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ABSTRACT. In this paper we will give an overview on some recent results and work in progress
on self-similar solutions of the Localized Induction Approzimation (LIA) leading to a phenomenon
of singularity formation in finite time. A special emphasis will be drawn to the connection of this
geometrical flow with certain nonlinear cubic Schrédinger equations in one space dimension through
the so-called Hasimoto transformation.
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1. INTRODUCTION

We begin by introducing the physical context where the localized induction appro-
ximation appears in relation with the dynamics of a vortex filament.

The localized induction approximation, often abbreviated LIA, is a geometric
flow in R? described by the following system of nonlinear equations:

X, = X, x X, (1.1)

where X = X(s, t) represents a curve in R? with ¢ and s denoting time and arclength,
respectively.

Equation (1.1) was first proposed by Da Rios in 1906, and rediscovered indepen-
dently by Arms-Hamma and Betchov in the early 1960s (see [9], [2] and [3]), as an
approximation model for the evolution of a vortex filament in a 3D-incompressible
inviscid fluid. The term localized induction approximation is used to highlight the
fact that this approximation only retains the local effects of the Biot-Savart integral.
We refer the reader to [7], [19], [1] and [14] for a detailed analysis of the model and
its limitations.

Notice that, if one considers a curve X in R3 parametrized by arclength, then the
associated tangent T = X, normal n and binormal b vectors satisfy the Serret-Frenet
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system of equations

T, =cn
n,=—cT'+7b (1.2)
by, = —7n,

where ¢ and 7 are the curvature and torsion associated to the curve X. Thus, equation
(1.1) can be rewritten as

Xt = cb. (13)
This is the reason why LIA equation is also referred to as binormal flow.

The localized induction approximation has also been used to model the motion
of a quantum vortex in superfluid *He. The use of LIA in this setting started with
the work by Schwarz in 1985 ([20]). The reader is referred to the two papers by
T. Lipniacki in [15] and [16] for further background and references about the use of
LIA in the setting of superfluid helium.

In both the classical (ideal fluid) and the superfluid setting, the main advantage
of LIA is that it describes the vortex motion in a much simpler way than the Biot-
Savart law. However, it is not clear how robust are the solutions if LIA is replaced by
the exact Biot-Savart law. Leaving to one side the limitations of the model equation
versus the exact Biot-Savart integral, in the present work we will be restricted to LIA.

In this expository article we shall describe some particular solutions of (1.1) which
develop a singularity in finite time, and present some recent work and work in progress
on the study of the stability of these solutions.

Notice that, since (1.1) is a time-reversible flow (that is, if X(s,?) is a solution
of (1.1), then X(—s,ty — t) for any ¢, € R, is also a solution), we can look at (1.1)
backwards in time, thus the problem of singularity formation is equivalent to consid-
ering the problem of existence of solutions of the initial value problem for (1.1) with
a singular initial datum X(s, 0).

Our analytical study of self-similar solutions of LIA started in [12], and carried
on in the subsequent papers [10], [4], [5], [6] and [11] (see also [8], [15], and [16]).

In [12], we looked at self-similar solutions of LIA with respect to the unique
scaling that preserves the arclength. These solutions are of the form

X, (s,t) = VtG(s/Vt), t>0, ¢ >0, (1.4)
with G the curve determined by ¢(s) = ¢o and 7(s) = s/2, and are found to solve the

IVP for (1.1) with an initial curve X(s,0) in the shape of a corner.

There is already quite a rich understanding of the dynamical behaviour of these
particular solutions. A summary of the results related to these solutions will be
described in Section 2.

