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ABSTRACT. The authors study the 2n-th order nonlinear boundary value problems with two

point separated nonhomogeneous boundary conditions

u® = g(t)f(t,u), te(0,1),

au9(0) — fu+1(0) = (=1)* Ay,

’}/U(2Z)(1) + 5’&(21—’_1)(1) = (—1)i)\2i+1.
Criteria are established for the existence of nontrivial solutions, positive solutions, and negative
solutions of the above problem. Conditions are determined by the relationship between the behavior
of the quotient f(t,2)/x for  near 0 and oo, and the smallest positive characteristic values of some

associated linear integral operator. This work improves and extends a number of recent results in

the literature on this topic. The results are illustrated with examples.
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1. INTRODUCTION

In this paper, we are concerned with the existence of nontrivial solutions of the

2n-th order boundary value problem (BVP) consisting of the equation
u = g(t)f(t.w), te(0,1), (1.1)
and the two point separated nonhomogeneous boundary condition (BC)
au®)(0) — uH1(0) = (=1)" )y,
| | | i=0,....n—1, (1.2)
’)/U(m)(l) + 5U(2Z+1)(1) = (_1)1)\2“_17
where n > 1 is an integer, f : [0,1] x R — R and ¢g : (0,1) — R, := [0,00) are
continuous, g #Z 0 on any subinterval of (0,1), \; € Ry for i =0,...,2n — 1, and «,
B, v, 0 € R, with
p:=0v+ay+ad > 0. (1.3)
By a nontrivial solution of BVP (1.1), (1.2), we mean a function u € C*"71[0,1] N
C?"(0,1) such that u(t) # 0 on (0,1), and u(t) satisfies Eq. (1.1) and BC (1.2). If
u(t) > 0 on (0,1), then u(t) is a positive solution, and if u(t) < 0 on (0, 1), then u(¢)
is a negative solution.

In case Ag; = Agjy1 =0 fori=0,...,n— 1, BC (1.2) becomes the homogeneous

BC
au®(0) — fu+H(0) = 0,
Fu®) (1) + 6u?+D (1) = 0,
When f is positone (i.e., f > 0), BVP (1.1), (1.4) and its special forms have been

extensively studied in the literature by means of various tools and techniques such

i=0,...,n—1. (1.4)

as the shooting method, fixed point theory in cones, fixed point index theory, the
bifurcation approach, etc. For instance, papers (2, 4, 5, 13, 14] considered the problem
with n = 1, papers [1, 9, 20, 32, 33] studied the problem with n = 2, and papers
3, 7, 8, 13, 19] studied the problem with a general positive integer n. All these
papers investigated the existence of positive solutions of the problems. When f is
sign-changing and bounded from below by a constant, the existence of nontrivial
solutions of BVP (1.1), (1.4) with n = 1 has been studied in [22, 23] using Leray-
Schauder degree theory. Results in [22] were subsequently improved in [12] to the

case when f is sign-changing and not necessarily unbounded from below.

In recent years, the existence of positive solutions of various positone BVPs with
nonhomogeneous BCs have also been studied in the literature; see, for example, [10,
15, 16, 18, 21, 35] and the references therein. Motivated partially by the recent papers
6, 12, 15, 16, 22, 23], here we will study the general nonhomogeneous BVP (1.1),
(1.2), and derive several new criteria for the existence of nontrivial solutions, positive

solutions, and negative solutions. Our analysis mainly relies on the Krein—-Rutman
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theorem and topological degree theory. In our results, the nonlinear term f in (1.1)
may be sign-changing and unbounded from below. Some of our existence conditions
are optimal and determined by the relationship between the behavior of the quotient
f(t,x)/x for x near 0 and +oo and the smallest positive characteristic values (given
by (3.1) below) of some related linear operator L (defined by (2.13) in Section ). The
results obtained in this paper extend many results in the literature, for example, those
in [1, 3, 4, 5, 8, 12, 14, 20, 22, 23, 32, 33|. For papers on boundary value problems
involving differential equations of the form (1.1) with nonlocal boundary conditions,
we refer the reader to [24, 25, 26, 27, 28, 29, 30, 31].

We assume the following condition holds throughout without further mention:

(H) fol 1(s)g(s)ds < oo, where
p(t) = (at + B)(y+d —~t) fortel0,1]. (1.5)

The rest of this paper is organized as follows. Section 2 contains some preliminary
lemmas, Sections 3 contains the main results of this paper and several examples, and

the proofs of the main results are presented in Section 4.

2. PRELIMINARY RESULTS

In this section, we present some preliminary results that will be used in the
statements and the proofs of our main results. In the rest of this paper, the bold 0
stands for the zero element in any given Banach space. We refer the reader to [11,

Lemma 2.5.1] for the proof of the following well known lemma.

Lemma 2.1. Let Q) be a bounded open set in a real Banach space X with 0 € Q) and
let T : Q) — X be compact. If

Tu#1u  forallu e dQ and T > 1,
then the Leray-Schauder degree

deg(I —T,9Q,0) = 1.

Now assume that X is a real Banach space with the norm || - ||, X* is the dual
space of X, P is a total cone in X, i.e., X = P — P, and P* is the dual cone of P,
ie.,

P ={ge X" : g(u) >0 for all u € P}.

