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ABSTRACT. We show that Z3 x R* Toda Lattice Equations can be obtained from the Laplace-
Darboux transformations of invariants for a four-dimensional hyperbolic system. We also present
the relationship between the invariants of L and the invariants of Ml when [L, M] = 0, where L and

M are n X n operator matrices.
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1. INTRODUCTION

Toda lattice equations are a class of important integrable systems. The hyper-
bolic two dimensional Toda equations first appeared in the work of Darboux [2].
The original Toda equations, established by Toda [7, 8], are a system of ordinary
differential equations in the form

d*w
dr?
The purpose of this paper is to show that the Laplace maps produce Z3 x R* Toda

= Wl Qe 4 W (= 1,2, m). (1.1)

lattice equations. It should be emphasized that differential invariants are the main
tool for Laplace Transformations. For this reason we first discuss the gauge invariants.

Let us consider the second order-linear hyperbolic equation
U,zy + AU, + by + cu = 0, (1.2)

where a, b and c are real functions of x and y. The above equation can be written in
the form

Lu = (0,0, + a0, + b0, + c)u = 0. (1.3)
The gauge transformation LY = g~'Lg, where g is a function of x and y, gives us the
Laplace invariants

h=a,+ab—c, (1.4)
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k=b,+ab—c
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(1.5)

These invariants have been used by many researchers in integrability theory (see e.g.

3], 4], [6])-

We now concentrate on the Laplace Transformations of system (1.2) which we

write in the form:
(0:0y + a0y + b0, + c)u = 0.
This system can also be expressed in the form

(0 +0)(0y + a)u — hu =0,

where h = a, + ab — c.

The Laplace map o, is defined by setting
u’t = (0y + a)u,
so that the Laplace invariants of equation (1.3) transform as

het = 2h —k — (Inh)
K = h.

7xy )

Similarly, the system (1.3) can be written in the form
(Oy + a)(0y + b)u — ku = 0.
Another Laplace map, o9, is defined by setting

u? = (0, + b)u.

Thus, we obtain the following transformations of Laplace invariants for system (1.3)

hor =k,
k7 =2k —h— (nk),, .

Definition 1.1. Let L be an n x n differential operator such that

01 + hi1 hia . hin
I — hgl 82 —|— h22 .. hgn

where 0; stands for /0z;, the h;; are functions of xy, zs....,x,, and g a diagonal n xn

matrix such that ¢! exists. Then H is invariant under the gauge transformation

LY =g 'Ly,

so long as HY = H.
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Definition 1.2. The Laplace transformations o; (i = 1,...,n) are found by solving
factorization problems of the form

L]DZ = ]DiUiLO'i’

where D; and ID;”* denote n x n operator matrices of the form

0; + diy di2 e din,

where the d;; are functions of z1, x,...,%,.

We aim to reformulate the second order hyperbolic equation as a system. For
this purpose let us consider the following 2 x 2 matrix

L= O + hi hia
ha1 Oy + hag |’

where the h;; are functions of z; and z,.

The gauge transformation on L is g7'ILg = L9 where ¢ is a diagonal 2 x 2 matrix.
Therefore, we obtain the following invariants [1]:

(12) == hlghgl, (110)
1 h
[12] = Py — hooy + 5 (m ﬁ) : (1.11)
2 hgl 12
These invariants were also obtained by Tsarev for a strictly hyperbolic 2 x 2 first-order
system [9].
We choose the above notations in order to show that those invariants are either

symmetric or antisymmetric. The round and square brackets denote symmetric and
antisymmetric objects under the permutation 12 respectively. In other words, one

may show easily that (ij) = (ji) and [ij] = —[ji], where 7,5 € {1,2}.
The Laplace transformations oy, o9 are found by solving a factorization problem
of the form
LD, = D;"*L", (1.12)
L]Dg = ]D)202]LU2, (113)

where D7 and D72 denote 2 x 2 differential operator matrices depending only upon
the functions h;; and h;;°*, their derivatives and differential operators 10;, 10, respec-
tively. The pair of systems (1.12 - 1.13) give us Laplace maps of the gauge invariants
(12) and [12] in the following form:

(12)" ~ (12) = ~[12] - 7 (n(12)) . (1.14)
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127~ [12] = 2 (n(12)(12)") 2,
(12)7 = (12) = [12) - 5 (10(12)) 12,

[12] = [12] = =5 (In(12)(12)7) ;12

1
2
Equations (1.14) and (1.16) produce the Z x R? Toda lattice equations

(12)n11 = 2(12) + (12)5-1 = — (In(12),,) 15,

[12] = % <(12)n—1 - (12)n+1) )

where n € Z and 1, xo € R
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(1.15)
(1.16)

(1.17)

In the following section we will examine the 4 x 4 matrix case for the gauge

invariants and their Laplace transformations (the case n = 3 was studied by Athorne

[1]).

