 29 € (0,00). We find that the successive lengths
of positive and negative semicycles of nontrivial solutions of the above equation occur periodically.

We also show that the positive equilibrium of the equation is globally asymptotically stable.

AMS (MOS) Subject Classification.39A10.

1. INTRODUCTION AND PRELIMINARIES

Recently there has been a great interest in studying the qualitative properties of
rational difference equations. For the systematical studies of rational and nonrational

difference equations, one can refer to the monographs [1-18] and references therein.

The study of rational difference equations of order greater than one is quite
challenging and rewarding because some prototypes for the development of the basic
theory of the global behavior of nonlinear difference equations of order greater than
one come from the results for rational difference equations. However, there have
not been any effective general methods to deal with the global behavior of rational
difference equations of order greater than one so far. Therefore, the study of rational

difference equations of order greater than one is worth further consideration.

G. Ladas [4] proposed to study the rational difference equation
Tp+ Tp1Tp—2+a
Tpn_1 + Tn_g +a’

Tpi1 = n=0,12,... 0
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From then on, rational difference equations with the unique positive equilibrium z = 1
have received considerable attention, one can refer to [3-5, 7, 14-16, 18, 20] and the

references cited therein.

Recently, Li [20] investigated the global behavior of the following fourth-order
rational difference equation

TpTp-1Tp—3 + Tp + Tp_1 + Tp_3+a
’
TpTp—1 + LpnLp—3 + Tp-1Tp—3 + 1 +a

n=012... ()

Tnt+1 =

where a € [0,00) and initial values z_3,7_,2_1, 20 € (0,00).

In this note, we employ the method in Li [20, 21] to consider the following fourth-

order rational difference equation

Tp1Tp 3 +a2 [ +a
In—i—l == D)

, n=0,1,2,... ()
Tp_1Tn—3 +ZTpn-1+a

where a, € [0, 00) and initial values z_3,z_9,2_1, 29 € (0,00).

It is easy to see that the positive equilibrium = of Eq. (3) satisfies
272+ a

r=—F———
B+T+a 0
from which one can see that Eq. (4) has a unique positive equilibrium z = 1.

In the following, we state some main definitions used in this paper.

Definition 1.1. A positive semicycle of a solution {z, }5° ., consists of a ”string” of
terms {x;, j41, ..., Tm}, all greater than or equal to the equilibrium Z, with { > —3

and m < oo and such that
either [ = -3, or [ > -3 and z;_1 <T7.
and
either m =00, or m < oo and x4 <7.

A negative semicycle of a solution (z,,) consists of a "string” of terms {x;, x;11, ..., Tm },
all less than to =, with [ > —3 and m < oo and such that

either [=—-3or | >—-3and x,_; > 7.

and

either m =00 or m < oo and z,. > 7.
The length of a semicycle is the number of the total terms contained in it.
Definition 1.2. A solution {z,}32 5 of Eq. (3) is said to be enventually trivial if

Xp O X9, OT X9,y are eventually equal to & = 1; otherwise, the solution is said to be

nontrivial.
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2. TWO LEMMAS
Before to draw a qualitatively clear picture for the positive solutions of Eq. (3),

we first establish two basic lemmas which will play a key role in the proof of our main

results.

Lemma 2.1. A positive solution {x,}>> 5 of Eq. (3) is eventually trivial if and only
if
(z3—1)(r2—1)(z_1 —1)(xg—1) =0 ()

Proof. Assume the (5) holds. Then according to Eq. (3), it is easy to see that the

following conclusions hold:
(i) if (x_3 — 1)(x—1 — 1)(z1 — 1) = 0, then z9,4; =1 for n > 1.
(ii) if (x_g — 1)(xg — 1) = 0, then x9, = 1 for n > 1. Conversely, assume that

(@3 = (@1 = (@1 = 1) #0 0

Then one can show that x,, # 1 for any n > 1. Assume the contrary that for some
N >1,

xy =1 and that z,, #1 for -3 <n< N -1 ()

It is easy to see that
TN_2LN_4 + x?v_2 +a

1= N =
)
LL’?V_2SL’N_4 +ITNn_ 2+ a

which implies (xy_4 — 1)(zny_2 — 1) = 0. Obviously, this contradicts (7). O
Remark 2.2. If the initial conditions do not satisfy Eq. (5), then, for any solution

{z,} of Eq. (3), @, # 1 for n > —3. Here, the solution is a nontrivial one. In this

paper we only consider the behavior of nontrivial solutions of Eq. (3).

