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ABSTRACT. T-periodic solutions of systems of differential equations of the form
(¢(u)) = VuF(2,u) + h(x)

where ¢ = VO, with & strictly convex, is a homeomorphism of the ball B, C R™ onto R", are
considered under various conditions upon F' and h. The approach is mostly variational, but requires
the use of results on an auxiliary system based upon fixed point theory and Leray-Schauder degree.
AMS (MOS) Subject Classification. 34C25; 47H11; 49J40; 58E30; 58E35;78A35.

1. INTRODUCTION

In this note, we consider the existence of solutions of the T-periodic boundary
value problem

(0(u)" = VuF (z,u) + h(z),  w(0) =u(T), u'(0) = u'(T), (1.1)

where ¢ : B, — R" is a homeomorphism such that ¢(0) = 0, ¢ = V& for some
real strictly convex function ® € C'(B,) N C(B,) (a situation which occurs for the
acceleration in special relativity), F': [0, 7] xR™ — R is such that V,F' : [0, T| xR" —
R™ exists and satisfies Carathéodory conditions, and h € (L'(0,T))™.

In the case of the classical second order problem
u' =V, F(z,u)+ h(z), u(0)=u(T), «'(0)=1u'(T), (1.2)

some existence results were proved, using the direct method of the calculus of varia-
tions, by Berger and Schechter [4, 5], when F(z,u) — (h(z),u) is coercive in u uni-
formly in x € [0, 71, and in [14] when fOT[F(x, u) — (h(x),u)] dz is coercive and, either
V.F(z,u) is bounded or F(x,-) is convex for a.e. = € [0,T]. Numerous extensions
of those results have been given for wider classes of potentials F' and for u” replaced
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by the p-Laplacian (|u/|P~2u)’, and we refer in particular to [9],[16]-[24],[25]-[28] and
their references.

An existence theorem was also proved for (1.2) in [13, 14], when F' is periodic
in each variable u; for a.e. = € [0,7] and h has mean value zero. Such a result
is easily extended to the case of the p-Laplacian as shown in [12]. The problem is
more delicate in the case where u” is replaced by a ‘relativistic’ differential operator
(p(u')) like above. The scalar case was recently considered in [6] and the methodology
of this paper is used here to obtain existence results in the case of system (1.1), under
conditions upon F' of the type covered in [5] and [14]. Like in [6], the treatment is
essentially based upon the direct method of the calculus of variations and variational
inequalities, but an auxiliary result is used, which is a consequence of some existence
theorems proved in [2] using Leray-Schauder’s method. A pure variational treatment
of those questions remains to be done. On the other hand, no proof based upon
topological methods of the results given here is known by now.

In Section 2, we introduce the class of homeomorphisms ¢ occuring in (1.1) and
recall some of their properties used in the sequel. Section 3 surveys the approach,
introduced in [2, 3] for (not necessarily variational) problems (1.1), and based upon a
reduction to a fixed point problem treated with Leray-Schauder degree. An auxiliary
existence and uniquess result is proved for subsequent use in the paper. In Section 4,
we introduce the action functional

I(u) = /0 [@(u') + F(z,u) + (h(z),u)] dx

whose minima on a suitable closed convex set of the Banach space of Lipschitzian
functions should provide solutions of (1.1). We give there a sufficient condition for the
existence of a minimum, and the corresponding variational inequality. In Section 5,
we show that the minima of Z provide solutions of problem (1.1). Section 6 describes a
result of Berger-Schechter’s type for (1.1). In Section 7, we show that the sublinearity
in v of V,F" in the classical case can be replaced by an arbitrary polynomial growth
condition, and that the coercivity condition upon F' can be weakened. In the last
Sections 8 and 9, we consider the classes of convex and periodic potentials respectively.

In R™, we denote the usual inner product by (-, -) and the corresponding Fuclidian
norm by |- |. We denote the usual norm in L := (L,(0,7))" (1 <p < o0) by ||-||,- C
denotes the Banach space of continuous functions from [0, 77 into R", endowed with
the uniform norm ||-||«, AC' C C' the subspace of absolutely continuous functions from
[0, 7] into R™, C* € AC the subspace space of continuously differentiable functions,
B, the open ball of center 0 and radius r in any normed space. For any u € L}, we
set
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2. A CLASS OF HOMEOMORPHISM

The class of homeomorphisms which occurs in (1.1) is characterized by the fol-
lowing condition

(He) ¢ is a homeomorphism from B, C R"™ onto R™ such that ¢(0) =0, ¢ = VO,
with ® : B, —] — 00,0] of class C' on By, continuous and strictly convex on B,.

