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ABSTRACT. Solutions of the telegraph equation in many unbounded domains are shown to
be asymptotically equal to solutions of the corresponding heat equation. This works for many
boundary conditions, including general Wentzell boundary conditions. Continuous dependence on

the boundary conditions is also shown.
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1. INTRODUCTION

Let Q be a domain in RY, that is Q is an open connected set. We assume
that the boundary 02 of € consists of a finite number of sufficiently smooth N — 1
dimensional manifolds. An example is the unbounded shaded region in the figure
(with N = 2). The figure appears in Section 2. Sufficiently smooth means that the
divergence theorem can be used in €2, Stokes’ theorem can be used on 02, and the
usual trace theorems for Sobolev classes hold. The assumption that 02 is of class

C?*¢ for some € > 0 is more than enough. Let
A(z) = (a;i(x)), 4,7=1,...,N

Received November 9, 2010 1083-2564 $15.00 ©Dynamic Publishers, Inc.



314 T. CLARKE, G. RUIZ GOLDSTEIN, J. A. GOLDSTEIN, AND S. ROMANELLI

be an N x N real Hermitian matrix function on 2 such that a;; € C*(Q) for all i and

7 and there exist 0 < ap < a; < 0o such that
N
aoléf < ) ay(2)6&; < anléf? (1.1)
ij=1
holds for all x € Q and all £ = (&,&,...,&y) € RY. Similarly, let
B($>:(blj(x))a hLj=1...,N—1
be an (N — 1) x (N — 1) real Hermitian matrix on 92 such that b;; € C'(99) for all

7 and j, and

N-1
aglé|* < Z bij(z)&&5 < anlé? (1.2)

ij=1
holds for all x € 92 and € = (&1, &, ..., En_1) € RY7L here g, oy are as in (1.1).
We associate with A the formal differential operator L,
Lu=V-(A(x)Vu), 7€Q
and with B we associate the operator Ly,

Lou=V,-(B(zx)V,u), x €,

where V., is the tangential gradient on 0{2. Note that Ly becomes the Laplace-
Beltrami operator Ay when B = I, the identity matrix, for all x € 9€2. With L we
associate the General Wentzell Boundary Condition

(GWBC) Lu+ 802+ yu — qBLau =0 on 0Q.
Here v is the unit outer normal on 052,
02 = (AVu) - v

is the conormal derivative with respect to A; 8,7 € CYO4R), 8 > 0, S, %,”y are
bounded, and ¢ € [0,00). The telegraph and heat equations we consider are, with «

a positive constant,
%2734—204%—?—Lu:0 in R"xQ
Lu + B2+ yu — qBLau = 0 on Rt x 90 (1.3)
u(0,x) = fi(x), %(O,x) = fao(x), req
(where R* = [0, 00)) and
Qag—j—Lv:() in Rt xQ
Lv+ B0 +~v —qBLsv =0 on RY x 99 (1.4)
v(0,z) = h(z), x € Q.
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Our first main result is that, if v > 0, if €2 contains arbitrarily large balls, and under
certain (mild) restrictions on fi, fo, there is an h = h(a, f1, f2) such that the solution
u of (1.3) satisfies

u(t,z) = v(t,z)(1 4 o(1))
as t — oo, where v is the solution of (1.4). Moreover the o(1) term decays exponen-
tially for a dense set of initial data.

Both problems (1.3), (1.4) are well posed on the space L?(Q) & L?*(99
corresponding result with = RY (and no boundary conditions since

FS) The
=0) w
obtained recently [1].

The wellposedness of (1.4) was shown in bounded domains in [4]; cf. also [2].
In Section 2 we show how to modify the arguments of [4] to show that (1.3), (1.4)
are both wellposed in general unbounded domains. In Section 3 we formulate and
prove the main asymptotic result. Our second main result deals with the continuous
dependence on the boundary conditions for the Wentzell telegraph equation given in

(1.3). It is studied in Section 4.

2. THE WENTZELL OPERATOR IN GENERAL DOMAINS

Let Q, A, B, a, a9, 1, L, Ly, 3,7,q be as before. We now take {2 to be an un-
bounded domain. Thus 9€2 may be bounded or have one or more unbounded compo-
nents. The complement of €2 need not be connected (see the figure). Note the Swiss

cheese domain pictured here can have infinitely many holes.

