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ABSTRACT. In the paper several types of practical stability for impulsive differential equations
with “supremum” is introduced. The definitions are based on the application of two different
measures for the initial condition and for the solution. This allow us to increase the possibility for
applications of the stability. Some sufficient conditions for various types of practical stability in
terms of two measures of nonlinear impulsive differential equations with “supremum” are obtained.
The proofs are based on the application of piecewise continuous Lyapunov functions and Razumikhin

method. An example illustrates the practical application of the proved results.
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1. INTRODUCTION

From a practical point a view a physical system is stable if its state remains
within a certain bound of the equilibrium for all time. Such bounds depend on
the particular physical system and often on the initial conditions and the system
disturbances. The state of the system may be mathematically unstable and yet it
may oscillate sufficiently near an equilibrium that its performance is considered to
be acceptable. Many problems fall into this category including the travel of a space
vehicle between two points and the problem, in a chemical process, in the keeping
of temperature within certain bounds. To deal with this situation the notation of
practical stability is very useful ([9]). At the same time it is well-known ([11]) that
stability and even asymptotic stability themselves are neither necessary nor sufficient

to ensure practical stability. Recently several results for practical stability for various
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types of differential equations are obtained in [4], [9], [13], [14], [17], [20], [21] , [23].
Also, practical stability for impulsive differential equations is studied in [2], [3], [7],
8], [12], [22], [24].

In the last few decades, great attention has been paid to automatic control sys-
tems and their applications to computational mathematics and modeling. Many
problems in control theory correspond to the maximal deviation of the regulated
quantity ([16]). Such kind of problems could be adequately modeled by differential
equations that contain the maxima operator. A. D. Mishkis also points out the ne-
cessity to study differential equations with “maxima” in his survey [15]. Note that
various conditions for stability for differential equations with “maxima” are obtained
by D. D. Bainov et al. ([6], [18], [19]).

In this paper, impulsive differential equations with “supremum?” are studied, i.e.,
the differential equation depends on one side on the maximum deviation of the un-
kknown function on a certain interval, and on the other side it involves impulses at
initially fixed points. The definition for practical stability involves two different mea-
sures for the initial condition and for the solution of the considered equation. The
Razumikhin method and piecewise continuous Lypunov functions are used to obtain
sufficient conditions for various types of practical stability of solutions of impulsive
differential equations with “supremum.” Comparison results for scalar impulsive dif-
ferential equations are applied. The main idea is based on the connections between
the practical stability of a comparison scalar impulsive ordinary differential equation
and the practical stability in two measures for the impulsive differential equations
with “supremum.” An appropriate example illustrates the application of the obtained

sufficient conditions and the main advantages of the considered type of stability.

2. MAIN RESULTS

Let R™ be n-dimensional Euclidean space with a norm [|z||, 2 be a bounded
domain in R™ containing the origin and R, = [0, c0).
Let {74 }7° be a sequence of fixed points in R, such that 741 > 7 and limg_o 7 =

0o. Let r > 0 be a fixed constant.

Consider the following system of nonlinear impulsive differential equations with

“supremum”
¥ = f(t,z(t), sup x(s)) for t>ty, t#m, (2.1)
s€t—r,t]
(1 +0) = Ix(x(m, — 0)) for k=1,2,..., (2.2)

with initial condition

2(t) = o(t)  for t€ [ty —r to), (2.3)
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where z e R”, f Ry, X R*"xR* - R", [, :R" - R" k=1,2,3,...,tp € R;, and
(Yol HO__73td —9]Rn.

Note that for z: [t —r,t] - R", z = (21,29, ...,,) we denote
sup z(s) = ( sup zi1(s), sup xa(s),..., sup mn(s)>
seft—r,t] s€t—r,t] s€t—r,t] s€t—r,t]

Denote by PC(X,Y) (X C R,Y C R") the set of all functions u : X — Y
which are piecewise continuous in X with points of discontinuity of the first kind at
the points 7, € X and which are continuous from the left at the points 7, € X, and
u(mp) = u(me — 0).

We denote by PC*(X,Y’) the set of all functions u € PC(X,Y) which are con-
tinuously differentiable for t € X, t # 7 .

In our further investigations we will assume that for any initial function ¢ €
PC([to—r,to], R™) the solution of the initial value problem for the system of impulsive

differential equations with “supremum” (2.1)—(2.3) exists on [tg, 00).

Let X C R. we will define the set
Z(X)={keZ: e X,} (2.4)
and the set of measures:

I'={h e C([-r,o00) x R",R,) : min h(t,x) = 0 for each t € [-r,00)}. (2.5)

TER™
Let hy € T', tg € Ry, ¢ € PC([to — r,to], R™). We will use the following notation
Ho(to, ) = sup  ho(s, ¢(s)). (2.6)
sE[to—T,to]

Let p > 0 be a fixed number and h € I'. Define:

S(h,p) ={(t,z) € [-r,00) x R" : h(t,x) < p},
S (h,p) = {(t,x) € [-r,00) x R" : h(t,z) > p}.

We will introduce the definition of a practical stability for impulsive differential

equations with “supremum,” based on the ideas of stability in terms of two measures

([10}).