So, ¢ is strictly monotone on B,.
If & : R" — R is the Legendre-Fenchel transform of ® defined by

®*(v) = (67 (v),v) — [ (v)] = sup {{u,v) — P(u)},

u€Ba
then ®* is also strictly convex,
O*(v) < alv| —iBgf(boqb_l = alv| + d, (2.1)
and, using the negativity of ®,
®*(v) > sup (v, u) = alv|, (2.2)

uEB_a
so that ®* is coercive on R™ [14]. Adapting the reasoning of Proposition 2.4 in [14],
we obtain that ®* is of class C'. Hence ¢—! = V®*, so that

v=Vo(u)=¢u), veB, & u=¢ '(v)=VI(v), veR"

Given b € R" and g € C, let us define ¥ (b; g) by
T T
vibig) = [ o7gte) ~tdo = [ Vitlgla) - t)do
0 0
T

= vb/O *[g(x) — bl dz = V,¥(b; g),

where W(b; g) is defined by

T
Wig) = [ @lglo) b do
0
The following result is proved in [3].

Lemma 2.1. If ¢ = VO, with ® verifying Assumption (Hg), then, for each g € C,
the system 1(b; g) = 0 has a unique solution b := Qy4(g). Moreover, Qg : C — R™ is
continuous and takes bounded sets into bounded sets.

Example 2.2. Let us consider the C*-mapping ® : B; C R* — R, given by
O(u) = —v/1—|ul* (u€ D), (2.3)
so that

1< Bu) <0 (ueBy), ¢u)=Vd(u) = ——— (u€ B
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As |-|? is strictly convex on R”, it follows that @ is strictly convex on B;. Furthermore,
¢ : By — R" is a homeomorphism such that, for any v € R™.
v

¢~ (V) = —=—= = VO'(v),

V14 |v|?

where ®*(v) = /1 + |v|? is strictly convex and of class C™ on R™. Hence, Assumption
(Hg) with a = 1 holds for ® given by (2.3).

3. FIXED POINT PROBLEM

We introduce the (possibly) nonlinear operators N : C' — L' and f : [0, T]xR™ —
R" satisfying the following assumptions :

(Hy) N :C — L' s continuous and takes bounded sets into bounded sets,
(Hy)  f:]0,T] x R™ — R" satisfies the L*-Carathéodory conditions.

We associate to f its Nemytskii operator Ny : C'— L' defined for a.e. z € [0,T] by
Ny(u)(z) = flz, u(z)].

It is standard to show that Ny is continuous and takes bounded sets into bounded
sets.

A solution of problem
(¢(u) = N(u), u(0)=u(T), u'(0) =u(T) (3.1)

is a function v € C' such that ¢(u') € AC and the equations in (3.1) are satisfied
(a.e. for the differential system).

The proof of the following proposition, essentially analogous to that given for the
scalar case and for f = f(x,u,u’) in [2], is not repeated here. We define P : C' — R”
by Pu:=u(0),Q: L' = R" by Qu:=u, H: L' — AC' by

Hu(z) = / u(s)ds (x € [0,T)).
0

and we let Cx = {u € C : u(0) = u(T)}. When appropriate, we identify R" with the
subspace of constant functions in C.

Proposition 3.1. If Assumptions (He) and (Hy) hold, u is a solution of problem
(3.1) if and only if w € Cy is a fizred point of the operator M defined on Cy by

M(u) = Pu+ QF(u) + Ho ¢ o (I —Qy) o [H(I —Q)N](u). (3.2)

Furthermore, ||(M(u)) |lo < a for all w € Cy and M is completely continuous.

Consider now the periodic boundary value problem

()" = flz,u), w(0) =u(T), v'(0)=u(T), (3.3)

when Assumptions (Hg) and (Hy) hold. In order to apply Leray-Schauder degree [8]
to the equivalent fixed point operator M given in (3.2) with /' = Ny, we introduce,
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for A € [0, 1], by analogy to the semilinear situation considered in [10], the family of
periodic boundary value problems

(6(u)) = ANp(u) + (1 = N)QN¢(w),  u(0) = w(T), u'(0) = u'(T). (3.4)

Notice that (3.4) coincide with (3.3) for A = 1. For each A € [0, 1], the fixed point
operator (3.2) on Cx associated to (3.4) is M(A, ), where M is defined on [0, 1] x C
by

M\ u) = Pu+ QNp(u) + Ho¢ o (I —Qy) o [NH(I — Q)Ny)(u). (3.5)

Using Lemma 2.1 and Arzela-Ascoli’s theorem it is not difficult to see that M :
0,1] x Cp — Cy is completely continuous.