In [10], solutions of LIA of the form

X(s,t) = e2 50 /1G(s/v1), (1.5)



SINGULAR VORTEX DYNAMICS 459

with A a real antisymmetric 3 x 3 matrix of the form (w.l.o.g)

0 —a O
A= a 0 0 |, a€R (1.6)
0 0 O

are found to converge to an initial data X(s,0) which include a wide variety of 3d-
spirals, whose rotation axis is the OZ-axis under the condition that the matrix A
is of the form (1.6). In the case when the parameter a # 0, the singularity of the
initial curve X(s,0) comes from the non-existence of the limit as s — 0 of its tangent
vector T (s,0). In Section 3, we shall focus on describing the results related to these
solutions.

As we will see in the next sections, the understanding of the dynamical behaviour
of the solutions (1.4) and (1.5), and in particular of their stability, is based on the
remarkable connection of LIA with certain nonlinear Schrédinger equations in one
dimension established by H. Hasimoto [13]. This connection is made by the so-
called Hasimoto transformation and is as follows: Assume that X = X(s,t) is a
regular solution of (1.1) with a strictly positive curvature at all points’, and define
the filament function

u(s,t) = s, texp (Z /0 s 1) ds’)

with ¢ and 7 the curvature and torsion of the curve X(s,t), respectively. Then u
solves the nonlinear Schrédinger equation

ity + Ugs + %(|u|2—A(t)) =0, (1.7)

where A(t) is a time-dependent function which depends on the values of ¢(s,t) and
7(s,t) at s = 0.2 The filament function u(s,t) is defined through the curvature and
torsion, and thus reflects the geometric properties of the filament curve X.

Note that equation (1.7) can be reduced to the cubic nonlinear Schrédinger equa-
tion by using an integrating factor. Precisely, the substitution

(5, 1) = uls, t)exp <% /1 ") dt’)

'The restriction that the curvature associated to X should not vanish can be avoided by using a
different parallel frame. Precisely, one can consider the parallel frame of vectors {T,e1, ez} given
by the system of equations:

Ts = ae; + 682; €15 = —aT €2, = _BTv

in terms of the quantities o and 3. Using the above frame, it can be proved that if X(s, ) is a regular
solution of LIA, and define the function ¢ by ¥ = a+ 1403, then 1 solves the nonlinear equation (1.7),
with A(t) = —|1[*(0,1)/2 — (e1,, e2)(0, ).

2Precisely,
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transforms equation (1.7) into the cubic NLS
L L o
WUy + Ugs + §|u| u=0.

This equivalence to NLS implies that there exists a countable number of conserved
quantities. It is precisely this connection which endows LIA with a strong structure.

The common ground of solutions of LIA of the form (1.4) and (1.5) is that their
associated curvature and torsion functions are of the following self-similar form?

d%”Iéf(%)= T@wzéf(éa (1.8)

(this is why we refer to these solutions as self-similar). Thus, their associated filament
function u(s,t) is a self-similar solution of the form

u(t,s) = % u (%) ( with u(s) = c(s)e'lo T(S,)d5,> (1.9)

of the nonlinear Schrédinger equation

A
¢m+u%+gmw—€q:o (1.10)

for some constant A.

Unlike the case of the self-similar solutions X(s, ) in (1.4), where we have explicit
expressions for the curvature and torsion (see Section 2 below)

Co S

c(s,t) = —, T(s,1) = —,

=S et =g

in the study of the self-similar solutions (1.5) with a # 0 the only information we have

is that their curvature and torsion are of the self-similiar form (1.8). This is one of

the reasons why the study of the solutions (1.5) is more delicate and less understood.

In Section 3, we will see how the study of the properties and dynamical behaviour
of solutions of LIA of the form (1.5) relies on a deep understanding of the asymptotic
properties of the self-similar solutions of equation (1.10).

The outline of this paper is the following. In Section 2, we shall focus on giving
an outline of the known results related to solutions of LIA of the form (1.4) which
develop a singularity in the shape of a corner. In Section 3 we shall turn our attention
to solutions of LIA of the form (1.5), which develop a spiral singularity. We conclude
this paper by describing some recent results and work in progress related to the
stability properties of the solutions of LIA described in Sections 2 and 3.