We recall that \ is an eigenvalue of an operator L : X — X with a corresponding
eigenfunction ¢ if ¢ is nontrivial and Ly = Ap. The reciprocals of eigenvalues are

called the characteristic values of L. The operator L is said to be positive if L(P) C P.

The following Krein-Rutman theorem can be found in [34, Proposition 7.26].
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Lemma 2.2. Let L : X — X be a positive compact linear operator, L* be the dual
operator of L, and ry, be the spectral radius of L. If r;, > 0, then v, is an eigenvalue
of L and L* with eigenfunctions in P\ {0} and P*\ {0}, respectively.

Let L, L*, and r; be given as in Lemma 2.2 with r;, > 0. Then, from Lemma
2.2, there exist ¢, € P\ {0} and h € P*\ {0} such that

Loy =rppr and L*h = rph. (2.1)
Choose 6 > 0 and define
P(h,0) ={u€ P : h(u) > d||ul|}. (2.2)

Then P(h,§) is a cone in X.

The following two lemmas are taken from [12, Theorem 2.1] and [6, Lemma 3.5],
respectively. jFrom here on, for any R > 0, let B(0,R) = {u € X : |[|u|| < R} be
the open ball of X centered at 0 with radius R.

Lemma 2.3. Assume that the following conditions hold:

(C1) there exist p € P\{0} and h € P*\{0} such that (2.1) holds and L(P) C P(h,J);

(C2) A: X — P is a continuous operator and there exist 0 < v < 1 and K > 0 such
that || Au|| < Kl|ul|” for allu € X;

(C3) F: X — X is a bounded continuous operator and there exists ug € X such that
Fu+ Au+ug € P for allu € X;

(C4) there exists € > 0 and vy € X such that LFu > ;' (1 +€)Lu — LAu — vy for all
ueX.

Let T'= LF'. Then there exists R > 0 such that the Leray-Schauder degree
deg(I — T, B(0,R),0) = 0.
Lemma 2.4. Assume that (C1) and the following conditions hold:

(C2)* A: X — P is a continuous operator and there exist v > 1 and K > 0 such that
||Aul|| < K||ul]” for all u € X;

(C3)* F: X — X is a bounded continuous operator and there exists 1y > 0 such that
Fu+ Aue P for allu e X with ||ul|| < ri;
(C4)* there exist € > 0 and ro > 0 such that
LFu>r; (1+e)Lu for allu € X with ||u|| < ry.

LetT = LF. Then there exists 0 < R < min{ry, ro} such that the Leray-Schauder

degree
deg(I — T, B(0,R),0) = 0.
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Let

H@S%_1 (at+B)(ys —v—19), 0<t<s<l, 23)
| (as+B)(yt —v—10), 0<s<t<1, '

)
where p is defined by (1.3). Then, H(t,s) is the Green’s function for the BVP
W' =0, te(0,1),
au(0) — pu'(0) = 0, yu(l) + du'(1) = 0.
Let Hy(t,s) = H(t,s), and for j = 2, ..., n, recursively define

H;(t, s):/o H(t, 7)H;_1(7, s)dr, (2.4)

which is the Green’s function for the BVP
u?® =0, te(0,1)

au)(0) — pu®+1(0) =0,
, , i=0,...,5—1
Au®) (1) + du+ (1) = 0,

For j=1,...,n, let
i—1

= <p(a+ﬂl)(v+5))j </01“2(7’d7)j | (25)

j—1

@:%(Aﬁmwy. (2.6)

Lemma 2.5 below obtains some useful estimates for H,(t, s).

Lemma 2.5. For j =1,...,n, the function H;(t,s) satisfies
Gulthu(s) < (“1VHy(t,5) < dyu(s) fort,s € [0,1], 2.7

where (u(t) is defined by (1.5).

Note from (2.3) that
1
pla+B)(y+9)
Then, using (2.4) and induction, (2.7) can be proved. We omit the details here.

Let ¢(t) be the unique solution of the BVP

pwt)p(s) < —H(t,s) < %u(s) for t,s € [0, 1].

W' =0, te(0,1),
au(0) — Bu'(0) = 1, yu(1l) + du'(1) = 0,
and let ¢ () be the unique solution of the BVP
W' =0, te(0,1),

au(0) — pu'(0) = 0, yu(l) + du'(1) = 1.
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Then,
1 1
o(t) = ;(—715 +v+0) and (t) = ;(at + 7). (2.8)

Clearly,
o(t) >0 and ¢(t) >0 forte (0,1). (2.9)

The next lemma yields information about solutions of some special BVPs.
Lemma 2.6. Forl=0,...,n—1, let yy(t) be the unique solution of the BVP
u® =0, te(0,1),
au®(0) — fuH+D(0) = 1,
au®)(0) — fu®*(0) =0, i =0,...,n—1, i #1,

Yu®) (1) + 6u®+(1) =0, i =0,...,n — 1,
and let yor41(t) be the unique solution of the BVP

w® — 0, te(0,1),
au®(0) — pu®*(0) =0, i =0,...,n—1,
A (1) + ou®*(1) =0, i =0,...,n—1, i #1,
FuCO(1) + GuCHI(1) = 1

Then, we have

(a) yé?i)(t) y§l+1( t)=0 fort € [0,1] andi=1+1,.
(b) (=1)=iy@) () > 0 and (1), (t) > 0 for t € (0,1) andi=0,...,1.