Let

H = L*(Q,dr) ® L*(09, %)
with inner product
_ _dS
(U, V)y = / w1y dx —I—/ Uy —
Q 09 B

and norm given by

1
1Ullr = (U, U)3gs

here U = <u1> with u; € L*(Q,dx) = L*(Q) and uy € L*(99Q, %), and similarly
u

2
for V. If u € C(Q) U H'(Q), then the trace u|go exists, and we can identify u with
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U — <U’|Q> provided that ulo € L2(Q) and ulpq € L2(9Q, %), But, in general, for
Ulog

2
Define

U= < 1) € H, uz need not be the trace u;|sq, even if this trace exists.
u

D(Ag) = {u € C2@D) : ula € HA(Q), qulpa € H2(09, %20} 2.1)

g

That is, D(Ap) is C%() N H%(Q) if ¢ = 0, while D(4y) is {u € C*(Q) N H*(Q

and

)
uloq € H*(09, %)} if ¢ > 0. More precisely, u € D(Ag) defines a U = u||Q> €H,
Uloo

this U is in D(Ay), and AU = W € H means that W corresponds to some w € C(Q)
such that
V- -(AVu) =w in Q,
V- (AVu) + B0 +yu — ¢BLyu =0 on 99, (2.2)
Of course, in (2.2), V - (A(z)Vu) can be replaced by w.
For U,V € D(Ay), by the divergence theorem,

(AoU, V>H:/QV-(AVU)de—l—/BQV-(.AVu)E%
ds

= —/(AVU) -Vodx — / Yuv — + q/ (Lou)vdS
) o9 B 09
by the divergence theorem and the boundary condition (2.2)

= —/(AVU) -Vudr — / 71@@ — q/ (BV,u)-V,odS  (2.3)
Q 20

09
by Stokes’ theorem on the boundary.

Thus (AU, V)y = (U, AgV ), establishing the symmetry of A, since D(Ay) is
dense in H.

To show that Ajg is essentially selfadjoint, we must solve A\U — AqU = F for some

h
2
inner product of AU — AgU = F with V € D(Ay) leads to, as above,

Q o0 5}

fixed large enough A > 0 and all F' = in a dense subspace of H. Taking the

+q/ (BV . u) - V,vdS
20

:/fﬁdx—i— a2, (2.4)
Q o0 ﬁ
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Let B(U,V) be the left hand side of (2.4) and let C(V') be the right hand side. For
g > 0, let us introduce V, as follows.

VO = Hl(Q),

ds
Vq::{ueVO:uerHl(aQ,?)} if ¢>0.

The norm defined by

VI, = lvlZ2q) + IVoll720) + IIUIIiz(aQ’%)
+ Q||VTU||%2(aQ,dS)

makes V, into a Hilbert space such that V, embeds continuously into H. Then,
for ¢ > 0, B(,-) is a sesquilinear form on V, and C(-) is a bounded conjugate linear

functional on V,. From now on, ¢ > 01is fixed. B is hermitian since B(U, V) = B(V,U)
forall U,V € V,. For A\ >0 and all U,V €V,

|B(U, V)| < an||Vullzz) [[Vollz2@) + MUl 1V 1%
F oo Nl z2on, 45) 101l 2200, 45) + g Vrull 200,09 [ V-0l 12(00,45)

< a)[[Ulv, Vv,
for some positive constant ¢;(\) = ¢1(X; ¢, aq, 3,7y). Next,
—Re B(U,U) > ag||Vul|72(q) + MU|%
Y 2 g

> oMU,

for some constant cy(A\) = co(A; ¢, ap, 5,77) > 0, all U € V, and all A > [|7_]|, the
supremum of the negative part of ~.

The Lax-Milgram Lemma (cf. e.g. [7, Theorem 6, p. 57]) shows that \U — AU =
F has a weak solution U for each A\ > ||7_||o and all F' € V,. Let F € C**(Q)N V),
for some € > 0. Then a standard elliptic regularity argument (as in [4]) shows that
U € D(Ap) and AU — AgU = F holds. Thus A, which we define to be the closure of
Ay, is selfadjoint and bounded above by ||7—-|l«{. In particular, A = A* < 0if v >0
on 0f).

Note that the previous arguments are analogous to those used in [4], but we prefer
to insert them explicitly in order to show that the case of 2 unbounded and of much

more general expressions of (GWBC) are allowed.