Lemma 2.3. Let {z,}°2 5 be a nontrivial positive solution of Eq. (3). Then the

following conclusions are true for n > 0.
() (@n41 = D)(wna — (@03 —1) <0
(b) (1 — xp_1)(xp_q — 1) <O.
(c) (Tpy1 — Tp_3)(xpn_g — 1) <O0.
(d) (pi1 — xnl,l)(x"—l —1)>0.
( (

(e) (Tpe1 — mnl,g Tp_3—1)>0.

Proof. Tt follows in light of Eq. (3) that

n— 1- n— n— —1
Ty —1="2 ;( Tn)@ns =) g1
Ly 1Tn-3 +Th1+a
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and
1_ n— n— n— 1 n—
In+1_In—1:( . ;)[x L 3( e 1)_'_@]’ n:071a27---
Tp_1Tn—3 +Tp-1t+a
and )
-2y 3)|z,_ (1 +2p-3)+a
In-i—l_xn—?):( 23)[ 1( 3) ]a n:071a2>"'
Tp_1Tn—3 + Tp-1+a
and
1 1 — D|xn_1(Tn_ 1
tnpy = —— = @t D@ TV -y
Tp—1 Ty 1Tn-3 + Tp1t+a
and
1 n—3 — D) |xn_3(T,— 1
tnpy = —— = oo — Dlns@us t Va0

2
Tp-3 Ty _1Tn-3 + Tp—1+a

3. MAIN RESULTS

First we analyze the structure of the semicycles of nontrivial solutions of Eq. (3).

Here we confine us to consider the situation of the strictly oscillatory solution of Eq.

(3).

Theorem 3.1. Let {x,}3° 5 be a strictly oscillatory solution of Eq. (3). Then the

rule for the lengths of positive and negative semicycles of this solution to successively

occur is
or,...,17,2t 17,27 17, 2% 17,2%, ...
or, ..., 1T, 17, 17,37, 1t 17,17,37...
or, ..., 41,27 4T 27 4% 27 4T 27, .,

Proof. Based on the strictly oscillatory character of the solution, we see that, for some
integer p > 0, one of the following four cases must occur:

Case 1: zp_3>1, -2 <1, ,01 >1and z, > 1.

Case 2: wp_3>1, 2,9 <1, 2y >1and z, < 1.

Case 3: zp_3>1, -2 <1, ,01 <1and z, > 1.

Case 4: zp_3>1, 2,2 <1, ,01 <1land z, < 1.
If case 1 occurs, it follows from Lemma 2.2 (a) that
Tpr1 < 1, Tppo > 1, wpys > 1, @pyy < 1, xpys > 1, xpye > 1, xp7 < 1,
Tprg > L,xwprg > 1, ppri0 <1, Tppin > 1, 2ppi2 > 1,0
It means that the rule for the length of positive and negative semicycles of the solu-
tion of Eq. (3) to occur successively is ..., 17,27 17, 2% 17,27 17 2% ...
If the case 2 and case 3 occurs, it follows from Lemma 2.2 (a) implies that
Tpr1 < 1, Tpro <1, 2pi3 > 1, Tpia < 1, Tpys > 1, Tpge < 1, Tppr < 1, 7pi8 < 1,
Tpro > 1, Tprio < 1, 2pinn > 1, xpr12 < 1, @py13 < 1, Tppa < 1, 2pp1s > 1,
Tpr16 < 1, Tpp17 > 1, 2pp8 < 1,...

This shows the rule for the numbers of terms of positive and negative semicycles of the
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solution of Eq. (3) to successively occuris..., 1 17,17, 37 1t 17 17, 37, 17 17,17,37,...
If the case 4 happen, it follows from Lemma 2.2 (a) implies that

Tpp1 > 1, Tppo > 1, 2py3 > 1, Tpya < 1, Tpys < 1, Tpye > 1, Tppr > 1, 2pig > 1,

Tpro > 1, xppi0 < 1, 2prn < 1, ppi2 > 1, wppis > 1, Tpp1a > 1, xpp15 > 1,
Tpr16 < 1, Tpp17 < 1, Tpp18 >1,. ..

