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ABSTRACT. Very general shell mixed Caputo fractional Ostrowski inequalities are presented,
radial and non-radial cases. One of them is proved to be sharp and attained. Estimates are with

respect to [|]|,,, 1 < p < occ.
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1. Introduction

In 1938, A. Ostrowski [12] proved the following important inequality:

Theorem 1.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)

whose deriwative f': (a,b) — R is bounded on (a,b), i.e., |f'| = sup |[f'(¢)] <
te(a,b)

1 (I_GTH))z L /
S[Z""W] (b—a) |/l (1)

+00. Then

e RACKAEC

1 . .
for any x € [a,b]. The constant ; is the best possible.

Since then there has been a lot of activity around these inequalities with impor-

tant applications to Numerical Analysis and Probability.

This paper is greatly motivated and inspired also by the following result.

Theorem 1.2 (see [1]). Let f € C""! ([a,b]), n € N and x € [a,b] be fized, such that
f®(2) =0, k=1,...,n. Then it holds

f("H)oo z—a)""? + (b—2)""?
SH@+JL'<( )b—i ) )' @)

)n-i-l‘

= [ twar-1@

Inequality (2) is sharp. In particular, whenn is odd is attained by f* (y) := (y — x

(b — a), while when n is even the optimal function is
Fy) =ly—2""(b-a), a>1

Received November 21, 2010 1083-2564 $15.00 ©Dynamic Publishers, Inc.



102 G. A. ANASTASSIOU

Clearly inequality (2) generalizes inequality (1) for higher order derivatives of f.

Also in [4], see Chapters 24-26, we presented a complete theory of left fractional

Ostrowski inequalities.

Here we combine both right and left Caputo fractional derivatives and produce
Ostrowski inequalities in the multivariate setting of a shell for radial and non-radial
functions. A non-radial case ball result is given at the end. For the non-radial case
results we use fractional radial derivatives, left and right, the last being introduced
here for the first time. For the basic concepts of fractional calculus used here, we
refer to [5], [7]-[10], and [13]. We are also motivated by [2] and [3].

2. Main Results

We make

Remark 2.1. Let the spherical shell A := B(0,Rs) — B(0,R1), 0 < Ry < Ry,
ACRYN N >2 2 € A Consider that f : A — R is radial; that is, there exists g
such that f (z) = g (r), r = |z|, r € [Ry, Ry], ¥V 2 € A. Here x can be written uniquely
as ¢ = rw, where r = [z > 0 and w = £ € SN |w| = 1, see ([11], p. 149-150 and
4], p. 421), furthermore for F': A — R a Lebesgue integrable function we have that

/A F(2) do = /S N,l ( /R R F(rw)rN_ldr) do. (3)

Let dw be the element of surface measure on SV~—1 and let

N
w :/ dw = 2>
A O]

_ wn(RY-RY) m . (m—1)
Here Vol (A) = ——5——=, and we assume that g € AC™ ([Ry, Ry]) (i.e. g €

AC ([Ry, Ry])), m = [a] ([-] ceilling of number), a > 0, and ¢ (ry) = 0, k =
1,...m—1,ry € [Rl,RQ].
We get by [7], p. 40, that

1

Q(T)—Q(To):m

/ - ) e g () (4)

o
V r € [ro, Ry), where DS, g is the left Caputo fractional derivative of order «, see [7],
p. 38. And, by [5],

g (r) — g (ro) = ﬁ / U r D g (D) (5)

(where Dy g is the right Caputo fractional derivative of order «, see [8]-[10]), V
r € [R1,m0]. Here assume DS g € Lo ([ro, R2]), and Dy _g € Lo ([R1,70]). We

*70

obtain N
(7’ — ’l“())

Tt 1P9lleiron (©
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Y r € [ro, Ry], and

)