A special case of the following existence and uniqueness result will be used in
Section 5.

Proposition 3.2. If assumption (Hg) holds, then, for any e € L}, p > 1 and any
b # 0, the periodic problem

(O(u)) = bul"u +e(w),  u(0) =u(T), u'(0) ='(T) (3.6)

has at least one solution, and any solution satisfies ||u'||cc < a. Furthermore, the
solution is unique if b > 0.

Proof. Tt is clear that f(z,u) = blu|P~?u + e(x) satisfies Assumption (H;). Let M be
the fixed point operator (3.5) with Ny(u) = blu[P"?u + e, and let (A, u) € [0,1] x Cy
be such that u = M(A,u). Then v € C! and ||v/||o < a, so that, by (4.1),

|]|oo < Ta. (3.7)
Taking = = 0 in u = M(\,u), we get, for X € [0, 1],
u(0) = Pu+ QNy(u)
which is equivalent to

/0 [bluP~2u + e(z)] dz = 0. (3.8)

We claim that there exists p > 0 such that for any A € [0,1] and any u such that
u = M(A,u), one has |[@]| < p. If it were not the case, there would exist a sequence
(Ar) in [0, 1] and a nonzero sequence (uy) in Cy such that || — oo and, using (3.8),

/0[b|u—k+@|p—2<u—k+@)+e(:c>]dx:o (ke N),

and hence such that
T
g
0

Because of (3.7), uy/|[ux| — 0 uniformy on [0,77], and, going if necessary to a sub-

g | U

p_2<u_k+@>] iy — -1 (k € N). (3.9)

| || Jwlt

.y

sequence, we can assume that u/|a;| — v for some v € R™ with |v| = 1. Letting
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k — oo in (3.9), we get bu = 0, a contradiction. Consequently, for any A € [0, 1], and
any possible fixed point u of M(], ), we have

|ul|oo < p+Ta:=R (3.10)

Hence, the Leray-Schauder degree dps[I — M(A, "), Bg,0] is well defined and inde-
pendent of A € [0, 1]. Using the reduction property of degree, and denoting by dp the
Brouwer degree in R™ [8, 10], we obtain

drsI — M(1,-), Br,0] = drs[I — M(0,-), Bg, 0]
= ds[l — P — QNf,BR,O] = dB[—QNf|Rn,BRﬂ]R",O].

But, for any ¢ € R",
QNy(c) =ble|"*c + ¢,
and it is easy to see that

dp[—QNy

ke, Bp NR", 0] = (= sgn b)".

Hence M(1,-) has a fixed point u, and (3.6) has a solution, with ||u/||e < a.

For uniqueness, if we assume that b > 0 and that (3.6) has two solutions u and
v, then, substracting the equations, taking the inner product by u — v of the result
and integrating over [0, 7], we obtain

T
02 (o) = 6)otf — ) =b [ (ulr 0 = oP 20,0 = vy o 2 0
0
and hence
T
/ (JulP~2u — |v|P~?v,u — v) dx = 0. (3.11)
0

Consequently, because of the monotonicity and the continuity of the integrated func-
tion,

(JulP~2u — [v|P"?v,u — v) = 0.
which easily implies that
(=" = olP=%) (Ju| = [v]) = 0

and hence |u| = |v|. Introduced in (3.11), this gives

T
/ P2 — v[2dz = 0,
0

and consequently v = v. [ ]
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4. MINIMIZATION PROBLEM

Let a > 0, ® : B, — R satisfy Assumption (Hg), and F : [0, 7] x R® — R satisfy
the condition :
(Hp) F(-,u) is measurable on [0,T] for every u € R"™, F(x,-) is continuously differ-
entiable on R™ for a.e. x € [0,T], and V,F satisfies the L'-Carathéodory conditions.