Definition 1. Let the functions h,hg € I'. The system of impulsive differential

equations with “supremum” (2.1), (2.2) is said to be

(S1) practically stable with respect to (A, A) in terms of two measures if there
exists tg > 0 such that for any ¢ € PC([ty — r, o], R") the inequality Hy(to, ) < A
implies h(t,z(t;to,¢)) < A for t > ty, where the constants A\, A : 0 < A < A are
given, the function Hj is defined by (2.6), and z(t; o, ¢) is a solution of (2.1), (2.2),
(2.3);
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(S2) wuniformly practically stable with respect to (A, A) in terms of two measures
if (S1) holds for all ¢ty € Ry;

(S3) practically quasi stable with respect to (A, A,T ) in terms of two measures if
there exists tg > 0 such that for any ¢ € PC([to—r, to], R™) the inequality Hy(to, ¢) <
A implies h(t, z(t;tg, ¢)) < A for t > ty + T, where the positive constants A\, A, T :
A < A are given;

(S4) uniformly practically quasi stable with respect to (A, A, T) in terms of two
measures if (S3) holds for all ty € Ry;

(Sh) strongly practically stable with respect to (A, A, B,T ) in terms of two mea-
sures if there exists ty > 0 such that for any ¢ € PC([to — r,to],R™) he inequality
Hy(tg, ) < X implies h(t,z(t;tg,¢)) < A for t > to and h(t,x(t;to,¢)) < B for
t >ty + T, where the positive constants \, A, B,T : B < A < A are given;

(S6) wuniformly strongly practically stable with respect to (A, A, B,T) in terms of
two measures if (S5) holds for all ty € Ry;

(S7) eventually practically stable in terms of two measures if for any couple
(M A) 0 < A < A there exists 7(\, A) > 0 such that for some t; > 7(\, A) and
¢ € PC([to — r,to], R™) the inequality Hy(to,») < A implies h(t, z(t;tg, ¢)) < A for
t > to;

(S8) wniformly eventually practically stable in terms of two measures if (S7)
holds for all 5 > 7(\, A).

Remark 1. In the case r = 0 and ho(t,z) = h(t,z) = ||z||, the above given defi-
nitions reduce to definitions for the corresponding types of practical stability of the
zero solution of impulsive differential equations which will be used in our further
investigations.

In the case r = 0, Iy(z) = x, k = 1,2,..., and ho(t,z) = h(t,x) = ||z|| the
above given definitions reduce to definitions for the corresponding types of practical

stability of the zero solution of ordinary differential equations, given in the books [9],
[13].
In our further investigations we will use the initial value problem for the compar-
ison scalar impulsive differential equation
u =g(t,u), t>ty, t#m,
u(te +0) = &(ul(my)), k=1,2,..., (2.7)
U(to) = Up,
where u,up € R, g: Ry xR—-R, &: R—R, k=1,2,....
In our further investigations we will assume that for any initial point (¢g,ug) €

R x R the solution of scalar impulsive equation (2.7) exists on [tg, 00), tp > 0. For

some existence results see the book of D. Bainov et al. [1].
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We will study the connection between practical stability of the scalar impulsive
differential equation (2.7) and the corresponding practical stability in terms of two
measures for the system of impulsive differential equations with “supremum” (2.1),
(2.2).

Introduce the following notations
Gr={tel-roo): te(mm)} k=12.. §G=|JG
k=1

We will introduce the class A of piecewise continuous Lyapunov functions which
will be used to investigate the practical stability of impulsive differential equations

with “supremum.”

Definition 2. We will say that the function V(t,z) : A x Q@ — R, A C [—r,00),
Q C R™, 0 € €, belongs to class A if:

1. V(t,z) is a continuous function in (AN G) x Q and V(¢,0) =0 for ¢t € A;
2. For every k € Z(A) and x € Q there exist the finite limits

V(tg, ) =V(m —0,2) =limV(t,z), V(e +0,2)=lLmV(t ),

tTTk tlTk
where the set Z(A) is defined by (2.4).
3. V(t,x) is Lipschitz with respect to its second argument in the set A x €.

Let V(t,z) : AxQ — R, V € A. For any t € ANG and any function
e PC([t —r,t],2) we will define a derivative of the function V' along a trajectory
of the solution of (2.1), (2.2) as follows:

Do eV (1) = lmgsup = [V (4 €. 6(0) + e (1, 0(t), max v+ ) g,

Vit ().

Definition 3. Let hy € I'. The function V' (t,z) : AxQ — R, , V € A, is strongly-he-
decrescent if there exist a fnction a € K and a constant p > 0 such that hy(t,z) < p
implies V (¢, z) < a(ho(t, x)), where (t,x) € A x Q.

Let p > 0 be a given number. Consider the following sets:

K ={a€ C(R4,Ry) : a(r) is strictly increasing and a(0) = 0};
K={aecCR:R;): a(r) is strictly increasing and a(s) > s, a(0) = 0}.

Definition 4. Let h,hg € I". The function h is eventually stronger than hg if,
for a couple (A, A) such that 0 < A < A, the inequality ho(t,z) < X for some
(t,x) € [—r,00) x R", implies h(t,z) < A.