Proof. We first show part (a). If [ = n — 1, then part (a) trivially holds. In the
following, we assume | <n — 1. For i =0,...,n, let w;(t) = ygi) (t). Note that

() = walt) =y (1) = 0, t € (0,1), (2.10)
awi(0) = fui(0) =0, i=1+1,...,n—1. (2.11)
ywi(1) + dwl(1) =0,

Then, from (2.10) and (2.11) with ¢ = n — 1, we have w,_;(t) = 0 on [0, 1]. Thus,
wx—2(t) = wn—l(t) = O> te [Oa 1]

This, together with (2.11) with i = n — 2, yields w,_»2(t) = 0 on [0, 1]. By induction,
we obtain that

w;(t) zyéfi)(t) =0 forte0,1]]andi=1+1,....,n
Similarly, we can show that
ys) () =0 forte[0,1]andi=1+1,...,n

Hence, part (a) holds.
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We now show part (b). Note that w;(t) = ygl) satisfies
ui' =y (1) =0,
aw(0) — pwi(0) = 1,

yw(1) 4+ dwj(1) = 0.
Then, in view of (2.9), we have w;(t) = ¢(t) > 0, where ¢(t) is defined in (2.8), i.e
yé?l)( t)>0on (0,1). Fori=0,...,l — 1, since w;(t) satisfies

w@(zl—m’)(t) _ ygl)(t) =o¢(t) >0, te€(0,1),
aw!™(0) = B (0) = 0,

)y - k=0,...,01—i—1,
yw; (1) + 6w (1) =0,

it follows that
/ H,_;(t,s)¢(s)ds on [0,1],
where H;_;(t, s) is defined by (2.4) with j =1 —i. Hence, by Lemma 2.5,

1
(—1) "y ( / H,_i(t,8)p(s)ds > ¢;— Z,u(t)/ wu(s)o(s) >0
0
for t € (0,1), ie., (—1)l"y§”(t) > 0 on (0,1). Using the function ¢ (t) defined in
(2.8) and by a similar argument, we can show that
(=18 () >0 fort € (0,1) and i =0,...,1.
Thus, part (b) holds and this completes the proof of the lemma. O

Remark 2.7. For the case when n = 1, yo(t) = ¢(t) and y;(t) = ¥(t).
Let C[0, 1] be the Banach space of continuous functions on [0, 1] equipped with
the norm ||u|| = maxe(o,1) |u(t)|. Define a cone P in C[0,1] by
P={ueC[0,1] : u(t)>0forte|0,1]}. (2.12)
Let the linear operator L : C[0,1] — C0, 1] be defined by

/ H,(t, $)g(s)u(s)ds, (2.13)

where H,(t,s) is given by (2.4) with j = n.
JFrom here on, let r;, be the spectral radius of L, L* be the dual operator of L,

and P* be the dual cone of P. The following lemma provides some information about

the operators L and L*.

Lemma 2.8. The operator L is compact and maps P into P. Moreover, v, > 0 and
rr, is an eigenvalue of L and L* with eigenfunctions pr, € P\ {0} and h € P*\ {0},

respectively.
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Proof. The proof that L is compact and maps P into P is standard and will be omit-
ted. By Lemma 2.5, we see that there exist t1,t, € (0, 1) such that (—1)"H,(t,s) > 0
for t,s € [t1,t2]. Choose u € C]0, 1] such that u(t) > 0 on [0, 1], u(t*) > 0 for some
t* € [t1,t2], and u(t) = 0 for t € [0,1] \ [t1,t2]. Then, for ¢t € [ty,ts], we have

Lu(t) > (=1)" /t " Ho (1, )g(s)u(s)ds > 0.

1

Thus, there exists ¢ > 0 such that cLu(t) > u(t) for t € [0,1]. Now, from [17, Chapter
5, Theorem 2.1}, it follows that r; > 0. Finally, in view of r;, > 0 and the fact that
the cone P defined by (2.13) is a total cone, the remaining part of the lemma readily
follows from Lemma 2.2 and the first statement of this lemma. This completes the
proof. O

3. MAIN RESULTS

For convenience, we introduce the following notations:

fo = liminf min M, f& = liminf min M’
z—0+ t€[0,1] €T z—0  t€[0,1] T
—L" —1)" f(t
foo = liminf min M, f = liminf min M)
z—o0 tel0,1] xT |z|—o0 te[0,1] T
f(t,x) f(t, )

Iy = lim sup max , F, = limsup max

z—0 t€[0,1] x |z|— o0 te(0,1] T
Let rr and ¢y, be given as in Lemma 2.8 and define
1
= —. 3.1
ML " (3.1)

Clearly, uur, is the smallest positive characteristic value of L and satisfies ¢ = pupLyy.

We need the following assumptions.