2. DIFFERENTIAL INVARIANTS

Let us consider the following 4 x 4 differential matrix L

O + hi iz hi3 hi4
L — haoy Oy + hay has hay
h3, h3o O3 + hss D3y 7
hayy hao has Oy + hay

where the h;; are functions of x;, z2, 3 and xy4.

The gauge transformation on L is g 'ILg = ILY where g is a diagonal 4 x 4 matrix

such that its diagonal entries are g1, go, g3 and g4 respectively. So LI = g~ 'Lg gives

us the following invariants:

(12) = hyghoy,
(34) = hsshys,

(23) = hoshsa,
(41) = hyg1hyg,

(31) = hg1hqs,
(42) = hyghoy,

1
[12] = h1172 - h2271 + 5 (ln ﬁ

1
23] = hog 3 — haz o+ =
[31] = hag 1 — hi1 3 +

[34] = hag 4 — has 3 +

N —= N = N =

[41] = hagq — h11 a4 +
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1 h.
[42] = h4472 - h2274 + = (ln ﬁ) s
,42

2 by

) (132) = highsohor,  (234) = hoshsahag,

) (341) = hgshaihyz,  (143) = haghaghs,
412) = hgrhighoy, (142) = hyghashon,
) (

) (

—~
[a—
[\]
w
=~

I
>

—_

[\
>

[\

w
>

w

~
>

Ny

—

1243) = highoshashsi,  (1324) = highsahoshay,
1423) — h14h42h23h31, (1432) - h14h43h32h21.

The round and square brackets, as before, denote symmetric and antisymmetric ob-
jects under permutations of the set {1,2,3,4}. The invariants satisfy algebraic rela-

tions:
(123)(132) = (12)(23)(31), (2.1)
(234)(432) = (23)(34)(42), (2.2)
(341)(143) = (31)(34)(41), (2.3)
(412)(142) = (12)(41)(42), (2.4)
(1234)(1432) = (12)(23)(34)(41), 2.5
(1423)(1324) = (23)(31)(41)(42), 2.6
(1243)(1342) = (12)(31)(34)(42), (2.7)
and differential algebraic relations:
1 (123)
[12] 5+ (23], +[31], = 5 (1n (132))7123, (2.8)
23], +[34], + {2, = (m Ejﬁ;‘;)m (2.9)
1 (412)
[12] , +[41], + [24], = 3 (111 (142))124, (2.10)
34], + [41], + [13], = % (m g’i;;)m (2.11)
1 (1234)
[12],34 + [23],41 + [34],12 + [41],23 =3 (hl (1432)) ’1234- (2.12)

3. LAPLACE MAPS

Let us now focus on the Laplace maps o; (i = 1,...,4) in the case n = 4.

LDZ == ]D)Z'Ui]LUi,
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where ;7" are 4 x 4 differential operator matrices. Taking the case i = 1 we have

We also have

(12) (31

(@)‘” _(123) (((13312)))”1 (132)

- (12)7

(-5 8

(12) o (41)”

)7 _ (142)
) - (12

(@) (341) ((143))”1_@

sy) ~“ay \ay) ~ ey
oo -6 = ({57)
s -2 = ()
oo - = ({G57)
ar -2 = ((GF)
s - = (G)
a o = ()
(12)7 ~(12) = —[12 - 3 (n(12)),,
= [ (27,
(23)7 — (23) — [23]" — [23] = 0,
(347 —(31) = 347 ~[34] =0
()7 — (@) = [41] - 3 (n(4) .
SO

(317~ (31) = [31] - 5 (m(31)

— BT+ - (B,

(42)7 —(42) = [42]" -

2
[42] = 0.

Transformations for oq, 03 and o4 follow by cyclic permutations of all indices 1, 2, 3, 4
in the expressions for oy. Let I be one of the invariants (12),(23),..,[12], [23] etc.
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F1GURE 1. Laplace tetrahedron

One can verify that

]o‘ioj — ]crjoi’
where 7,57 = 1,2,3,4 and ¢ # j. This relation must be verified for all choices of
invariant . We also have

Jo1020304 _ T
Hence the maps o1, 09, 03 and o4 obey the following group relations:
0102 = 0201, 0203 = 0302, 0301 = 0103,
0104 = 0401, 0204 = 0402, 0304 = 0403, 01020304 = id,

where id denotes the identity. The relations of the Laplace maps are shown in figure
1. We now wish to obtain Toda lattice equations for the case n = 4. By doing some
simple algebraic calculations we have the following equations:

(12)7 = 2(12) + (12)7 = — (In(12)) ,,,
(23)7 —2(23) + (23)7 = — (In(23)) 53,
BT =2(31) + 31)7 = — (In(31)) 5, ,
(34)7 —2(34) + (34)™ = — (In(34)) 5, ,
(41)7 = 2(41) + (41)™ = — (In(41)) 4y ,
(42)72 — 2(42) + (42)7* = — (In(42)) 4