Let Lipl := (Lip4[0,T])" denote the space of functions u : [0, T] — R" such that
u(0) = u(T"), which are Lipschitzian with Lipschitz constant

z,y€[0,T),z#y |LL’ - y‘
With the norm
[wllo,r = [[ulleo + [ulo,,

Lip, is a Banach space. Any element of Lip}, is a.e. differentiable, u" corresponds to
the distributional derivative of u, and ||u/||s = [t]o1-

Notice that if u € Lipl,, then u; vanishes at some y; € [0,T] (j = 1,...,n), and
therefore, for all z € [0, 7], we have

T
()| = Ju;(x) —u;(y;)| < /0 i) dt < Tlujlon (G =1,...,n),
and hence
[Ulos < T'[ulo,- (4.1)
If K denotes the closed convex subset of Lip}, defined by
K :={u € Lip} : |u'(z)| < a for ae. z €0,T]},

then the action integral
T
I(u) = / {() + F(z,u) + (h,u)} dx (4.2)
0

is well defined on K for any h € L}. This happens for example when & is given by
(2.3), in which case (4.2) can be seen as the action integral associated to a system of
relativistic forced oscillators.

The following lemma, given in [6] for n = 1, is useful to prove the lower semi-
continuity of Z. The proof in [6] applies verbatim to arbitrary n.

Lemma 4.1. If assumption (Hg) holds, then, for any sequence (u;)jen in K which
converges uniformly on [0,T] to some u € K, one has

T T
lim inf/ ®(uf) dr > / O (u') du. (4.3)
0 0

Jj—00
We now give a sufficient condition for the existence of a minimum to Z.

Theorem 4.2. If assumptions (Hg) and (Hp) hold, then T has a minimum over K
if and only if it has a minimizing subsequence (uy) such that () is bounded.
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Proof. The necessity is obvious. For sufficiency, let (u;) in K be a minimizing se-
quence for Z with (uwz) bounded. By (4.1), (ug) is bounded in uniform norm and
equicontinuous. So we can assume, using Arzela-Ascoli’s theorem and going if nec-
essary to a subsequence, that (uy) converges uniformly in [0,7] to some continuous
u* € Cy. From the relations

|u(2) — un(y)]
|z =y
we easily get that u* € K. Consequently, using Lemma 4.1, we have

: g S (o}
1%fI ]}Lrgol(uk) > Z(u")

<a (x#yel0,T],keN)

so that «* minimizes 7 over K. ]

The following lemma provides the variational inequality satisfied by a minimizer
of 7.

Lemma 4.3. If u minimizes T overs K, then
T
/ [@(v') — ®(u') + (Vo F(z,u) + h(z),v —uw)) de >0 forall ve K. (44)
0
Proof. Let v € K. By assumption, we have, for all A € (0, 1],
T(u) < Zu+ Mo —u)],
ie.
T
/ (B[ + A — )] — B() + Fla,u+ Av — u)] — F(z, )
0
+A(h(x),v —u)}dx > 0.
Applying the convexity of ® we deduce that
T
/ [B(') — B(u') + A [F (0 + Mo — w)) — Fla,u)]
0
+{h(x),v —u)} dz > 0.

By Lebesgue dominated convergence theorem, we obtain, when A\, 0,

/O D) — D) + (VuF (@, 1), 0 — u) + (h(2), v — )] dz > 0.

5. EXISTENCE THEOREM

To obtain further information about the minimizer u, let us consider the auxiliary
problem

(¢(u) =u+e(z), u(0)=u(T), u'(0)="1d(T), (5.1)
where ¢ satisfies Assumption (Hg) and e € LY.

We know by Proposition 3.2 that, for any e € L}, problem (5.1) has a unique
classical solution ., and |||« < a.
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Lemma 5.1. For any e € L}, u. € K is such that
T
/ D) — B(@) + (@ + e(x),v —8.)] de >0 forall ve K.
0
Proof. Given v € K, we have, using integration by parts and (5.1),

/0 T[@(v’) — ®(ug)] dx > /0 T(qs(a;), o — @) da
- /0T<(¢<ﬁ;))’,v — ) dv = — /0 (et ela) v — ) da.

We can now combine the results of the previous sections to relate the existence
of at least one (classical) solution for the periodic boundary value problem

(o(u)) = VuF(z,u) + h(z), u(0)=u(T), u(0) ='(T) (5.2)
to the existence of a minimizer of Z on K.

Theorem 5.2. If assumptions (Hg) and (Hp) hold, then any minimizer of T on K
is a solution of (5.2).