(H1) There exist a,b > 0 and 0 < £ < 1 such that

(—=1)"f(t,z) > —al|z|* —b for all (t,x) € [0,1] x R, (3.2)
(H2) There exist ¢ > 0,7 > 1, and 0 < r < 1 such that

(=) f(t,x) > —clz|? for (t,x) € [0,1] x [-r,0]. (3.3)

(H3) (=1)™zf(t,z) > 0 for (t,z) € [0,1] x R.
Remark 3.1. We wish to emphasize that, in (H1), we assume that (—1)"f(¢,x) is
bounded from below by —alz|* — b for all (t,z) € [0, 1] x R; however in (H2), we only

require that (—1)"f(¢,x) is bounded from below by —c|x|? for t € [0,1] and z in a
small left-neighborhood of 0.

Next, we state our existence results.
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Theorem 3.2. Assume that (H1) holds and Fy < pi, < foo. Then, for (Xo,. .., Aop_1)
€ R with 22220_1 i sufficiently small, BVP (1.1), (1.2) has at least one nontrivial

solution.

Theorem 3.3. Assume that (H2) holds and F, < g, < fo. Then, for (Ao, ..., Aon_1)
€ R¥ with 32"\ sufficiently small, BVP (1.1), (1.2) has at least one nontrivial
solution.

Theorem 3.4. Assume that (H3) holds, Fy < up, < f%, and \; =0 fori =0,...,2n—

1. Then BVP (1.1), (1.2) has at least one positive solution and one negative solution.

Theorem 3.5. Assume that (H3) holds, Foo < pup < fi, and \; = 0 for i =
0,....,2n — 1. Then BVP (1.1), (1.2) has at least one positive solution and one

negative solution.

Remark 3.6. If the nonlinear term f(t, z) is separable, say f(t,z) = fi(t) f2(x), then
conditions like p; < foo and pp < fo imply that fi(¢) > 0 on [0, 1]. However, the
function g(¢) in Eq. (1.1) may have zeros on (0,1).

We now present some applications of the above theorems. To this end, let

1
and B = dn

A= ,

dn [y 1(s)g(s)ds A [y 12(s)g(s)ds

where pu(t) is defined by (1.5), ¢, and d,, are defined by (2.5) and (2.6) with j = n,
respectively, and p = mingeq, g,) p£(t) with 0 < 61 < 65 < 1 being fixed constants.

(3.4)

The following lemma will allow us to formulate versions of Theorems 3.2-3.5 that

are fairly easy to apply.

Lemma 3.7. Let up be defined in (3.1), and A and B be given in (3.4). Then, we
have A < up < B.

In view of Lemma 3.7, the following corollaries become immediate consequences
of Theorems 3.2-3.5.

Corollary 3.8. Assume that (H1) holds and Fy/A < 1 < f./B. Then the conclusion
of Theorem 3.2 holds.

Corollary 3.9. Assume that (H2) holds and F,JA <1 < fo/B. Then the conclusion
of Theorem 3.3 holds.

Corollary 3.10. Assume that (H3) holds, Fo/A < 1 < fX/B, and \; = 0 for
1=20,...,2n — 1. Then the conclusion of Theorem 3.4 holds.

Corollary 3.11. Assume that (H3) holds, Foo/A < 1 < fi/B, and \; = 0 for
1=0,...,2n — 1. Then the conclusion of Theorem 3.5 holds.
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In the remainder of this section, we present several examples to illustrate our
results. For each of these examples we assume that for BVP (1.1), (1.2), n > 1 is an
integer, o, 3, v, 6 € RT are such that (1.3) holds, ¢ : (O 1) — R, is a continuous
function, g # 0 on any subinterval of (0,1), and fo g(s)ds < oo, where pu(t) is
defined by (1.5).

Example 3.12. Let
>y ai(t)z!
Sty (=1)a(t) — b(t)|z]" +b(t), x € (00, 1),
where m > 1 is an integer, 0 < k < 1, a;, b € C[0,1] with 0 < ||a;|]] < A and

am(t) > 0 on [0, 1], where A is defined in (3.4). Then, for (Ao, ..., Agy—1) € R2" with
22" "' \; sufficiently small, BVP (1.1), (1.2) has at least one nontrivial solution.

x € [—1,00),

(=D)"f(t,x) = (3.5)

To see this, we first note that f € C([0, 1] x R) and assumption (H) is satisfied.
Let

a=1p|l, b=> llall+Ipll, and &=«

Then, f satisfies (3.2), i.e., (H1) holds. For A and B defined in (3.4), from (3.5), we

have

f(t,z)

= ||a1]] < A and f, = liminf min ft,)
T

x—o00 t€[0,1] x

Fy = lim sup max =00 > B.

xz—0 te [071}

Hence, Fy/A <1 < fo/B. The conclusion then follows from Corollary 3.8.

In particular, let us take n = 2, ¢g(t) = t, and in the boundary conditions set
a=f=~v=204=1;then p =3 and u(t) = 2+t —t* With 6, = 1/4 and
) = 3/4, we see that u = 35/16, d,, = 13/54, ¢, = 47/1440, A = 648/169, and
— [13/54]/(47/1440)%(35/16)(47/20) = 862617600/19622547. Thus, we need 0 <
l|ay|| < 648/169 ~ 3.834.