In the further investigations, we will use the following comparison result:
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Lemma 1 (S. Hristova [5]). Let the following conditions be fulfilled:

1.

The functions f € PC([to,T] x Q x Q,R™) and I}, € C(,Q) for k € Z([to,T)),
where Q C R", and ty, T : 0 <ty <T < oo are constants.

. The function ¢ € PC([to — 1, t0],2).

3. The initial value problem (2.1), (2.2), (2.3) has a solution x(t) = x(t;ty, ¢), such

that x(t) € Q on [to —r,T].

. The functions g € PC([to, T] x Ry, Ry), g(t,0) =0 fort € [to,T] and & € K,

ke Z((ty, T)).
For any initial point ug € Ry the initial value problem for the scalar impulsive
differential equation (2.7) has a mazimal solution u*(t) = u*(t;to, uo), which is
defined for t € [to, T).
The function V : [to — 1, T] x Q — Ry, V € A is such that

(i) for any number t € [to,T| : t # 1, k € Z((ty,T)) and any function
Y e PC([t—r,t],Q) such that V(t,¢(t)) > V(t+s,¢(t+s)) fors € [—r,0), the
inequality

D)2V (E () < g(t, VI, ¥(t)))

holds.

(1) V(1p + 0, Ix(x)) < &(V(mp, ), ke Z((ty,T)),x €.

Then the inequality supe_.q) V (to + s,0(to + 5)) < ug implies the inequality

V(t,z(t)) < u(t) fort € [to, T).

Remark 2. Lemma 1 is valid when T' = co,i.e. for ¢ € [ty, 00).

We will obtain sufficient conditions for practical stability in terms of two mea-

sures for impulsive differential equations with “supremum.” We will use Lyapunov

functions from class A. The proof is based on Razumikhin method and a comparison

method employing scalar impulsive differential equations.

In the case where the Lyapunov function satisfies the desired conditions globally,

we obtain the following result:

Theorem 1. Let the following conditions be fulfilled:

- W o=

The function f € PC[Ry x R* x R" R"] and f(¢,0,0) = 0.

The functions I, € C(R™,R"™) and I;;(0) =0 for k € Z(R,).

The functions hg,h € T

There exists a function V (t,z) : [—r,00) x R™ — Ry with V € A such that

(i) b(h(t,z)) < V(t,x) < a(ho(t,z)) for (t,x)€ [-r,00) x R"
where a,b € K ;

(ii) for any number t € Ry : t # 7, k € Z(R") and any function ¢ €
PC([t —rt],R™) such that V(t,0(t)) > V(t + s,9(t + s)) for s € [-r,0),



DIFFERENTIAL EQUATIONS WITH “SUPREMUM” 75

the inequality

Da1),22)V (t,¥(t) < g(t, V(t9(t)))

holds, where g € PC(Ry x R,Ry) and g(t,0) = 0,

(iii) V(e + 0, I(2)) < &(V (h,x)),  for z €R" ke Z(RT),

where & € KC.

Then

(A)

the practical stability with respect to (a(\),b(A)) of scalar impulsive differential
equation (2.7) implies practical stability in terms of two measures with respect
to (A, A) of system of impulsive differential equations with “supremum” (2.1),
(2.2) where the positive constants A\, A: A < A, a(\) < b(A) are given;

the uniform practical stability with respect to (a(\),b(A)) of zero solution of
scalar impulsive differential equation (2.7) implies uniform practical stability in
terms of two measures with respect to (A, A) of system of impulsive differential
equations with “supremum” (2.1), (2.2);

the practical quasi stability with respect to (a(\),b(A),T) of zero solution of
scalar impulsive differential equation (2.7) implies practical quasi stability in
terms of two measures with respect to (A, A, T) of system of impulsive differential
equations with “supremum” (2.1), (2.2);

the uniform practical quasi stability with respect to (a(\), b(A), T) of zero solution
of scalar impulsive differential equation (2.7) implies uniform practical quasi
stability in terms of two measures with respect to (A, A, T) of system of impulsive
differential equations with “supremum” (2.1), (2.2);

the strong practical stablility with respect to (a(X),b(A),b(B),T) of zero solution
of scalar impulsive differential equation (2.7) implies strong practical stability
in terms of two measures with respect to (A, A, B,T) of system of impulsive
differential equations with “supremum” (2.1), (2.2);

the uniform strong practical stablility with respect to (a(X\),b(A),b(B),T) of zero
solution ofscalar impulsive differential equation (2.7) implies uniform strong
practical stability in terms of two measures with respect to (A, A, B,T) of system

of impulsive differential equations with “supremum” (2.1), (2.2).

Proof.  (A). Let the zero solution of scalar impulsive differential equation (2.7) be
practically stable with respect to (a(\),b(A)), where 0 < A < A, a(A) < b(A).
Therefore, there exists a point ¢, > 0 such that |ug| < a(\) implies

lu(t; to, up)| < b(A)  for t > to, (2.9)

where u(t; g, up) is a solution of (2.7).
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Choose a function ¢ € PC([tg — 7, o], R™) such that
Ho(to, ¢) < A (2.10)

and let x(t; o, @) be a solution of (2.1), (2.2) with initial condition (2.3).