3With some abuse of notation, in what follows we denote a function of the two variables s and
t evaluated at time ¢t = 1 simply by f(s), that is f(s,1) = f(s). With this notation, ¢(s) and 7(s)
will denote hereafter the curvature and torsion associated to the curve X(s,1) = G(s).
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2. SINGULARITIES IN THE SHAPE OF A CORNER

Assume that X(s,t) is a (regular) self-similar solution of
Xt — Xs X Xss (21)

of the form (1.4); that is

X(s,t) = VG (%) . t>0 (2.2)

for some curve G(s).

Then, after differentiation, we get that G(s) = X(s, 1) has to be a solution of
le_dg-axa (2.3)
5 5 : .
A further differentiation yields the equation
—%G” — G xG" (2.4)

which, by using the Serret-Frenet equations (1.2), rewrites as
s
5= db —crn.

As a consequence, we obtain that the curvature and torsion associated to the curve
G are given by

c(s) = ¢ and  7(s) = g, with ¢ >0
(see also [8]).
For fixed ¢y > 0, define

X, (s,t) = VIG (%) , (2.5)

where G is the solution of the Serret-Frenet system of equations (1.2) with

c(s) = co and T(s) = (2.6)

2 )
and the initial conditions

G(0) = 2¢5(0,0,1), T(0) = (1,0,0), n(0)=(0,1,0), and  b(0) = (0,0,1).
(2.7)
A detailed analysis of the curves defined by (2.5)-(2.7) can be found in [12]. There,
among other results, it is proved the following

Theorem 2.1. For any fived co > 0, X, (s,t) defined by (2.5), (2.6) and (2.7) is a
solution of LIA which is C* fort > 0. Moreover, there exist vectors unitary vectors

AZ . and vectors BE such that

1) [ Xeo(5,1) = Al 5X[0,400) (5) = AL SX(—00,0](5)] < co VE;
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i1) Let |s| > max(2co,4), then the following asymptotics hold as s — Foo:
+ & n 3
G(s) = A, (s+ 2;) - 400? +O0(1/s%)

T(s) = AL — 2(:02 +0(1/s?)

(n — ib)(s) = BE e /Aeibloes 1 O(1/s)

i11) Ay = (AT Asey A3e,) e unitary vectors and
2
A 2T + - i =
Al,co - Al,co =€ 27, AZ,CO - _AQ,C() and A3,C() - _A3,C()
iv) 2
: _%
sin(0/2) = Af,, =e 2" (2.8)

where 0 is the angle between the vectors A} and —A_ .

/

N I

0\ A

%

FIGURE 1. Vortex evolution. X(s,t) wraps asymptotically around two
62
half-lines with angle 6 such that sin(6/2) = e~ 2 ™.

FIGURE 2. The curve G, (s) = X (s,1) for different values of the
parameter ¢y > 0.

In Figure 1, the time evolution of X,,(s,t?), for some ¢y > 0 is plotted. Figure 2
illustrates the curve X, (s, 1) = G(s) for different values of the parameter c.

Some remarks are in order. First, part i) in Theorem 2.1 asserts the convergence
of X, (s,t) to a curve which is the union of the two half-lines determined by the
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vectors A} and A_. Second, from the formulae for G and n — b in part i) in
Theorem 2.1, we observe that the wave-like behaviour of the solutions (see Figure 2)
are due to the oscillating behaviour of the normal vector through the term (4con)/s? in
the asymptotic formula for G; therefore the oscillations are of very small amplitude
as s — £o0o. Finally, formula (2.8) has two important consequences. On the one
hand, notice that formula (2.8) implies that A (cy) + A~ (¢g) # 0 for all ¢y > 0, and
thus the two lines defining the initial data are different (in other words, for any ¢y > 0
the initial curve is a curve in the shape of a corner). As a by-product, Theorem 2.1
asserts the existence of regular solutions of LIA which develop a corner singularity in
finite time. On the other hand, formula (2.8) allows to prove the following converse:
For any given pair of unit vectors A™ and A~ different and non-opposite, there exists
a regular solution X(s,t) of LIA for ¢ > 0 such that