Proof. Let u be a minimizer of Z over K. By Lemma 4.3, u satisfies the variational
inequality (4.4), which can be written

/0 (@) — ®(u) + (u,v —u) + (Vo F(z,u) + h(z) —u,v — u)]dr >0
for allv € K,

so that u is a solution of the variational inequality
T
/ D) — D) + (u+ ea(x), v — w)]de >0 forallv € K, (5.3)
0
where
ey = Vo F [, u(-)] +h—ue L.

Now, given any w € K, the unique solution ., of problem (5.1) with e = e, satisfies,
by Lemma 5.1,

Ew

T
/ (D) — D@, ) + (T, + ew(@), v — G )] de >0 forallve K. (5.4)
0

Chosing v = U, in (5.3), w = v = u (u the minimizer of Z over K) in (5.4), and
adding the resulting inequalities, we obtain

T
/0 u — e, |* dz < 0. (5.5)

It follows from (5.5) that u = u,
is a classical solution of (5.2), since 4., is a classical solution of (5.1) with e =¢,. m

and hence that ||u'||c = [|U,, ||cc < a. Moreover u

u
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6. COERCIVE POTENTIAL

As a first application, let us consider the case of a coercive potential F'. The
following result was first proved by Berger and Schechter [4, 5] for the classical problem
(1.2).

Theorem 6.1. Assume that Assumptions (Hg) and (Hg) hold. Then, for all h € L}
such that

F(z,u) 4+ (h(z),u) — +00 as |u| — oo uniformly for a.e. x € [0,T], (6.1)

problem (5.2) has at least one solution minimizing T on K.

Proof. By Theorems 4.2 and 5.2, it suffices to prove that 7 admits a minimizing
sequence (ug) in K such that (@) is bounded. From Assumption (6.1), given r > 0,
there exists p > 0 such that

F(z,u) + (h(x),u) > T~ 'r — min ® (6.2)

for every u € R™ such that |u| > p and a.e. x € [0,T]. Hence, for any u € K such that
[u| > R := p+Ta, we have |u(z)| > p for all z € [0,T], and, using (6.2), Z(u) > r. In
other words, Z(u) — +oo when u € K and |[u| — oo, which implies that Z is bounded
from below, and any minimizing sequence (uy) in K is such that (@) is bounded. m

For the use in examples, let us define the continuous mapping S : R™ — R" by
S(u) := (sinuy,sinug,...,sinu,),

so that

S(u) = Ve(u), with c(u) := — Zcos u; (ueR"™).
j=1
Example 6.2. Giwen any b € L2 such that essinf b > 0, problem

L Zb‘T# S(u) + h(z), u(0)=u(T), v (0)=1u(T) (6.3
<m> ()er()Jr() (0) = u(T), v (0) = /(1) (6.3)

has at least one solution for all h € L7, such that ||h|| < essinfb.

Indeed, F(x,u) = b(x)y/1 + |u]?+c(u) and, for a.e. x € [0,T] and all sufficiently
large |ul,

inf b
Plau) + (b)) 2 o (S5 VIR = 0l = ).

The right-hand member tends to +oo as |u| — oo.

Example 6.3. Given any b € L7, such that essinf b > 0, problem

(L) — b(l’)ﬁ"“'zu + S(u) 4+ h(z), u(0) =u(T), u/(O) = u'(T) (6.4)

has at least one solution for all h € L7 .
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Indeed, F(z,u) = @e'“ﬁ + ¢(u) and, for all sufficiently large |ul,

essinf b |,
76 —_—

F(a,u) + (h(z), u) > (n'? + || Alloc)ul.

The right-hand member tends to +00 as |u| — oc.

7. NONLINEARITY WITH POLYNOMIAL GROWTH

Let us consider the case of problem (5.2) with a nonlinearity V,F having a
polynomial growth in u of power a > 0, and a potential F' satisfying a semi-coercivity
condition of the Ahmad-Lazer-Paul type [1]. For the classical problem (1.2) the case
where a = 0 was considered in [14], and the case where o € [0, 1) in [20].

Define the mapping F : R” — R by

F(u) = %/0 F(z,u)d.

Theorem 7.1. Assume that Assumptions (He), (Hp) hold, and that there exists
a >0, g,k € L' nonnegative such that, for a.e. x € [0,T] and all u € R", one has

VuF (2, u)] < g(z)|ul® + k(z). (7.1)
Then, for all h € L} such that
||~ [F(u) — (h, u)} — 400 as |u| — oo, (7.2)
problem (5.2) has at least one solution minimizing T on K.