Let uy = mazsei—rqV (to + s, ¢(to + s)). From Lemma 1 for A = [—r,00) and
) = R" it follows that

V(t, x(t;to, @) < u(t;to,ug) for t > t, (2.11)
From condition 4(i) we obtain

V(to+ s, 0(tg + 8)) < a((ho(to + s, 0(tg + 3))) < a(Ho(to, 9)) < a(A), s € [-r0],

(2.12)
or ug < a(A).
From inequalities (2.11) and (2.12) it follows that
V(t, z(t; to, @) < u*(t;to,up) < b(A)  for ¢ > t. (2.13)
From inequality (2.13) and condition 4(i) we get for t > t,
b(h(t, z(t; to, 9))) < V(¢ x(t;t0, @) < u'(E:t0, uo) < b(A), (2.14)
or
h(t,x(t;to, ¢)) < A. (2.15)

The proofs of claims (B)-(F) are similar to the one of (A) and we omit them. [

Remark 3. Note that (uniformly) eventually practical stability in terms of two mea-
sures implies (uniformly) practical stability in terms of two measures, and (uniformly)
practical stability in terms of two measures implies (uniformly) practical quasi sta-

bility in terms of two measures.

Corollary 1. Let the following conditions be fulfilled:

1. Conditions 1, 2, 3 of Theorem 1 are satisfied.
2. There ezists a function V(t,x) : [—r,00) x R" — R, with V € A such that

(i) b(h(t,z)) < V(t,x) < a(ho(t,z)) for (t,x)€ [-r,00) x R"
where a,b € K;

(ii) for any number t € Ry : t # 7, k € Z(Ry) and any function b €
PC([t —rt],R™) such that V(t,0(t)) > V(t + s,9(t + s)) for s € [-r,0),
the inequality

D))Vt 9(t) <0
holds;
(iii) V(e + 0, I(x)) < V(mg,x) for x € R", ke Z(Ry).

Then the system of impulsive differential equations with “supremum?” (2.1), (2.2) is

uniformly eventually practically stable in terms of two measures.
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Proof. The proof of Corollary 1 follows from the one of Theorem 1 for ¢g(¢,x) = 0 and
&(x) = x. In this case, the solution of (2.7) is u(t) = wug, and the zero solution of it is

uniformly practically stable. O

In the case where the Lyapunov function does not satisfy condition 4 of Theorem 1

globally, we obtain the following sufficient conditions:

Theorem 2. Let the following conditions be fulfilled:

1. The function f € PC[R; x R™ x R",R"| and f(t,0,0) = 0.
2. The functions I, € C(R",R™) and I(0) = 0 for k € Z(R,).
3. The functions hg,h € T' and there exist positive constants \, A : X\ < A such
that if h(mg, x) < A implies h(my, I(z)) # A for x € R, k € Z(R,).
4. There exists a function V(t,x) : [-r,00) x R" — Ry with V € A such that
(i) b(h(t,z)) < V(t,x) < a(ho(t,z)) for (t,x)€ [-r,00) x R",
where a,b € K, a(\) < b(A);
(ii) for any number t € Ry : t # 7, k € Z(Ry) and any function ¢ €
PC([t—=r,t],R") : h(t+s,0(t+s)) < A, s € [—r,0] such that V(t,(t)) >
V(t+ s,0(t+s)) fors € [—r,0), the inequality

Dg1),22)V (t,0(t) < g(t, V(t9(t)))

holds, where g € PC(Ry x R,R,) and g(t,0) = 0;
(i13) V(1 + 0, Ix(x)) < &(V (T, ) for (mk,z) € S(h,A), ke Z(Ry),
where & € IC.

Then

(A) the practical stability with respect to (a(X),b(A)) of zero solution of scalar im-
pulsive differential equation (2.7) implies practical stability in terms of two mea-
sures with respect to (X, A) of system of impulsive differential equations with
“supremum” (2.1), (2.2);

(B) the uniform practical stability with respect to (a(X\),b(A)) of zero solution of
scalar impulsive differential equation (2.7) implies uniform practical stability in
terms of two measures with respect to (A, A) of system of impulsive differential
equations with “supremum” (2.1), (2.2);

(C) the practical quasi stability with respect to (a(N),b(A),T) of zero solution of
scalar impulsive differential equation (2.7) implies practical quasi stability in
terms of two measures with respect to (A, A, T) of system of impulsive differential
equations with “supremum” (2.1), (2.2);

(D) the uniform practical quasi stability with respect to (a(\),b(A),T) of zero solution
of scalar impulsive differential equation (2.7) implies uniform practical quasi
stability in terms of two measures with respect to (A, A, T) of system of impulsive

differential equations with “supremum” (2.1), (2.2);
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(E) the strong practical stablility with respect to (a(\),b(A),b(B),T) of zero solution
of scalar impulsive differential equation (2.7) implies strong practical stability
in terms of two measures with respect to (A, A, B,T) of system of impulsive
differential equations with “supremum” (2.1), (2.2);

(F) the uniform strong practical stablility with respect to (a(\),b(A),b(B),T) of zero
solution of scalar impulsive differential equation (2.7) implies uniform strong
practical stability in terms of two measures with respect to (A, A, B, T) of system

of impulsive differential equations with “supremum” (2.1), (2.2).
Proof. The proofs of claims (A)—(F) are similar and we will give only the proof of
(A).