Example 3.13. Let
—t2 4+ 34 (|o|V3 - D22, < -1,
(=1)"f(t,z) = —t222 + 2|z| + 1, —1<z<0, (3.6)
1 —tal/3, x> 0.
Then, for (Ao, ..., Aan_1) € R?" with 321" \; sufficiently small, BVP (1.1), (1.2) has

at least one nontrivial solution.

To see this, we first note that f € C([0, 1] x R) and assumption (H) is satisfied.
Now with ¢ = 1 and n = 2, we see that f satisfies (3.3) for any r € (0,1), i.e., (H2)
holds. Moreover, from (3.6), we have fo = oo and F, = 0. Thus, F, < up < fo,
where pp, is defined by (3.1). The conclusion then follows from Theorems 3.3.
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Example 3.14. Let \; =0fori=0,....2n—1, a=v=1, =0 =0, and

4

—]{31|I‘l1 + ]fl - ]{72, T € (—OO, —1>,
—ko| |2, z € [—1,0),
kqxls, x € (0,1],

L ]{745(714 — ]{?4 + ]{53, T € (1, OO),

where k;,[; € R, be such that either
llzl, l421, and k‘1>7T2n, k’4>7T2n ifl1:l4:1,

(3.8)
lggl, lggl, and k‘2<7T2n, k’3<7T2n iflgzlgzl,

or

l1§1, l4§1, and ]{31<7T2n, ]{74<7T2n if11:l4:1, ( )
3.9
lp>1,13>1, and ]{32>7T2n, ]{73>7T2n iflo=103=1.

Then, BVP (1.1), (1.2) has at least one positive solution and one negative solution.

To see this, we first note that assumptions (H) and (H3) are satisfied. Moreover,
from (3.7), we see that

Fo < 7" < f% if (3.8) holds and F,, < 7" < fg if (3.9) holds.

It is known that puy = 7** when ¢g(t) =1, a =y =1 and 3 = 6 = 0. The conclusion

then follows from Theorems 3.4 and 3.5.

4. PROOFS OF THE MAIN RESULTS

Let y;(t), i =0,...,2n—1, be given as in Lemma 2.6. For any A = (Ao, ..., A2p_1)
€ R¥ and u € C*"71[0,1] N C**(0,1), let

v(t) =u(t) = 3 (=17 (Ao (t) + Aojayzjn (1)), t € [0, 1]. (4.1)
Then BVP (1.1), (1.2) is equivalent to the BVP consisting of the equation

p@) — (t v+ Z ) (Najya; (t) + >\2j+1y2j+1(t))> ) (42)

and the homogeneous BC
av®)(0) — Bv@+1(0) = 0,
| | i=0,...,n—1 (4.3)
@) (1) + s+ (1) = 0,

Moreover, if v(t) is a solution of BVP (4.2), (4.3), then u(¢) given by (4.1) is a
solution of BVP (1.1), (1.2).
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Let P and L be defined by (2.12) and (2.13), respectively. By Lemma 2.8, L
maps P into P and is compact. Define operators Fy, 7" : C[0,1] — C]0, 1] by

Fo(t) = (-1 (t v+ Z ) (oo () + )\2]+1y2]+1(t))> (4.4)

and

To(t) = LEw(t) / Ho(t, $)g(s) Fro(s)ds, (4.5)
where H,, is defined by (2.4) with j = n. Then, F) is bounded, and a standard

argument shows that 7" is compact. Moreover, a solution of BVP (4.2), (4.3) is
equivalent to a fixed point of 7" in C|0, 1].

Proof of Theorem 3.2. We first verify that conditions (C1)-(C4) of Lemma 2.3 are
satisfied. By Lemma 2.8, there exist ¢, € P\ {0} and h € P*\ {0} such that (2.1)
holds. We now show that h can be explicitly given by

h(v) = /0 er(t)g(t)v(t)dt, v € C0,1]. (4.6)

Clearly, h € P*\ {0}. Note from (2.3) that H(t,s) = H(s,t) for ¢, s € [0,1]. Then,
from (2.4) and by induction, it is easy to see that

H,(t,s) = H,(s,t) fort,se€[0,1].

Thus, from the first equation in (2.1), (2.13), and (4.6), we have

(L*h)(v) = h(Lv) = / o1 ()g(t) Lu()dt

B /0le ( /H (t,5)g ()dS)dt
— /019(3)0(5) <(—1)"/0 H,(t, S)Q(t)wL(t)dt) ds
= [ o) (1= [ttt as

— /Og(s)v(s)LgpL(s)ds
= rL/O g(s)v(s)pr(s)ds = rph(v),
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i.e., h satisfies the second equation in (2.2). Hence, h can be explicitly given by (4.6).
Note that ¢, = pupLer, so from (2.7), (2.13), and (3.1), we have

rren(s) = /H (s,t)g(t)er(t)dt

> conls) / u(t)g(t)r (t)dt

Cn

> S H( / u(t)g(t)or(t)dt
= 6(—1)"H,(t,s) fort,se|0,1],

where

Thus,
h(Lv) = rph(v) = T’L/O wr(s)g(s)v(s)ds

1
> 51" [ Halt9)g(s)o(s)ds
0
= oLv(t) forte|0,1].
Hence, h(Lv) > 6||Lv||, i.e., L(P) C P(h,0). Therefore, condition (Cl) of Lemma
2.3 holds.