3. THE TELEGRAPH EQUATION AND ITS ASYMPTOTICS

Let A = Ag be as above, with v > 0. Observe that A is injective if 92 has infinite
N — 1 dimensional surface measure. If [ 50 dS < 00, then A will be injective if, in
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addition, we assume y(x) > 0 for some x € 92. Then the initial value problem for
the telegraph equation (where ’* denotes %)

u'(t) + 200/ (t) — Au=0 (t € RT)
u(0) = fi, w(0) = f2

is wellposed for a > 0 by the spectral theorem in the space L*(Q, dx) & L*(09, %)
The corresponding heat equation problem

(3.1)

200 (t) — Av(t) =0 (t € RT)

(3.2) O

is also wellposed for o > 0, again by the spectral theorem in the same space. We
want to show that, under suitable hypotheses, given fi, fo (in some suitable dense set
of initial data) there is an h = h(a, f1, f2) such that the solution u of (3.1) and the
solution v of (3.2) satisty

u(t) = v(t)(1+o(1))
as t — oo, l.e.
[u(t) = v(E)llr = [lo()]l(o(1))
as t — o0o. This condition requires that h # 0.

Hypothesis 3.1. Let Q be a sufficiently smooth unbounded domain in RN con-
taining arbitrarily large balls, i.e. given R > O there is an xr € ) such that the ball
B(zg,R) :={y e RN : |y — zp| < R} is in .

“Sufficiently smooth” is explained in Section 1. Exterior domains satisfy Hypoth-
esis 3.1, as do halfspaces, the “inside” and “outside” of the paraboloid 02 = {z €
RY : 2y = Z;V:_ll x?}, and the domain pictured in the figure in Section 2. In all these

cases it is clear that x = xr cannot be chosen to be independent of R.

Hypothesis 3.2. A(z) = (a;;(z)) is a real hermitian matriz function in C1°(Q)
for some 6 > 0, and (1.1) holds, and similarly for B(x) = (b; ;(x)) with (1.2) holding;
B,y € CHIQ,R) with 3 > 0,7 >0 and% all bounded; q € [0,00). Lu = V-(A(z)Vu)

L
with boundary condition (2.2), Ay = (0 2) , D(Ay) is defined by (2.1).

Hypotheses 3.1 and 3.2 imply that A = A, is selfadjoint, injective and nonpos-
itive on ‘H. By the spectral theorem, there is a unitary operator U from H onto
some concrete L? space, L*(A, X, )\), such that UyAU; ' = M,,, the operator of mul-
tiplication by the X— measurable function m : A — (—o0,0]; here M,,g = mg and
g € D(M,,) if and only if g,mg € L?(A, %, \). The spectrum of A is

o(A) = ess Range(m) C (—o0,0].

If F:0(A) — C is Borel measurable, then F(A) = Uy MpmUp, and xr(z) = 1 or
0, according as x € ' or x ¢ T'.
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Hypothesis 3.3 Suppose oI + A is injective, i.e. —a? is not an eigenvalue of
A. Let

Ks = Xsa2-6(—A) + X{a2,00) (—A)
for d >0 and let
K= U Range(Ks).

6>0

Assume
fo+ afi € Range((cI + A)2) N K
and suppose

Jfo+afi

b= xoan (A2 + (01 + A)H (2

) # 0. (3-3)

Note that K is dense in H, as is the set of h; defined by the version of (3.3)
obtained by deleting x(0,q2)(—A4).

Theorem 3.1. Let Hypotheses 3.1, 3.2 and 3.3 hold. Let u be the unique solution to
(3.1). Then
u(t) = v(t)(1+o(1))

where v is the unique solution to (3.2) with h given by (3.3).

Proof. This will follow from Theorem 2.1 in [1], once we show that A is injective and
supo(A) = 0.

Assume AU = 0. Then
V- (AVu) =0 in Q,

V- (AVu) + B0u+yu — qBLyu =0 on 0.
Taking the inner product (AU, U)s = 0 yields
ds

—/(.AVU) -Vudz —/ yul = — q/ |B%V7ul2 ds = 0.
0 o9 5 o0

Since v > 0 we conclude that u coincides with a constant on 2. Since u|gg =
trace(ulg), u is a constant on 2. In addition, since v € L*(Q) and [, dz = oo by
Hypothesis 3.1, it follows that © = 0. Thus A is injective.

Let R > 0 be given. Choose xg € () so that the ball B(zg, R) C 2. Assume
further, without loss of generality, that B(xg, R) is compactly contained in 2.

Any function supported in B(zg, R) will satisfy the boundary condition (2.2),
since the function vanishes on and near 9€). Let

1/)1(x):e_% for >0, (x)=0 for x<0.
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Then 1 € C¥(R). In RY, let r = || and let thy(z) = ho(r) = o1 (1)1 (1 — 7). Then
1y € C°(R), 15 > 0 inside B(0,1) and ¢5(r) = 0 for » > 1. Given R > 1, let r = |z|
and

’1/12(7“) for 0<r<;

@/Z);(x): ¥a(3) for $<r<R-—3
Ya(R—71) for R—3<r<R
0 for r>R.