Let zero solution of scalar impulsive differential equation (2.7) be practically

stable with respect to the couple (a(\),b(A)). Therefore there exists a point ¢y > 0
such that |ug| < a(\) implies

lu(t; to, up)| < b(A)  for t > to, (2.16)

where u(t; g, up) is a solution of (2.7).

Choose a function ¢ € PC([ty — r,to], R™) such that
Ho(to, ¢) < A (2.17)

and let x(t; o, @) be a solution of (2.1), (2.2) with initial condition (2.3).
We will prove that
h(t,x(t;to, 9)) < A (2.18)
holds for ¢t > t,.

From inclusion (¢, ¢(t)) € S(ho, A) for t € [ty — r,to] and conditions 3 and 4(i),
it follows that b(h(s,d(s))) < a(ho(s,d(s))) < a(Ho(to,d)) < a(X) < b(A) for s €
[to — 7, o], i.€., inequality (2.18) holds on [ty — 7, to].

Assume (2.18) does not hold for ¢ > ty5. Consider the following three case:
Case 1. Let there exists a point t* > tq, t* # 7,, k € Z((tp, 00)) such that

h(t*, z(t*;to,9)) = A and h(t,z(t;to,0)) < A fort € [tg —r,t%). (2.19)

Let ug = mazsei—rgV (to + 5, #(to + s)). From Lemma 1, for the function V (¢, z)
defined on the set {(¢,x) € [ty,t*] x R™: h(t,z) < A}, it follows that

V(t, [L’(t; to, ¢)) < U*(t; to, UQ) for t e [t(), t*] (220)
From condition 4(i) we obtain
V(to+s, p(to+s)) < alho(to+s, p(to+s))) < a(Ho(to, ¢)) < a(A), s € [—r,0], (2.21)

or uy < a(A).
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From inequalities (2.16), (2.20), and (2.21) follows that
V(t, z(t;to, p)) < u*(t;to,up) < b(A) for t € [ty,t"]. (2.22)
From inequality (2.22) and condition 4(7) we get
b(A) = b(h(t*, x(t"; to, d))) < V(¥ 2(t"; to, ) < u*(t";tg, ug) < b(A). (2.23)

The obtained contradiction proves the validity of (2.18) for ¢ > t.

Case 2. Let there exists a number k € Z((ty,00)) such that h(t, z(t;t9,¢)) < A
for t € [to —r, 7)) and h(Tx, x(7%; to, ¢)) = A. Then as in Case 1 for t* = 7, we obtain
a contradiction.

Case 3. Let there exists a natural number k such that h(t,z(; 0, ¢)) < A for
t € [ty — r, 7] and h(rk,lk (x(Tk;t0,¢))) > A. From condition 3 it follows that

h(Tk, I (x(rk;t0,¢))) > A. Then as in Case 1 we prove the validity of inequality
(2.22) for t € [to, 7). Applying condition 4(7i) we get

b(A) < b(h(Tk, I (s to, ¢)))) — b(h(fk +0, & (2 (73 to, cb))))

< V(m + 0, Ii (2(7k; to, ¢))) < & (V (T, 2(7h5 10, 9))) (2:24)
< & (u* (7h; to, uo)) = w* (i + 030, ug) < b(A).
The obtained contradictions prove the validity of (2.18) for t > t. O

Now we will study eventual practical stabiity of impulsive differential equations

with “supremum.”

Theorem 3. Let the following conditions be fulfilled:

1. Conditions 1,2, 3 of Theorem 2 are satisfied.
2. There ezists a function V(t,x) : [—r,00) Xx R" — R, with V € A such that
(i) b(h(t,z)) < V(t,x) < a(ho(t,z)) for (t,x)€ [-r,00) x R"
where a,b € K;
(ii) for any numbert € Ry : t # 1, k € Z(R,) and any function ) € PC([t —
r,t],R"™) such that (t,(t)) € S(h,p) and V(t,¥(t)) > V(t + s,¢(t + s)) for
s € [-r,0), the inequality

D))V (E (1) < g(t, VI, ¥(t)))

holds, where g € PC(Ry x R,Ry) and g(t,0) = 0,
(iii) V(e + 0, It(2)) < &(V (k) for (mx,2) € S(h,p), k€ Z(Ry),
where & € IC.

Then
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(A) eventual practical stabilty of zero solution of scalar impulsive differential equation
(2.7) implies eventual practical stability in terms of two measures of system of
impulsive differential equations with “supremum” (2.1), (2.2);

(B) uniform eventual practical stabilty of zero solution of scalar impulsive differen-
tial equation (2.7) implies uniform eventual practical stability in terms of two
measures of system of impulsive differential equations with “supremum” (2.1),
(2.2).