Let Av(t) = alv(t)|* for v € C[0, 1], where a and ¢ are given in (H1). Then, with
K =a and v = &, condition (C2) of Lemma 2.3 holds.

Let A = (o, ..., Aop—1) € R2", F) be defined by (4.4), and ug(t) = b, where b is
given in (H1). Then (3.2) implies Fau+ Au+ug € P for all u € C[0, 1], i.e., condition
(C3) of Lemma 2.3 holds.

Since f., > i, there exist €e; > 0 and N; > 0 such that
(=D)"ft,z) = p(l+e)s
= r;'(1+e)x for (t,r) € [0,1] x (Ny,00). (4.7)
For a and ¢ given in (H1), and noting that 0 < £ < 1, we have

— 3
im ——et
e——cor (14 €)x

Thus, there exists Ny > 0 such that
<1 forxz < —N,,

or equivalently,

—al|z|* > r; (1 +e)r for v < —No.
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Then, from (3.2),
()" f(t,2) > —alz* =D
> ' (1+e)r—b for (t,z) €0,1] x (oo, —=Ny).  (4.8)
Let m > 0 be large enough so that
—m < (t,x)6[07r1r}l>i<l[1—N2,N1} {(=D)"f(t,z) —r' (1 +€)z}.
Then,
(=) f(t,x) >r;' (1 +e)r—m for (t,z) € [0,1] x [~Ng, Ny]. (4.9)
Let by = max{b,m}. Then, from (4.7), (4.8), and (4.9), it follows that
(=) f(t,z) >r;' (1 +e)x—b forall (t,x) €[0,1] x R. (4.10)

;From Lemma 2.6 (b), (4.4), and (4.10), we see that

Fyo(t) > 7“21(1 +eé < + Z )\2]92] + >\2y+1y2g+1( ))) — b

> M1+ e)v(t) — b forve C0,1].
Note that Av(t) > 0 for any v € C[0,1]. Then,
Fo(t) > r 1+ e)v(t) — Av(t) — by for v € C[0, 1].
Thus,
LEw(t) > r; (1 + ) Lo(t) — LAv(t) — Lb;.
Hence, (C4) of Lemma 2.3 holds with F' = F) and vy = L(by).
Since the hypotheses of Lemma 2.3 are satisfied, there exists R; > 0 such that
deg(I — T, B(0,Ry),0) = 0. (4.11)

Next, since Fy < ur, there exist 0 < e < 1 and 0 < Ry < R; such that

[ft )] < po(l—e)lx]

= r;'(1—e)|z| for (t,x) €[0,1] x [-2Ry, 2Ry). (4.12)
In what follows, let A = (Ao, ..., A1) € R2® with 327" \; small enough so that
n—1
> Oagllyzsll + Agjallyzjal) < Ry and  Cy < &Ry, (4.13)
7=0
where
n—1
G =70 = ) sl + sl s [ e late)ds. (410
5=0

We claim that
Tv #7v forallve dB(0,Ry) and 7 > 1. (4.15)
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If this is not the case, then there exist v € 9B(0, Ry) and 7 > 1 such that Tv = Tv.
Thus, v = 570, where s = 1/7. Clearly, 5 € (0,1]. ;From (4.4) and (4.12), we have

[y

n—

(B < rpt(L—e) |o(t) +

(=1)7 (Agjy25(t) + )‘2j+1y2j+1(t))‘

<
Il
o

™

[y

n—

(]

< rpi(l—e) <|U(t)l+ (>\2j||y2j||+A2j+1|ly2j+1||)>- (4.16)

J=0

Assume Ry = ||0]| = |9(t)] for some ¢ € [0,1]. Then, from (2.13), (4.5), and (4.16),

we obtain

Ry = |5(8)] = 5|T0(D)| < (- /H (F. )g(s)| Fyo(s)|ds

IN

11 — &) /H (t,s)g(s)|v(s)|ds
n—1

1
+rpt (1 —e) Y Azj\|y2j||+)\21+1||y21+1\|)/ |H,(2,8)|g(s)ds
Jj=0 0

< ;' (1—e)Lp@#)| +Cr = (1 — e2) LRy + Ci.

Consequently,
h(Ry) < r7Y(1—e)h(LRy) + h(Ch)
= 77 (1= e)(Lh)(R2) + h(Ch)
= ;' (1 = e)rph(Ry) + h(Ch)
Thus,

(Cy — eaR9)R(1) > 0.
Since h(1) > 0, we have C] > e3Rs. But this contradicts the second inequality in
(4.13). Thus, (4.15) holds. Now, Lemma 2.1 implies
deg(I — T, B(0, Ry),0) = 1. (4.17)
By the additivity property of the Leray-Schauder degree, (4.11), and (4.17), we have

deg(I — T, B(0, R))\ B(0, Rs)) = —1.