GOm0, o
V r € [Ry,1o]. Next we see that

f(row) = %‘ = ‘9(7“0) - <ﬁ) /}:29(3) sV ds

(RNNRN) }:2 (g (ro) —g(s)) sV ds| <
) [ law) - g s = .
<Rz Ry )/Rl
(}gj??gy) {ZQOW(”ﬂ"Q(SHSN_Hk—F/:ﬁ|gOh)—¢7@ﬂsN_%m} <
(Révij{V) r (a1+ 1) {H D79l o /}: (ro — )" ™ ds (9)

Ro
e R )
T0

Here we calculate

11_/mm—@“N*@:/m%—gww—39+&ﬂ*@:

Rl Rl

N-1 v
( ) / (ro — )™ (s — Ry) VT ds =
Ry

(N —1)! JT(a+1)(N—Ek—1)!
I(N—k—-DI'"" T(a+1+N—k)

L ip
o~ (@)

(TO_RI)OH-N—IC .

k=0
Le.
N-1 a+N—k
RY (ro—Ry)™"
— _ | 1 0 1
L=(N-DT(a+1) 2 HD (0t 1+ N ) (10)
Also
R2 R2
[2::/ sV (s —ro)*ds = (-1 1/ ((Ry —s) — Ro)N " (s — 1) ds =
N-1
C\N-1 (N —1)! / Rl \(adD)-1
(—1) é;kMN—k—l (s —ro) ds
_N_l (N_]')' ( 1)N+k 1Rk(N k_l)'r(a+1) (R —r )N—k—i-oz
S RN =k = 1) I(N—k+a+1) ~ 2 ° '
That is
N-1, \N+k-1 pi N N—k+a
L= (N—1)(a+1) S Y 1ty (s = o) . (11)

KT (N —k+a+l)
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Consequently we get

N! R (o= Ry
(*)—(m){‘w 9/l erokz:ok;' I'a+1+N—k) 1)

N-‘rk 1 Rk (R2 - TO) N—k+a
) .

il ] [ToRﬂZ k'FN k+a+1

So far we have proved that (V w € SN D)

NI _Rl)a—i-N—k
(W) 1579l k'F a+1+N i

N ()N FE- R N—k+a
R (R2 — 7’0)
+ 110209 o (g Ty )} (13)
Inequality (13) (« > 0) is attained by
(ro —s)", s € [Ry,rol.

Here g fulfills all assumptions here and

1D5-9]| =T (a+1). (15)

J[R1,70] HD*TOQH J[ro,R2]
Hence

N e
L.H.S.(13) = g RN/ G(s)sV tds =

— = To — ds + -7 d =
N {V _/1 ( 0 8) S S / (8 0) S 8}

T0

N-1 ro—Ry )TN F
(N = 1IT (a +1) < kﬁ:l((a%— i)N—k’))

N
RY — RY

+

(16)

N-1 N+k1 N—k+a
RE (Ry — 1)
N —-DI(a+1) 2
( o+ (Z TN —ktat D) )

k=0
N' N-1 Rk (TO_R1>Q+N_k
r 1 !
(RN RN) (Tlat1)) <k:0 MC(a 11+ N R "
N—-1 (_1)N+k‘—l Rlzg (RQ o TO)N_k+a
)

(F(O‘+1))<Z KT (N —k+a+1

k=0

= R.H.S.(13),

proving it attained and sharp (13).

We have established
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Theorem 2.2. Let f : A — R be radial; that is, there exists g such that f (x) = g (1),
r=|z|,Vare A we SN Assume that g € AC™ ([Ry, Ra]), m = [a], a > 0,
and g™ (rg) = 0 (rg € [R1, Ro] fized), k =1,...,m — 1, and D2 _g € Lo ([R1,70)),
D¢ g € Ly ([ro, Ra]). Then (Vw € SN71)

) 1 ol (3 e
RY — RV “Ioorird \ £ R0 (0 + 1+ N — )

N-1 N+k—1 pp N—k+a
(1) R (Ry — o)
+ HD*T’OgH ro R2 <g k'F (N—k+a+1) . (17)
The last inequality (17) is sharp, that is attained by
g (S) — (S - TO)a , S€ [T07 R2] ) (18)
(ro — )", s€[Ry,1ol.