Proof. By Theorems 4.2 and 5.2, it suffices to prove that 7 admits a minimizing
sequence (ug) in K such that (ug) is bounded. Using the elementary inequality in R”
ly + 2|* < 2%(Jy|* + |2|%), we have, for all u € K,

Z(u) = /0 [@(u') + F(z,u) + F(z,u) — F(z,u) + (h(x),u)] dx

> Tmin<I>+/0 [F(z,u) + (h(z),u)] dx

n /OT</01 VoF(z,T+ su)ds + h(z),0) dz

> Tmin® + T[F(u) + (h,u)]

-/ ) / o)+ sT1* + k()] 0] ds do — ]l
> Tmin® + T[F(u)+ (h,u)]
— glh2@e + (Ta)*)Ta — (klly + |4l Ta,
where we have used (4.1). Hence
T(w) > Tmind -+ [a° {Tal*F@) + (&) - |g)2°Ta}
— [(2Ta) gl + 1kl + 4] T (73



246 H. BREZIS AND J. MAWHIN

As Assumption (7.2) implies the existence of some p > 0 such that the second term
in the right-hand member of (7.3) is positive for || > p, Z is bounded from below on
K.

Let (ux) be a minimizing sequence of Z in K. By Assumption (7.2), the right-hand
member of (7.3) tends to +o0o0 when || — oo, so that (@) is bounded. u

Remark 7.2. In the classical case (1.2) [20], « € [0,1) in (7.1) and Assumption (7.2)
is replaced by the stronger condition

lu| 7> [F(u) = (h,u)] — +o00 as |u| — <.

Example 7.3. Given any b € Ly such that b > 0, problem (6.3) has at least one
solution for all h € LY such that |h| < b.

Indeed, we have in this case F'(z,u) = b(z)\/1 + |u|?> + ¢(u), o = 0, and, for any
v e R™\ {0},

BT+ ol + c(v) + (B0} 2 [of [By/T+ o2 =02l = 7]

with the right-hand member tending to +o0o when |v| — co. With respect to Example
6.2, the use of the boundedness condition allows weakening the conditions upon b and
h from essinf b > 0 and ||h||o, < essinf b to b > 0 and |h| < b.

Remark 7.4. Anticoercive case. Using Rabinowitz” saddle point theorem, it is proved
in [14] that the classical periodic problem (1.2) has at least one solution when Assump-
tion (7.1) with o = 0 holds and

F(u) + (h,u) — —c0 as |u| — oo. (7.4)

It is an open problem to know if a corresponding result holds for problem (5.2).
Notice that in the case of (1.2), if we split (HL[0,T])" as the direct sum of the
space H of constant mappings and the space H of mappings with mean value zero,
the corresponding action integral is coercive on H and anticoercive on H, giving
the saddle point structure. In the relativistic case, fOT ®(u') dx is bounded on K so
that, when (7.4) holds, Z is anticoercive. But the existence of a maximum on K
is not guaranteed, because Z is not upper semi-continuous with respect to uniform
convergence.

8. CONVEX POTENTIAL

The polynomial growth condition upon V,F can be dropped and condition (7.2)
can be taken with @ = 0 in the case of a potential F' convex in u. The following
theorem extends to system (5.2) a result of [14] for the classical system (1.2).

Theorem 8.1. Assume that Assumptions (Hg), (HFp) hold, and that F(x,-) is convex
for a.e. x € [0, T].Then, for all h € L} such that

F(u) + (h,u) — +o0 as |u] — oo, (8.1)

problem (5.2) has at least one solution minimizing T on K.
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Proof. Again, by Theorems 4.2 and 5.2, it suffices to prove that Z admits a minimizing
sequence (uy) in K such that (@) is bounded. By Assumption (8.1), the real function
F + (h,-) achieves a minimum at some point ¥ € R", for which

VE(@®)+h=0. (8.2)

Now, by the convexity of F(z,-),
T(w) = /0 @) + F(e,7) + (h(z), 7)) da
+ /O 1P(o,u) — P(o,5) + (h(), 0 — 7)) da
> Tmin® + TF) + (7, 5)] + /0 VuF (D) + h(e).u— 7 da

= Tmin® + T[F(v) + (h,?)] + /T<VUF(SC,E) + h(x),u) dz
> Tmin® + T[F() + (h,0)] — aT||V.F (-, D) + hl|;. (8.3)

Consequently, 7 is bounded from below on K.