It means that the rule for the lengths of positive and negative semicycles of the solu-

tion of Eq. (3) to occur successively is ..., 4% 27 4% 27 47 27 .

Therefore, the proof is complete. O
Next, we state the second main result in this note.

Theorem 3.2. Assume that a € [0,00). Then the positive equilibrium of Eq. (3) is
globally asymptotically stable.

Proof. We must prove that the positive equilibrium point & of Eq. (3) is both locally
asymptotically stable and globally attractive. The linearized equation of Eq. (3)

about the positive equilibrium z =1 is
Yn+1 = Oyn + O-yn—l + O-yn—2 + O-yn—37 n= 07 17 27 s

By virtue of ([2], Remark 1.3.7), Z is locally asymptotically stable. It remains to
verify that every positive solution {x,}22 _, of Eq. (3) converges to z = 1 as n — oc.
Namely, we want to prove
== Y
If the initial values of the solution satisfy (5), then Lemma 2.1 says the solution is
eventually trivial and we do not consider it. Therefore, we assume in the following
that the initial values of the solution do not satisfy (5). Then, Remark 2.1 we know,
for any solution {z,}°° 5 of Eq. (3), x, # 1 for n > —3.
If the solution {z,,}5° ., of Eq. (3) is nonoscillatory about the positive equilibrium
point Z = 1, then we know from Lemma 2.2 (b) that the solution is monotic and

bounded. So, the limits lim x9, = M and lim z9,,; = L exist and are finite.
n—oo

n—oo

Take the limits on both sides of Eq. (3), we obtain
2L +a
S N RNy S
L3+L+a
or o
2M* +a
M=% =1
M3+ M +a

Thus, we have (8). It suffices to prove that (8) holds for the solution to be the strictly
oscillatory.

Assume now {x,, }2° _, is strictly oscillatory about the possitive equilibrium point
7 of Eq. (3). By virtue of Thoerem 3.1, one understands that the rule for the lengths

of positive and negative semicycles which occur successively is
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or, ..., 17,2t 17 2% 17 2% 17 2% ...

or, ..., 1T 17,1737, 1T 17,17,3...

or, ..., 47 27 47 27 4T 27 4T 27 .

First, we investigate the case where the rule for the lengths of positive and neg-
ative semicycles which occur successively is ..., 17,27, 17,27 17,27 17 2% ..
For simplicity, we denote by {z,i6,}~ the term of a negative semicycle of length
one, followed by {Zpi6nt1, Tprent2}’ the terms of a positive semicycles of length
two. Namely, the rule for the lengths of positive and negative semicycles to occur

successively can be periodically expressed as follows:

{Zpr6n} ™ {Tpronti, xp+6n+2}+a {Tpront3t s {Tprontas xp+6n+5}+a coe,n=0,1,2,...

According to Lemma 2.2 (c), we can get:

I < @prents < Tpront1 = Tpr6(n-1)+7 < Lp6(n—1)+5

So {Zp+6nts} is decreasing and bounded with lower bound 1, we have nh_)ngo Tpténts =

lim 216,41 = L. Similarly, we obtain:
n—oo

Tp+en+d < Tp+6n+2 = Tp+6(n—1)+8 < Tp+6(n—1)+4

and we also have: lim 2 6p44 = lim 2py6p40 = M.
n—oo n—oo
Noting that

2
Tpt+6n+4Tp+6n+2 + xp+6n+4 +a

Tpt+6n+6 — 3 n:0,1,2,...