We need to make

Remark 2.3. Let a > 1. We get easily by (4) that

97) = 900l < T 1050l - (19)

YV r € [ro, Ry]. Also by (5) we find that

(ro —
|g(r)_g(T0)| < ?HD gHLl(Rl ro]) ? (20)
V re [Rl, 7”0]
Here we assume HD*TOgHLl([mRZD , HD%_gHLl([RLTOD < 0.
Then it holds
fAf(y> dy N /R2 N—1
_JAT NI I - ds| <
f (TOW) VOl (A) g (TO) Ré\[ _ R{V Ry g (8) S S| =
N fiz _
() [ oo =" s (21)

(ﬁ) {/R g (r0) — g (s)| " ~ds + /R g (1) —g(s)|sN_1ds} <
- <R§VJXR{V) (1 {HD 9l e (/}: (ro— )" sN‘lds)

Ry
S - (s_ro)a—lsN_lds} _
o

Nl N—-1 Rk —R a+N—-k—-1
<w) {HD 9l g o ( }cl(lio 1)N k (#2)
2 — Iy k=0 T'(a+ N — k)
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N-1 N+k—1 pk N—k+a-1
. (—1) Ry (Ry — 7o)
+ HD*TOQHL1([7‘0,R2]) (Z EIT (N —k + Oé) ) } .

k=0

We have proved

Theorem 2.4. Let f : A — R be radial; that is, there exists g such that f (z) = g (1),
r=lz|,VreA weSN 1 Assume that g € AC™([Ry, Ry)), m = [a], a > 1, and
g™ (ro) =0, k=1,....,m—1; 1y € [Ry, Ry] be fized. Assume D2 _g € Ly ([Ry,r0])
and D% g € Ly ([ro, Ro]). Then (Vw € SN=1) we get

*70

Jaf () dy N i N1
_ — S (A — ds| < 2
R e R G R O W ARICE  ECY
e RACATI  pk{CeL
RY — RV =i \ & TR @+ N~ k)
N-1 N+k—1 pk N—kta—-1
o (-1 R (R — o)
+ HD*mgHL1([7‘o,R2]) (; kT (N —k+ a) ’
We continue with
Remark 2.5. Let p,g > 1: 1—1) +% =1 a> %. Then by (4) we derive
1 " " b
lg (r) —g(ro)] < F—a) </TO (r— J)p( Y dj) HD*rogHLq([ro,RzD’ (24)
YV r € [roRs] . That is
1
1 (r— ro)(a_1)+5 N
90) =9 00l < Fry e 102509111, 1,2 (25)
YV r € [ro, Ry]. Similarly by (5) we get
1 (ro— 7‘)0‘_”% N
|g (T> -9 (TON < 1 HDTO_gHLq([Rl,roD ) (26)

(@) (p(a—1)+ 1)
V r € [Ri,ro]. Here we assume that D¢, g € L ([ro, Rs]), and Dy _g € Ly ([R1,70]) -

T

Hence we obtain

N
RY — RY
N 2 )
<w) /R |9 (ro) — g (s)| " ds =
2 1 L

(ﬁ) {/R |9 (r0) — g (s)| s" ~'ds + /R g (7o) —g(s)|sN_1ds} <

— @

<

Ro
/ (9.(ro) — g (5)) s ds

R
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(7)) tooe
RY —RY) T(a)(pla—1)+1)
r0
a a—f N-1
{HDTO_gHLq([Rlﬂ“O]) (/};1 (7’0 - S) a8 dS)
e -1 N-1
+ HD,?TOgHLq([TO’RZD/ (s —rg)* a s™™ ds} = (28)
To

N .
(RY — RM)T (a) (p(a —1) + 1)

N-1 ~1iN—k
1 R* (ra—R)* at
HD?O_QHL ([R1,m0]) <N - 1)'F <05 - -+ 1) Z 1 (TO 1)
a([R1, q k:gk!F(a—%+1+N_k)

1
+ HnggHLq([mRﬂ) (N -1)IT <a 7y + 1) .