Let (ug) be a minimizing sequence of Z in K. Without loss of generality, we can
assume that

Z(ug) < i%ijL 1.

The convexity of F'(z,-) implies that, for a.e. € [0, 7] and all k € N, one has

Fle, /2] = Flr, (1/2)(u(r) — ()] < 5 Fla, ()] + 5 Fle, ()]

Hence, using (4.1),

1+i%fI > I(uk)ZTmin®+2/0T[F(x,u_k/2)+<h(:£),u_k/2>]dz

- [ 1)~ thie), @) o
2T[F (ug/2) + (h,ur/2)] + T min ®

— max/o [F(z,v) 4+ (h(x),v)] dz.

[v|<Ta

v

Condition (8.1) implies that (wg) is bounded. u

Example 8.2. Given any b € L' such that b(z) > 0 for a.e. x € [0,T] and b > 0,
problem

uil /:bzze|“‘2u h(z), w(0)=u(T), v'(0) = (T
(m) (z) +h(z), u(0)=u(T), u'(0) =u'(T)

has at least one solution for all h € LY.
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Indeed, F(z,u) = @e'“ﬁ is convex in u for a.e. x € [0,77,

Fu) + () > Dl [Fjul,

and the right-hand member tends to +o0 as |u| — oc.

With respect to Example 6.3, the use of the convexity of F' allows to replace the
assumption essinf b > 0 by the weaker one b(x) > 0 and b > 0. But the oscillatory
term S(u) has to be dropped.

Remark 8.3. More general classes of potentials than convex ones have been consid-
ered, like ones involving y-quasisubadditive [17] or (A, u)-subconvex potentials [27], or
potentials subquadratic in Rabinowitz sense [22]. We will not consider those classes
here.

Remark 8.4. An easy consequence of Theorem 8.1 is that, for any b > 0 and h € L},
problem (8.6) has a unique solution, which minimizes over K the functional

|ul”

Z,(u) = /0 [P (u') + 67 + (h(z),u)] dx.

Indeed, F(x,u) = b% is strictly convex and

ul”
b— — (h,u) — +00 as |u| — oo.
p
The uniqueness follows from the fact that Z,, is strictly convex.

On the other hand, Theorem 3.2 implies also the existence of a solution of problem
(8.6) for any b < 0 and h € L}. 1t is an open problem to find a variational proof of
this result. In the classical case, the proof uses the dual least action principle [13].

9. PERIODIC POTENTIAL

We now consider the case of a potential F' periodic with respect to each variable
u; and extend to system (5.2) a result of [13] (see also [14]) for the classical system
(1.2), and a result of [6] for the scalar relativistic case.

Let e; € R" be defined by (e;); = 0;; (4,7 =1,...,n).

Theorem 9.1. Assume that Assumptions (Hg), (Hp) hold, and that there exists
T; > 0 such that

F(z,u+Tie;) = F(z,u) (i=1,...,n) (9.1)
for a.e. x €1[0,T] and all uw € R™. Then, for all h € L} such that

h=0, (9.2)

problem (5.2) has at least one solution minimizing T on K.
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Proof. Conditions (9.1) and (9.2) imply that, for any v € K, and 1 <i < n, one has
T
I(u+ Tie;) = / [@(u) + F(x,u) + (h,u)] dx + T(h, Tie;) = Z(u).
0
Hence it is equivalent to minimize Z over
K={ueK:0<u<T, (i=1,...,n)}.

One shows, like in the proof of Theorem 7.1 that Z is bounded from below over K.
Any minimizing sequence (u) in K is obviously such that (@) is bounded. u

Example 9.2. Given any A € R, problem

, /
u

V1= |uw|?
has at least one solution for all h € L} such that h = 0.

This corresponds to F(z,u) = —Ac(u), so that F(x,u + 2me;) = F(z,u) for all
x€[0,T,u e R"and 1 <i < n.

+ AS(u) = h(x), u(0)=u(T), u'(0) =u'(T)

Remark 9.3. It has been proved independently in [7, 11, 15] (see also [14]), using
Lusternik-Schnirelman arguments, that when Assumptions (Hg), (9.1) and (9.2)
hold, the classical problem (1.2) has at least n+ 1 geometrically distinct solutions, i.e.
solutions whose i™ component do not differ by a multiple of T; (i = 1,...,n). It is
an open problem to know if such a result holds for (5.2).
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