\

Finally, let

0(z) = Vr(r — vr),
which is defined on R, be viewed as a function on Q. Let wy = fBB(O,l) dS be the
surface area of the unit sphere in R". Then

1
R_§ 1

(¢, ) = wn /02[¢2(T)]QTN1 dr + wNﬁ [w2(§)]2rN71 dr

2

R
+wy / [Wa(R —r)*r™N L dr.
nl

It is easily seen that there are positive constants ky, ko, such that

k(R — %)N < (¢, ¢)n < ko RY. (3.4)

Next,

0> (Ad,dhy=— /Q (AV6) - Vo du
— Vol?d
> 061/9‘ ¢l dx
R o~
= —mwzv/o !%wg(x)Per dr

1 R
= —anwn [ [ et [ R npe dr]
0 R-1

RV —(R—p™\ 27V
> —a1wn [|[¥ss [( <N 2 > - 2N ] .

But by Taylor’s theorem

N

1 N
N _(p_ W _Nenva o Vv
R (R 2) 2 ¢ -2 &
for some £ € (R — 3, R).
Thus e N
1y 9-
0> (Ad.d)n > —wnll bl (#) (3.5)

Combining (3.4), (3.5) yields

(A¢, O)n —arwn [ ¢l (=—2)
<¢7 ¢>'H - kl(R - %)N

0>
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as R — oo.

In the multiplicative representation of A, A = Uy 'M,,U, for a Y-measurable
function m : A — (—o0, 0], where Uy is unitary from H to L?(A, ¥, \). Rewriting ¢
as ¢r, we have, for opp = Uyor,

(AP, Or)H _ I m|pr|? dX 0
(PR, DRI [ |6rl2dA

0>

as R — oo. Thus —m must take arbitrarily small positive values on a set of positive
A— measure, since A({w € A : m(w) = 0}) = 0 since A is injective. But taking into
account that ess Range(m) = o(A), it follows that supo(A) = 0. The assertion now
follows. [l

Remark 3.2 Suppose A as before satisfies A = A* < 0 and €2 is a bounded
domain. Then A has an orthonormal basis {¢,} of eigenvectors with eigenvalues
{A\.} satisfying

O>M>X 22N> - >\, — —00

as n — oo and A; is a simple eigenvalue whose eigenspace is spanned by a positive
function ¢, on Q. Problems (1.3) and (1.4) can be solved by separation of variables,

u(@,t) =Y an(t)én(),

U(]J, t) - Z bn(t)¢n(x)7
n=1
where A¢,, = \,¢,. The solutions have the form
u(z,t) = ar(t)o1(z)(1 + o(1)),

v(w,t) = bi(t)dr(x)(1 + o(1)),
provided a;(0),b;(0) (which depend on ¢, A; and «) are both nonzero. One then
readily shows that, if one chooses h as before, namely

h(z) = 5(< .61 > +Ho? + 2) K< 9,61 > +a < f,61 >)n(0)

provided —\; < a2, we have

]u(x, t) — U(l‘, t)|

lim =0
a—0+ lv(x,t)]
in various senses (e.g., | -| can denote absolute value or the H norm). We omit the ele-

mentary but slightly tedious details. The main point is that, in the compact resolvent
case, the asymptotic behavior of the telegraph equation is generically one dimensional.
This contrasts strongly with the nontrivial infinite dimensional asymptotics described
by Theorem 3.1.
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4. CONTINUOUS DEPENDENCE ON THE BOUNDARY
CONDITIONS OF THE WENTZELL TELEGRAPH EQUATION

In [3], we studied the continuous dependence on the boundary conditions of the
solutions of the Wentzell heat equation in a bounded domain. Using the framework of
this paper, the results of [3] extend to the case of arbitrary (smooth enough) domains.
In [3] we treated the special case of B = I for each x € 052, but the extension of [3] to
the more general B(z) used here is trivial. Now we prove the analogous continuous
dependence result in the context of the Wentzell wave and telegraph equations in

arbitrary domains. Thus we consider (1.3) for oo > 0.

Here is our continuous dependence result.

Theorem 4.1. Let Ay, By for k € Ny = {0,1,2,...} satisfy hypotheses (3.2) with
positive ellipticity constants ag, oy in (1.1), (1.2) being independent of k. Let By, v €
CH(9Q) be real with By > 0,

inf{ye(x): k € No,z € 00} = —w > —00

sup{ Gk (x) + ﬁ +Y(x) 1 k € Ng, . € 00} = M < 0.