N (L)L RE (R, — TO)N—k-i-a—% }
1
k=0 k"F(N—k’—FOé—E—Fl)

We have proved

Theorem 2.6. Letp,g > 1: %+% = 1. Let f : A — R be radial; that is, there exists g
such that f (z) = g(r), r = |z|, Vo € A; w e SN7L. Assume that g € AC™ ([Ry, Ry)) ,
m = [a], a > % and g® (ro) =0, k=1,...,m — 1; 1o € [Ry, Ry] be fived. Assume
also D% _g € Ly ([R1,m0]) and D%, g € Ly ([ro, Ro]). Then (Vw € SN71) we get

J (row) = %’ = |9 (ro) — (ﬁ) /P:ZQ(S) sV lds
r <a + 1—17) N

I(a)(RY —RY) (p(a—1)+1)5

N-1 — o tN—k
RE (T’Q—Rl)a at
Dy g " :
H 0 HLq([Rh 0]) kz:% LT (Oé + % + N — ]{;)

N-1 N4+k—1 pg N—k+a—1
a (-1) R; (R — 1) ‘
+ HD*rogHLq([ro,Rg]) (Z 222 0 ) } .

e k!r(N—k+a+§,)

< (29)

We mention

Corollary 2.7. (p=q =2 case) Let f : A — R be radial; that is, there exists g such
that f(x) = g(r), r = |z|, Vo € A; w € SN~1. Assume that g € AC™ ([Ry, Rs)),
m = [a], @ > % and g¥ (ry) = 0, k = 1,....m — 1; ry € [Ry,Ry]. Assume
D& _g € Ly ([Ry,70]), D2, g € Ly ([ro, Rs]). Then (Yw € SN—1)

o) = LIy ) = () [t

Ry

<
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r (Oé —l— H Nz_:l le (T’Q—Rl)a_%—i—N_k
E(a) (RY - pF |17t \ & WF @+ 34V =)
N

D ()N N-h+a—y
RE (Ry — 19) ’
_'_HD*rogHLz(ro Ra]) (k—O k'l N2 k+a+ ) >} (30)

Finally we deal with non-radial L., Ostrowski inequalities on the shell.

We need (see also [4], p. 421)

Definition 2.8. Let F': A — R, a > 0, m = [a] such that F (-w) € AC™ ([Ry, Ry)),

YV w € SN~ We call the Caputo left radial fractional derivative the following function

afro ( ) o 1 " m—o—1 o"F (tw>
s = ey | (31)
where x € A; that is, v = rw; r, 19 € [Ry, Ry], 79 is fixed, w € SN=1 V1 > rq.
Clearly

0%, I (2)

S B _F 2

0 p ), (32)

o F@) P
Ga = e if « € N. (33)

The above function exists almost everywhere for z € A.

We also need

Definition 2.9. Let F': A — R, a > 0, m = [a] such that F (-w) € AC™ ([Ry, Ry)),
V w € SN=1 We call the Caputo right radial fractional derivative the following

function 5 (@) 1) o (Ju)
a_ _1 m o —a—1 mF JW
) L _ m—«
ore " T'(m—a) /T (J=7) oJm dJ (34)
where x € A; that is, ¥ = rw; r, 1y € [Ry, Ro], 7o is fixed, w € SN=1 V r < rq.
Clearly
OpF (x)
50 = L (@), (35)

OpF(x)  ,0F(x)
ore = (=1) ore

The above function exists almost everywhere for x € A.

if o € N. (36)

We need to make

Remark 2.10. We treat here the general, not necessarily radial, case of f. We ap-
ply Theorem 2.2 to f (rw), w fixed, r € [Ry, Rs], under the following assumptions:
f(w) € AC™([Ry,Ry]),Vw € SN a >0, m = [a], where f : A — R is Lebesgue
1ntegrable, o {, kE=1,. — 1, vanish on 0B (0,rg), 7o is fixed in [Ry, Ry]; and
o2 %t g