Proof. (A). Since hg is uniformly finer than h, there exists a constant py and a function

1 € K such that inequality ho(t,z) < po implies

Without loss of generality we could assume that py < p, 1¥(pg) < p. Let the positive
constants A\, A be fixed such that A < A < pg, a(A) < b(A). Let zero solution of
scalar impulsive differential equation (2.7) be eventually practical stable. Therefore
for the couple (a(\),b(A)) there exists 7(A, A) > 0 such that for some ty > 7(\, A)
the inequality |ug| < a(\) implies

lu(t; to, up)| < b(A)  for t > to, (2.26)

where u(t; g, up) is a solution of (2.7).

Choose a function ¢ € PC([tg — r,to], R™) such that
Ho(to, ¢) < A (2.27)

and let x(t;to, ») be a solution of (2.1), (2.2) with initial condition (2.3). We will
prove that

h(t,x(t;to, ¢)) < A (2.28)
holds for t > t,.

From inequality (2.27) it follows that ho(t, ¢(t)) < A < pg for t € [ty — 1, to] and

according to (2.25), h(t,¢(t)) < ¥(ho(t,0(t))) < ¥(po) < p. Then, from condition

2(4) of Theorem 3, we obtain that b(h(s, ¢(s))) < a(ho(s,¢(s))) < a(Hy(to,d)) <
a(A) < b(A) for s € [ty — 1, tg), i.e., inequality (2.28) holds on [ty — 7, to].

Assume (2.28) does not hold for ¢ > to. Consider the following three case:
Case 1. Let there exist a point t* > tg, t* # 7, k € Z((to,00)) such that

h(t*, z(t*;to,¢)) = A and h(t,z(t;tg,¢)) < A fort € [tg —r,t). (2.29)

Let ug = maxej—p0)V (to + 5, ¢(to + 5)). From Lemma 1 for the function V (¢, z)
defined on the set {(¢,x) € [to,t*] x R™: h(t,z) < A} it follows that

V(t, z(t; to, @) < u*(t;to,up) for t € [to,t"]. (2.30)
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From condition 2(¢) we obtain
V(to+ s,0(to + 5)) < alho(to+ s, 0(to + s))) < a(Hp(to, ¢)) < a(N), s € [-r,0],
or
up < a(A). (2.31)
From inequalities (2.26), (2.30), and (2.31) it follows that
V(t, z(t;to, p)) < u*(t;to,up) < b(A) for t € [t,t"]. (2.32)
From inequality (2.32) and condition 2(7) we get
b(A) = b(h(t*,x(t";to, 0))) < V(t", z(t";tg, @) < u*(t"; 0, up) < b(A). (2.33)
The obtained contradiction proves the validity of (2.28) for t > t.

Case 2. Let there exists a number k € Z((to, 00)) such that h(t, z(¢;to, ¢)) < A
for t € [to —r,7) and h(7y, x(7%; to, ¢)) = A. Then as in Case 1 for t* = 7, we obtain

a contradiction.

Case 3. Let there exists a natural number k € Z((to, 00)) such that
h(t, z(t;to, 9)) < A, t € [ty — 7, 73] h(m,lk (x(Tk;to,gb))) > A.

Since A < p, from condition 3 of Theorem 2 it follows that h(Tk, I (x(7; o, gb))) > A.
The rest of the proof is similar to the proof of Case 3 of Theorem 2.

The proof of claim (B) is similar to the one of (A). O

We will study eventual practical stability in the case where the Lyapunov function
does not satisfy the condition 2(7) of Theorem 3. Then we will use a perturbing

Lyapunov function.

In this case we will use two scalar impulsive differential equations. We will use
the (2.7) and

v =go(t,v), t>ty, t# T,
(1t +0) =me(v(m), k=1,2,..., (2.34)
v(ty) = o,

where v,vg ER, g2 : Ry xR — R, 5, € R — R. In our further investigations we will

assume that for any initial point (¢p,v9) € Ry X R the solution of scalar impulsive

equation (2.34) exists on [ty, 00), to > 0.

Theorem 4. Let the following conditions be fulfilled:

1. Conditions 1,2, 3 of Theorem 2 are satisfied.
2. There exists a function Vi(t,z) : [—r,00) x R" — R with Vi € A that is strongly

ho-decrescent, and
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(i) for any number t € Ry : t # 7, k € Z(Ry) and any function b €
PC([t — r,t],R™) such that Vi(t,(t)) > Vi(t + s,¥(t + s)) for s € [—r,0)
and (t,(t)) € S(h,p) the inequality

D1y,eaVi(t, ¥(t)) < g(t, Vi(t, (1))

holds, where g € PC(Ry x R,R,) and ¢1(t,0) = 0.
(i) Vi(e + 0, In(2)) < &(Vi(m, ), (mh,2) € S(h,p), k€ Z(Ry)
where the functions & € KC.
3. For any number (1 > 0 there exists a function Vz(“)(t,x) [=r,00) x R" — R,
with VQ(“ ) € A such that:
(iii) b(h(t,z)) < Vi(t, ) < alho(t, x)) for (t, ) € [—r, 00) xR™, where a,b € K;
(iv) for any number t € Ry : t # 1, k € Z(R,) and any function i €
PCO([t = r,t],R™) such that (t,%(t))) € S(h, p) (S (ho, ) and V (t,(t)) >
V(t+ s,0(t+s)) for s € [—r,0) the inequality

D1y, 2 Vi(t, (1) + Dy 2y Va (£, 9(t))
< ot alt0(0) + V7 (1 0(1))) )
holds, where go € PC(Ry x R;R.) and go(t,0) = 0;
(0) Vim0, (@) + V3 (10, L)) < e (Vi) 415" () ) for (m) €
S(h, p) (NS¢ (ho, 1), k € Z(R,) where the functions n;, € K.