2
Tpy6n+4Tp+ont2 T Tpionta + 0

Taking the limit on both sides of this equation, we have that the limit lim x,6,6 iS
n—oo

finite and exists:
. 2M? +a
M Tprgnig = —o———— =
oo PYOO TN LM

From the equation:

2
Tpt6n+2Tp+6n T Tpygnpo T @

Tpt6n+4 = , n=20,1,2...
e x§+6n+217p+6n + Tprent2 +a ’

Taking the limit on both sides, we get:

M.H+ M? +a
= =M=1

M?.H+M+a

and H = lim 2,16, = 1. From the equation:

n—oo
T Tpron_1+ T2 +a
Tpronts = p+6n+14p+6n—1 p+6n+1 L on= 0, 17 2’ o

2
Tyt 6n+1Tp+6n—1 T Tpyent1 T

we have:
2L +a

im 2, 6p43 = ———— =
oo PTOMH3 3+ L+a
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From the equation:

2
Tp+6n+3Tp+én+1 T Tpieniz T 4

Tpt+6n+s = ,n:(),l,?,...
prromee T2 4 i 3Tpt6nt1 T Tpionss + @
we have:
LK + K?
ki SR
LEK?2+K +a

Up to now, we have shown
lim xpy6n+6 =1; £=0,1,2,3,4,5.

So,

limz, =1

n—oo
Next, we investigate the case where the rule for the lengths of positive and neg-
ative semicycles which occur successively is: ..., 17, 17,17, 37,17, 17,17, 37 ...
For the convenience of the statement, we denote the rule for the lengths of positive

and negative semicycles to occur successively as following:

R {$p+6n}+> {$p+6n+1}_a {xp+6n+2}+> {$p+6n+37 Lp+6n+4, xp+6n+5}_> s

From Lemma 2.2 (b) we have:

Tpt6n+1 < Tp+6n+3 < Tp+6n+5 < Tp+6n+7

By the above similar method we have:
im 246011 = M 2y 6,43 = lim 2y 6045 = M
n—oo n—oo n—oo

We also have:

Tp+en+2 < Tp+6n < Tp+6(n—1)+2

lim 2 6p42 = lim x4, = L
o n—oo

n—

Noting that:

2
Tp+6n+3Tp+6n+1 T Tpignrs + @
Tpignis = n=0,12,...
p+6n+5 2 ) R
Ty i6n+3Tp+én+1 T Tptén+3 T 4

Taking the limits on both sides, we have:

2M? +a
= = M=1
M3+ M+a

and from the equation:

2
_ Tpt+6n+2Tp+6n + Tpi6nt2 ta .
Lp+6n+4 = 3 y n—0,1,2,...
Tpy6nt2Tp+6n T Tptent2 T 4

we obtain:
2L° +a B

limz, gy = ———— =
oo PORTE 3+ L+a
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From the equation:

2
Tpt+6n+4Lp+6n+2 + xp+6n+4 +a
Tp+6n+6 = n=0,1,2,...
p+6n+6 2 ) )
Ty ten+aLp+on+2 T Tpyonta + @

we also obtain:

HL+H?+a
L= =L=1=H
H?2L+H+a
we complete this case. We investigate the last case ..., 47, 27,47, 27 4% 27 4T 27 .

We consider the rule for the lengths of positive and negative semicycles to occur

successively as following:

+ —
sy {xp+6m Lp+6n+1; Lp+6n+2, xp+6n+3} ) {xp+6n+47 xp+6n+5} PRI
It is easy to see that:

Tpton+2 < Tpt+én < Tpt+6(n—1)+2;
Tpt6n+3 < Tpt+6n+1 < Tp+6(n—1)+3>

lim Tpt+6n+2 = lim Tp+6n = L,

n—oo n—oo

lim 2,1 6p43 = lim 2py6p41 = M,
n—oo n—oo

From the equation:

2
Tpt+6n+2Tp4-6n + Tptr6n+2 +a
Lp+6n+4 = B y n:0,1,2,...
Tptent2Tp+6n T Tptént2 T a4

we obtain:
2L’ +a

li P S
o e BN S

From the equation:

2
Tp+6n+4Tpt+6n+2 + xp+6n+4 +a
Tpi6nr6 = n=0,1,2,...
p+6n+6 p) ) ) Ly Sy
Tyt 6n4aLp+6n+2 T Tpyentd T

we also obtain:

KL+K?+a
L= =L=1
K2L+K+a

By the similar method we also get:

im @y 46045 = M Tpien3 = M 2pi6p1 =1
n—oo n—oo

n—oo

The proof is complete. O
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