5;?1 € B(4A) (bounded functions), where A; := B (0, Ry) — B (0,r), and
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B (A,), where Ay := B(0,19) — B (0, Ry), along with Dy f(w) € Lo ([R1,70]),
Dg f (w) € Leo ([ro, Ro]) , ¥V w € SV

*70

Then (V w € SV71)

Ro

N! o _f — RE(rg—R)™
RN RY ore oy \ k:!F(a+1+N—k)
aa N— 1 N+/€ 1Rk R, — N—k+a
—l—‘ *7‘0 Z (B2 — o) =: \p. (37)
ore o \ = k;'FN k+a+1)
Therefore
[ (row) dw N Ry B
Js» J;(NO ) TR R ) oy /sN 1( ; f(sw)s™ 1d8) dw| < A;.  (38)
That is
r (];) [, f(z)dx
dw— 2427 T <)L
271‘ 2 /SNl f (TOW) v Vol (A) =7t (39)
Therefore it holds for x € A that
S f (x)dx
fx) — Vol (A) | =
(X
'f (x) — 27(:%) /SNl f (row) dw| + Ay. (40)

We have proved the following

Theorem 2.11. Let f : A — R be Lebesque integrable with f (.w) € AC™ ([R1, Rs)),

a>0,m=«a } VwESN L grf,k—l m — 1, vanish on 0B (0,1) , 7o fized in

Ry, Ro]; and ”0 € B (Al) 6 B (Ag) along with Dg,_f (w) € Lo ([R1,70]),
D2 f(w)e Loo ([ro, Ra]), Y w E SN L. Then for x € A we have

*70

N a2 _ = RY(rg—Ry)*tNF

RY — RY o ||z \“= KT (0 + 14+ N — k)

s NZ b le T — (41)
O || o \ 2 KT (N —k+a+1) '

We also make
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Remark 2.12. Let f: B(0, R) — R be a Lebesgue integrable function, that is not
necessarily a radial function. Assume f (.w) € AC ([0,R]), Vw € SV 1 0 < a < 1;
ro € 0, B fixed, D5, () € Low (10.70]), D%, f () € Lo (fro, B]) ¥ 0 € S¥1. We

*7Q
further assume that
D7, f (tw)]|.

o D2 f <K, YwesSV' (42

,(t€[0,ro]) ? *7’0 ) Hoo,(te[ro,R})

where K > 0.
By inequality (16) of [6], applied on f (‘w),V w € S¥~1 we get

'row /fszlds_

NI'K TSH—N N— 1 (N+k 1) Rk (R 7’0)<N+a_k>
RN |T(a+N+1) kZ:O KT (N+a+1—Fk) =Ae (49
Therefore it holds
vo1 f (row) dw N R N
s o " Bon o /0 f(sw) sV tds ) dw| < . (44)
That is we got
r(3) Jpon f (¥)d
dw — ’ < Ao 4
o /Sm Jrow)dw = o Ry | =™ (45)
Consequently we derive
fla) - fB(o,R) f(x)dx
Vol (B (0, R))
(X
'f (x) — 27(:%) /SNl f (row) dw| + As. (46)

We have proved

Theorem 2.13. Let f : m — R be a Lebesque integrable function, that is not
necessarily a radial function. Assume f(-w) € AC([0,R]), R > 0,V w € SN-1,
0<a<1, re|0,R] fized, DY _f(-w) € Lo ([0,70]), DS f (w) € Lo ([r0, R]), V
we SN-L

Assume also || D2 _f (tw)]|
where K > 0. Then

” N-1
00,(t€[0,m0]) ’ D*rof( )HOO,(tG[To,R]) S K, Y w € S ,

fB(o,R) () dx
'f@) " Vol (B(0,R))

r(%)
fla) -2 /  (row) du| + (47)
22 JgnN-1
N'K Tgc-‘,—N N-1 ( 1)(N+k—1) Rk (R B 7"0)<N+a_k)
RN [Tla+N+1)  \&  MIN+a+i-k) ‘
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