Then, from the solution property of the Leray-Schauder degree, T" has at least one
fixed point v in B(0, Ry) \ B(0, Ry), which is a solution of BVP (4.2), (4.3). There-
fore, we have shown that, for A = (Ao,...,Agn—1) € R2" satisfying (4.13), BVP
(4.2), (4.3) has at least one solution wv(t) satisfying ||v|| > R,. Thus, for each
A= (Ao, dan1) € R¥ with 32701\, sufficiently small, BVP (1.1), (1.2) has
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at least one solution w(t), which is given by (4.1) with the above solution v(t) and

satisfies
n—1
ul| = |[v]| = Z()\2j||y2j|| + A1/ [Y2+1])
> Ry — > (Agjllyzsll + Ajallyagaall) > 0
§=0
This complete the proof of the theorem. O

Proof of Theorem 3.3. We first verify that conditions (C1) and (C2)*~(C4)* of Lemma
2.4 are satisfied. As in the proof of Theorem 3.2, there exist ¢ € P\ {0} and
h € P*\ {0} defined by (4.6) such that (C1) holds.

Let Av(t) = c|v(t)|” for v € C|0, 1], where ¢ and n are given in (H2). Then, with
K =cand v =7, (C2)* of Lemma 2.4 holds.

Since fo > pp, there exist e3 > 0 and 0 < (; < 1 such that

(=D"f(t,z) = po(l+es)w

= r;'(1+e)r >0 for (t,z) € [0,1] x [0,2¢]. (4.18)
Let A= (Ao, ..., \op—1) € RY with szo ' \; small enough so that

n—1

> Oyl + Agjallyziall) < G (4.19)

=0

and F)\ be defined by (4.4). Then, (4.18) implies
n—1

Fot) > r;'(1+es) (U(t) + ) (1) (Agiu2(t) +)\21+1y21+1(t))>

=0
> . (1+e)v(t) forallv € P with ||v]| < (. (4.20)

Let 7 be given in (H2). Now, in view of (3.3) and (4.20), we see that condition (C3)*
of Lemma 2.4 holds with F' = F and r = min{r, (; }.

Choose 0 < ¢, < min{r,¢;} small enough so that —c|z|" > r;*(1 + e3)z for
€ [—(3,0]. Then, from (3.3),

(=1)"f(t,) > r; (1 +e3)x for (t,7) € [0,1] x [, 0]. (4.21)
;From (4.18) and (4.21), we have

Fo(t) > rp'(1+es) ( +Z ) (Aajya;(t +)\2]+1y2]+1(t)))

> r;' 1+ e)v(t) for all v e Cl0, 1] with ||v]] < (a.
which clearly implies that
LFywv >r; 1+ e)Lv  for all v € C[0, 1] with [|v]] < G.
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Hence, (C4)* of Lemma 2.4 holds with F' = F) and ry = (s.

We have verified that all the conditions of Lemma 2.4 hold, so there exists Rs > 0
such that

deg(I — T, B(0, R3),0) = 0. (4.22)
Next, since Fi, < pur, there exist 0 < ¢4 < 1 and Ry > R3 such that

[f(t2)| < pr(l—eq)lal = rp (L —eq)|a| for (¢, ]z]) € [0,1] x (R4, 00).  (4.23)

Let
n—1
G = 1= ) 0wl + Al mx]/ (Ha(t,5)lg(s)
]:
+ max |f(t,x |max/ |H,(t,s)]g(s) (4.24)
tE[O,l},\x\§R4 t€[0,1]
Then 0 < (5 < 0o. Choose Rj large enough so that
Rs > max{ Ry, Cy/e4}. (4.25)
We claim that
Tv #7v forallve dB(0,R;) and 7 > 1. (4.26)

If this is not the case, then there exist v € 0B(0, R5) and 7 > 1 such that 70 = 70. It
follows that v = §T0, where 5 = 1/7. Clearly, 5 € (0,1]. Assume R5 = ||7]| = |o(1)|
for some t € [0, 1]. Let

Jl(’(_J) = {t c [0 1

n—1
o(t) + Z >‘2yy2y + Aojr1y2j41 (1 ))‘ > R4} ,
7=0

Jo(0) = [0,1]\ Ji(0),

and

[y

n—

@(t) + (—1)j()\2jy2j(t) + A2j+1y2j+1(t))‘, R4} fOI‘ t e [0, 1].

p(v(t)) = min {

<.
Il
o
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Then, from (2.13), (4.5), (4.23), and (4.24), it follows that
= [o(8)] = s[Tv(?)|
/ Hoo(F, 5)g(s)| Fxo(s)|ds

=(-1) H,,(t,5)g(s)|Fxv(s )|d5+(—1)"/ H,,(t,5)g(s)|Fxv(s)|ds
J1(0) J2(?)
<rp (1—e)(=1)" » )H (t,5)g(s)|v(s) +Z(_1)j(>\2jy2j($) + Agjaalajiri(s))|ds

o /H (t,8)g(s)|v(s)|ds
n—1 1
+rpt (=) > oillyasll + Aojisal [z ]) / |H,,(F, 5)|g(s)ds
Jj=0 0

[ o) ot las
<7 (1 —e)L|v(t)| + Cy = r; (1 — e4) LRs + Cs.
Hence, for h defined by (4.6), we have
h(Rs) < 11— e)h(Rs) + h(Cs)

= 17 (1= &) (L"h)(Rs) + h(Cy)

= 17 (1= e)roh(Bs) + h(Cy)

= (1 —eq)h(Rs) + h(Ch),
which implies

(e2Rs — Co)h(1) < 0.