4. Zero solutions of scalar impulsive differential equations (2.7) and (2.34) are

uniformly eventually practical stable.

Then the system of impulsive differential equations with “supremum?” (2.1), (2.2) is

uniformly eventually practical stable in terms of two measures.

Proof. Since the function Vj(¢,x) is strongly-ho-decrescent, there exists a constant
p1 > 0 and a funtion ¢y € K such that ho(t,z) < p; implies

Vi(t, z) < q1(ho(t, z)), (t,z) €e Ry x R™ (2.35)
Since hg is uniformly finer than h, there exists a constant pg and a function ¢y € K
such that inequality ho(t, z) < po implies h(t, x) < ¥o(ho(t, x)) where (¢, x) € Ry xR™.
We will assume that py < p; < p and 12(pg) < p1. Choose a function 5(s) >
max (¢1(s), a(s)) : 13 € K. Let the couple (A, A) : 0 < XA < A < pg, tha(N) < A,
21h3(A) < b(A) be fixed.
Since zero solution of scalar impulsive differential equation (2.7) is uniformly
eventually practically stable, for the couple (11(\),¥3())) there exists 7(\) > 0 such
that for tg > 7 () the inequality |ug| < 11(\) implies

U(t7 to, UO> < w3(>\) for t > to, (236)

where u(t; g, vo) is the maximal solution of (2.7).
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Since zero solution of scalar impulsive differential equation (2.34) is uniformly
eventually practically stable, for the couple (2¢3()\),b(A)) there exists mo(A, A) > 0
such that for all tg > 7 (A, A) inequality |vg| < 2¢03(X) implies

|v(t; o, vo)| < b(A), t = to, (2.37)
where v(t; to, vp) is the maximal solution of (2.34) with initial condition v(ty) = w.
Now let 7(A, A) = max(71(\), 72(A, A)). For any ¢, > 7(\, A) we consider the
function ¢ € PC([tg — r,to], R" such that
Ho(to, ) < \. (2.38)
We will prove that if inequality (2.38) is satisfied then
h(t,x(t;to, ) < A,  t >ty —r, (2.39)

where x(t; 19, ¢) is a solution of initial value problem (2.1)-(2.3).

From inequality (2.38) it follows that h(to+s, ¢(to+s)) < Va(ho(to+s, p(to+s)) <
a(N) < A for s € [—r,0], i.e., inequality (2.39) holds on [ty — 7, to].

Assume inequality (2.39) is not true for t > t.

Case 1. Let there exist a point t* # 7, k € Z((to,00)) such that

Wt a(tst,0)) = A, h(t.x(tit, 0)) < A, t€ [to—r,t"). (2.40)

Define z(s) = x(s; to, @), s € [to — r,t*].
If we assume that ho(t*, z(t*)) < A then h(t*, z(t*)) < a(ho(t*, x(t))) < ho(N) <
A which contradicts (2.40). Therefore

ho(t",2(t7)) > A, ho(to, ¢(t0))) < A (2.41)

There exists a point t§ € (to,t*) such that ho(tj, x(t)) < A and ho(t,z(t)) > A for
t e (t5 ], Le.

(t.z(t) € S(h, A) [ S(ho, A), t € [t 1). (2.42)
Let r(t; to, up) be the maximal solution of impulsive differential equation (2.7) where
g = SUPse(_r0) Vi(to+s, p(to+s)). Then ug < ¢1(A). From inequalities (2.36) follows
that

|’l“1(t; tQ,UQ)| < @Dg()\) for ¢t > to. (243)

From Lemma 1 for the function Vj(t,z) defined on the set {(t,z) € [to,t*] x R" :
h(t,z) < A} we obtain

Vi(s,x(s)) < ri(s;to, up), s € [to,t]. (2.44)

If t —r < to then from (2.35) it follows that Vi(s,z(s)) < ¢ (ho(s, ¢(s)) < 1(N) <
P3(A) for s € [t5 —r, to] and from (2.43) and (2.44) we obtain that Vi (s, z(s)) < ¥3(\)
for s € [to, ;).
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If tj —r > to then from (2.43) and (2.44) we obtain that
Vilty + s, x(ty + s)) < s(A) for s € [—r,0]. (2.45)

Consider the function Vz()‘) (t,x) that is defined in condition 3 of Theorem 4 and define

the function
m(t,z) = Vi(t,z) + VIV (t,2),  t>to—r (2.46)
From inequality (2.38) and condition 3(éiz) of Theorem 4 it follows that for s € [—r, 0]
ViV (ts + 5, 2(t + 5)) < a(ho(t + s, 2(t; + 5))) < a(A) < ¥s(N). (2.47)
From inequalities (2.45) and (2.47) we obtain
m(ty+ s, z(ty + s)) < 2¢3(A\) for s € [—r,0]. (2.48)
From Lemma 1 for the function m(¢,x) defined on the set {(t,z) € [t§,t*] x R" :
h(t,z) < A, ho(t,z) > A} we get
m(t, z(t;to, @) < r*(t;t5,v5), t € [ty t7], (2.49)

where 7*(t; 5, vg) is the maximal solution of (2.34) for vy = sup,e_,.q) m(ty+s, z(t; +
sito, @).