Let qi, € (0,00) for all k € Ny. Suppose

@ — 905 B — Bo, W — Y, Ar— Ao, Br— By

as k — oo, uniformly on their respective domain.

Let

Hy, = L2(Q, dz) & L2(09, ‘;—S), k € No,
k

and let Ay, be the corresponding selfadjoint operator on Hy, corresponding to (1.3)x, by
which we mean (1.3) with u, 3,7, ... replaced by ug, By, Vi, - - -, except that we require
a, f1, fo to be independent of k. Finally, assume f, (—Ak)%fl, f2 € Ho. Then for the

unique solution uy, of (1.3), we have

Ur(t) = U(t), (= Ap)2ur(t) = (—4o)2uo(t), wi(t) —ug(t)  (41)
as k — oo, uniformly in Hy for t in bounded subsets of R.
Proof. First note that Hj and H, are equal as sets and have uniformly equivalent

Hilbert space norms. The uniform boundedness of 3, and é implies there exist
constants 0 < ¢; < ¢y < oo such that

allflle < [[fllo < call £l

holds for all f € Hy and all k € Ny, where || - || denotes the Hjy norm; we will also let
| - [|x denote the B(Hy) (operator) norm. Let w = sup{(yx)-(z) : z € 0Q,k € Ny}
where (7;)_ is the negative part of 7;. Then 0 < w < 0o by our assumption, and

HetAk ”k S 6wt
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forall t > 0, k € Ny. Note also that A, generates a strongly continuous cosine function
(see [5, 6]) on Hy, given by
eit(_Ak)% 4 e_it(_Ak)%

Ck(t) = 9 , teR, (42)

and
ICk(®) Il < e
holds for all £ € R and all k¥ € Ny. Combining this estimate with (4.2) we deduce

ICk(®)lo < Mie™

holds for some constant M; and all ¢, k.

The problem (1.3); can be rewritten as

i (A’%“’“(ﬂ) - ( 0 Aé) " (O : )
dt \ (1) (—A) 0 0 —2a
(A,%ukm)) _ (A%ﬁ)
u,(0) f2 7

d
EWk = (Gk + P)Wk, Wk(()) = F;.

Next, Gy and G}, + P generate (Cp) groups on HZ = Hy ® Ho, and we shall use

exponential notation for them, even though these generators are unbounded operators.
Write

(A% uk<t>> |
e

or, in simpler notation,

Ay = / AER(dN)
(_Oovw]

as a spectral measure representation of the selfadjoint operator Ay whose spectrum
is in (—oo,w|. Define
1
A? :/ AéEk(dx)H/ (=N\)2E)(d\) = Ry + Si,
[0,w] (—00,0)

where Ry = R} is nonnegative and bounded by \/w, and S, = —S; is unbounded.

0 A7

Thus Ay, is a normal operator on Hy, as is Gy = (( 404 0 ) on H2, and ||tk ||, <

eltV@ holds for all ¢ € R and k € Ny.

Moreover, by the version of the Neveu-Trotter-Kato approximation theorem used
in [3], the second and third convergence assertions in (4.1) are equivalent to

e GutP) iy, JHGo+P) Iy

in H3 as k — oo for all H € H, and this is equivalent to
CFH — !GO H

in Hi as k — oo for all H € H3, since P is a fixed bounded operator.
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But the unique solution of (1.3) is also given by

t
w(®) = Cu(O)fi+ [ Culo)fads
0
for all ¢ € R. Since also
1 1 1 [t
AZug(t) = Cr(t) (A7 f1) + A? / Ci(s)fads
0
and .
1
fo— Al [ Cus)fads
0
is a bounded operator from H, to H, for all ¢ € R, it follows that (4.2) is equivalent
to each of
A—=Gp)'H - (A—Go) 'H
for all H € H2 and all A with |Re A\| > M, for some My > 0 (cf. [6,5]), and
(A2 — A th — (A2 = Ap)h

in Hy for all A with |Re A| > M, for some M, > 0. But this last convergence assertion
follows from [3]. O

Remark 4.2 With a little extra work which we omit, we can in Theorem 4.1
allow a to vary, so that a; > 0 can converge to ay > 0. Two points are worth
noting. This limit ag should perhaps be called o, as it has nothing to do with the «y
representing the lower modulus of ellipticity of the matrices Ay (x), B(x). We could
also let f1, fo vary with k. This is standard and requires no new ideas.
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