1 1

Since 01090304 = id, we may write o4 as 04 = 0y 10'2_ o5 . So by substituting

m P n m P

(12)pmp = (12)7792°%5 and [12],,,,, = [12]°192'%5 in the above expressions, we obtain
the Z3 x R* Toda lattice equations:
(12)nt1mp = 2(12)nmp + (12)nmerp = — (I0(12)0mp)
(23)nmr1p = 223)nmp + (2)nmptr = — (I0(23)n,m p)
BLns1mp = 2B nmp + BDnmpsr = — (I0(31)nmp)
(B nmp+1 = 2B nmp + BDn—1m-1p-1 = — (N34 nmp) 34
(4D nt1mp = 2(4)nmp + (A)n-1m-1p-1 = — (I0(41)nmp)
(42)nmr1p = 2(42)nmp + (A2)n-1m-1p-1 = — (IN(42)nmp)
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where (n, m, p) € Z? label the vertices of a regular tetrahedral lattice and (z1, 22, 73, 74) €
R*.

4. RELATIONS FOR COMMUTING OPERATORS

As an example of the use of invariants let us answer the natural question: What is
the relationship between the invariants of L and the invariants of Ml when [L, M| = 0,
where I and M are n x n operator matrices? We start with 2 x 2 case before moving
on to the 3 x 3 case.

The case n =2 x 2 : Let us choose L and M as

L— Op + h11 hio M — Os + kit k12
ha1 Oy + has ’ ka1 O+ ka |

The gauge transformations on I and M are
LY = ¢ 'Lg and MY = g~ 'Myg,

where g is a diagonal 2 X 2 matrix. So the above transformations give us the following
gauge invariants for I and M respectively:

(12)" = hioha,

1 a2
[12]L = hiy — haos + B (1H h_m) . ;
12)" = kigka,
Ko

1
1M = - S (m2) .
[12] ki1 k‘22,s+2 <I1k21)’8t

If [IL, M] = 0 then we have the following invariants relations:
(125 {12)Y + (124" = (12M {(12)% + (12)5)°,
M L
[]‘2],xy = [12]78t :

These relations, which are attractively symmetric under the interchange of {L,z,y}
with {M] s, t}, reflect the invariant geometry of the commutation condition [LL, M] =
0.

The case n =3 x 3 : In this case L and M are 3 x 3 matrices

Oy + h11 hia his Os + k11 5P k13
L= ha1 Oy + hao has , M= ka1 O + koo ks
hs1 hsa 0, + hss ka1 k3o Oy + k33

So the gauge transformation on L is ¢~ !ILg = L9 which gives the following invariants
for I, where g is a diagonal 3 x 3 matrix:

(12)L — hlghgl, (23)L — h23h32, (31)L - h31h13,

(123)% = hyahoghai, (132)% = hyghsahar,
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1 a2
121" = hyyy — hoge + = [ In 22
12 o +2<nhzl),xy’

23] = hgy. — h +—<ln—) ,
[ ] 22, 33,y 2 hgg e
his
Similarly if we apply the gauge transformation on M, ¢g~'Mg = MY, we get the
following invariants for M, where ¢ is a diagonal 3 x 3 matrix:

(12)M = Kykor, (23)M = koskso, (B)M = k31kus,
(123)M = kygkasksr, (132)M = kysksakar,

1 h
[31]L = h33p — hi1. + 5 (ln i) .

1
[12]M = ki — koos + 5 (111 @) )
,st

ka1
1 k
[23]M = koo — kg + = (hl ﬁ) ;
2 ]{732 tu

1 k31
™M = - “ ()
31 o~ Fuiu 2 < ! k‘ls) su

Let us now focus on the condition [L,M] = 0, which gives the following invariant
relations:

[12]% = [12]%

,st?

;tu ?

(12)" {(12)Y + (12)M}* = (12)M {(12)% + (12)5}7,
(23)F {(23)M + (23)}" = (23)™ {(23)% + (23)%}7,
(3)F{(31)Y + 31)M}* = 3™ {(31)E + (31)L}7,

5. CONCLUSIONS

In this paper we have discussed the differential invariants and their Laplace maps
for both scalar and matrix cases. We have presented the relationship between the
invariants of I and the invariants of M for 2 x 2 and 3 x 3 cases when [, M] = 0.

In section 2, we have obtained the complete system of invariants for a 4 x 4
hyperbolic system. It should be known that the cyclic quantities (ij) = h;;h;; and

(ijk) = hijhjxhi; were obtained by Tsarev [9] for any n x n strictly hyperbolic first-
order linear system.
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We also have shown that the laplace maps produce Z3 x R* Toda Lattice Equa-

tions. It should be noted that the Laplace maps are an important tool for constructing

exact solutions of both linear [5, 9, 10, 13] and nonlinear [11, 12] partial differential

equations.
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