From inequality (2.48) follows that |w§| < 2¢3(A) and therefore according to
inequality (2.37)

Pt wl) < b(A), t >t (2.50)

From inequalities (2.49), (2.50), the choice of the point ¢*, and condition 3(iiz) of

Theorem 4 we obtain

b(A) > r*(t5ty,wg) > m(t, 2 (tt, 9))
> VN, a(t b0, 9)) > b(A(E*, 2 (50, 9))) = b(A).

The obtained contradiction proves the validity of inequality (2.39) for t > t,.

Case 2. Let there exists a number k € Z((ty,00)) such that h(t, z(¢;t9,¢)) < A
for t € [to —r, 7)) and h(7y, x(7%; to, ¢)) = A. Then as in Case 1 for t* = 7, we obtain

a contradiction.

Case 3. Let there exists a natural number k € Z((to, 00)) such that
h(t, z(t;to, 9)) < A, t € [to — 7, 73] h(m,lk (x(Tk;to,gb))) > A.

Since A < p from condition 3 of Theorem 2 follows that h(Tk, I, (a:(Tk; to, qb))) > A.
The rest of the proof is similar to the proof of Case 3 of Theorem 2.

The obtained contradictions prove the validity of the inequality (2.39). O
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3. APPLICATIONS

Now we will illustrate our results.

Consider the following system of nonlinear impulsive differential equations with

“supremum”

2 (t) = y(¢) <:)32(t) + yz(t)> sint +e” " sup (s),

sEt—r,t]

y'(t) = —%x(t) (:cz(t) + yz(t)> sint +e " sup y(s), t>to,tH#k, (3.1)

seft—r,t]
z(k+0) =ax(k),  y(k+0)="0by(k),

with initial conditions

z(t) = ¢1(t —to), y(t) = Pa(t —to) fort € [tg — 1, tol, (3.2)
where z,y € R, r > 0 is a small constant, ¢, > 0, and a,b € (1,2).

Let ho(t,z,y) = |z| + V2|yl|, h(t,z,y) = 2> + 23>, Consider V : R? — R,
V(z,y) = 2(x* + 2y?). Tt is easy to check Condition (i) of Theorem 1 for functions
a(s) =35> € K and b(s) =s € K.

LetteR,, t#7, k=1,2,... and o € PC([t — r,t],R?), ¥ = (21, 1)) be such
that

VI(E) + 205(t) > Pi(t+s) +205(t +5) for s € [—r,0), (3.3)
or V(1hi(t),v2(t)) > V(e (t + 5),v2(t + 5).

Let i = 1,2. If there exists a point 1 € [t —r, ] such that sup,c,_,. 4 ¥i(s) = ¥i(n),
then (supyeq_pq¢i(s))” = (i(0)? < sup,e g (V3(s) + 203(s)) = 3 (t) + 203(2).

The above inequality could analogously be proved if sup,c,_,.%i(s) > vi(n) for
all n € [-n,1], i.e., there exists a point 7, € (t — r,t) such that supcy_,.4v%i(s) =
;i (me + 0).

Then for i = 1,2 we obtain

Di(t) sup i(s) <[] | sup wi(s)| = V(@) ¢ sup (s

seft—r,t] seft—r,t] seft—r,t]

§§<¢f(t)+2w2(t)) V(¥ (t), ¥a(t)).

Therefore, if inequality (3.3) is fulfilled, we have

W (t), ¢2(1))
_ (wl() max 1(s) + 20a(t) max vas))

sE[t—r,t]
< 6™V (U (t), 1ha(t)).

For any k& we obtain

3 3
V(ax,by) = §(a2I2 + 20%y%) < 025(2:2 + 2y?) = AV (x,y),
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where ¢ = max(a, b) > 1.

Now, consider the initial value problem for the scalar comparison impulsive dif-

ferential equation
u' =6e'u fort#k,  u(k+0)=culk), ulty)=ug

whose solution is u(t) = (Hz to<t<tss (€2 — 1))uoeﬁ(et°_et) and |u(t)] < |ug|efe ™
for t > to. For any numbers 0 < A < A, we choose a number 7 > max{0,n6 —
In(In(3))} > 0. Note 7 = 7(X\, A) > 0. It is easy to check that for ¢, > 7 and
|ug| < A the inequality |u(t)| < A holds, i.e., the zero solution of the scalar comparison
equation is uniformly eventually practically stable. Therefore, according to Theorem
2 the system of impulsive differential equations with “supremum” (3.1) is uniformly
eventually practically stable in terms of two measures, i.e., for any numbers 0 < A <
A, there exists a number 7 = 7(\, A) > 0 such that, if ¢, > 7 then the inequality
Doy ([61(5)] + 20a(s)]) < A implies a2(fto, 6) + 292 (¢ t0,0) < A, for ¢ > to
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