In view of the fact that h(1) > 0, it follows that R5 < Cy/es. This contradicts (4.25)
and so (4.26) holds. Then, by Lemma 2.1, we have

deg(I — T, B(0, R5),0) = 1. (4.27)
By the additivity property of the Leray-Schauder degree, (4.22), and (4.27), we obtain

deg(I — T, B(0, Rs) \ B(0, Ry)) = 1

Thus, from the solution property of the Leray-Schauder degree, T has at least one
fixed point v in B(0, Rs) \ B(0, Rs), which is a solution of BVP (4.2), (4.3). There-
fore, we have shown that, for A\ = (Xo,...,Agn_1) € R2" satisfying (4.19), BVP
(4.2), (4.3) has at least one solution wv(t) satisfying ||v|| > Rs. Thus, for each
A= (Ao, dan1) € R¥ with 32701\, sufficiently small, BVP (1.1), (1.2) has
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at least one solution w(t), which is given by (4.1) with the above solution v(t) and

satisfies
n—1
lull = ol = > aillyzs || + Aol [y2i11])
=0
n—1
> Ry — Y (Aajllyagll + Aajiallyaeal]) > 0.
=0
This complete the proof of the theorem. O

Proof of Theorem 3.4. For (t,z) € [0,1] x R, let

ft,x), x>0,

—f(t,x), x<O0.
By virtue of (H3), we see that f; : [0,1] x R — R is continuous and (—1)"f;(t,z) > 0
for (t,x) € [0,1] x R. So (H1) with f = f; is trivially satisfied. Moreover, from
Fy < pp < f%, it follows that Fi o < pp < fi.00, Where

fl(tv I)

T

and  fi o = liminf min M

F o = lim sup max
z—o00 t€[0,1] x

z—0 te [071}

Thus, by Theorem 3.2, we know that the BVP consisting of the equation
u® 4 g(t) fi(t,u) = 0, t € (0,1),

and BC (1.2) has at least one nontrivial solution w(t) satisfying

) = [ Ht ) ()i
= [ )9 1) s ()

Then, by Lemma 2.5, uy(¢) > 0 on (0,1). Therefore, from (4.28), fi(t,u(t)) =
f(t,u(t)), and so uy(t) is a positive solution of BVP (1.1), (1.2).

For (t,z) € [0,1] x R, let

_f(t7 —LU), x> 07
fo(t,x) = (4.29)
f(t, —x), x < 0.
In virtue of (H3), we see that f;:[0,1] x R — R is continuous and (—1)" fao(t,z) > 0
for (t,x) € [0,1] x R. Then, (H1) with f = fs is trivially satisfied. Moreover, from
Fy < pr < 3, it follows that Fyo < pr < f2.00, Where

f2(t7 I)

a

and  fo . = liminf min M

F, ¢ = lim sup max
z—o0 t€[0,1] x

xz—0 te [071}

Thus, as above, we know that the BVP consisting of the equation

u® + g(t) fot,u) = 0, t € (0,1),
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and BC (1.2) has at least one solution v(t) satisfying v(¢) > 0 on (0,1) and

o(t) = / H,(t, 5)g(s) fals, v(s))ds.
Then, from (4.29),
—oft) = / Ho(t, 5)g(s) (5, —v(s))ds.

Therefore, us(t) := —v(t) is a negative solution of BVP (1.1), (1.2), and the theorem
is proved. 0

Using Theorem 3.3, Theorem 3.5 can be proved by similar ideas as those given
in the proof of Theorem 3.4. We omit the details here.

Proof of Lemma 3.7. Let ¢y, be given as in Lemma 2.8. Then,

or(t) = ,uL(—l)"/O H,(t,s)g(s)pr(s)ds fort € [0,1].

By Lemma 2.5, we have

oult) < o [ Wen(sds on 0.1 (4:30)
and .
pr(t) > prcap(t) / 5(s)g(s)r(s)ds on [0,1]. (4.31)
Thus,
pu(t) 2 Zu®llecll on [0,1] (4.32)

n

i From (4.30), we have

(1) < pudollwl| / u(s)g(s)ds on [0,1].

Hence,
1

Z
dn [y 11(s)g(s)ds
¢From (4.31) and (4.32), we see that

1959 = A.

oult) > ;—iuLu(t)HwLH / 12 (s)g(s)ds

02 1
> Pupllenll [ w(e)gls)ds tort € .00
n 0

Hence,
dn

L S 9 I 5
A Jy 12(5)g(s)ds
This proves the lemma. U

W

Finally, in view of Lemma 3.7, Corollaries 3.8-3.11 follow immediately from The-

orems 3.2-3.5, respectively.
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