X(8,0) = AT5X[0,400)(8) + ATSX(—00,0] ()

The quantification of the wave-like behaviour of the solutions given in i) in Theo-
rem 2.1, and formula (2.8) rely on precise formulae for the components of the Frenet
frame of the regular curve G(s) in terms of the solutions of the linear ODE

2
0" + i%ﬁ' + 1—06 =0,

which can be integrated using Fourier transform methods (see details in [12]).

Since we have a priori knowledge of explicit expressions for the curvature and tor-
sion associated to the curve X, (s,1) = G(s), there is no need to use the Hasimoto
transform to study their properties, and, in this sense, one could say that Theorem 2.1
is not about nonlinear Schrédinger equations. As we will see in Section 4, the Hasi-
moto transform, and hence the study of the nonlinear Schrédinger equation (1.10),
plays an essential role in studying the stability of this family of solutions.

We conclude this section by motivating the solutions that we will continue to
consider in Secton 3.

Observe that the filament function associated to the solutions of LIA X, (s,t) is
given by

which solves

A
ity + gy + %(W -2)=0,  with A=q (2.9)
and
U, (8,1) — by, as t— 0T,

for some constant ¢ € C. Notice that the filament function u., is of self-similar form

1 , Z.
Uy (8,1) = %u(s/\/%) with u(s) = coe

ISES

and, as a consequence, the filament function w.,(s,t) satisfies the following scaling

property
u(s,t) = Au(Xs, \*t), VA >0. (2.10)
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Due to the invariance of (2.9) under the above scaling, if we look for initial data that
can develop into self-similar solutions with respect to this scaling, from (2.10) we see
that the initial data has to be homogeneous of degree —1.

The family of solutions {X,, (s, t)}¢>0 in Theorem 2.1 are associated to a filament
function which converges to the delta distribution as ¢t — 07, which is homogeneous
of degree —1. In order to look for solutions of LIA whose associated filament function
may converge as t — 07 to a principal value distribution (homogeneous of degree
—1), we need to modify the ansantz considered in (2.2).

3. SINGULARITIES IN THE SHAPE OF A 3d-SPIRAL

Given A € Mj3y3 real and antisymmetric, we look for solutions of LIA of the
form

X(s,t) = e? B /1G(s/ V7). (3.1)
Notice that, due to the invariance of LIA under rotations, we may assume without
loss of generality that the matrix A is of the form

0 —a O
A=1a 0 0 |, a € R.
0O 0 O

It is important to mention that, solutions of the form (3.1) have been also considered
by T. Lipniacki (see [15] and [16]) in the setting of the flow defined by

Xt = /BXS X Xss + aXss;

modeling the motion of quantum vortices in superfluid *He.

Assuming that X(s,t) defined as (3.1) is a solution of LIA (1.1), we obtain that
G(s) has to be a solution of the following vector ODE:

(Z+AG —sG' =2G" x G”, |G'(s)]* = 1. (3.2)

Straightforward calculations show that equation (3.2) can be written equivalently as
1
n__ =

G 2(1 +A)G x G, (3.3)
whenever the initial data (G(0), G'(0)) satisfies
|IG'(0)| =1 and (Z + A)G(0) - G'(0) = 0. (3.4)

As a consequence, the problem of finding solutions of LIA of the form (3.1) reduces
to the problem of proving the existence of solutions of the IVP (3.3)-(3.4).

The global existence of C*°(R,R?)-solution of the above IVP follows from the
classical theory of systems of ODEs and the fact that |G'(s)| = 1 for all s € R.

As we will see, the evolution of each of the curves G(s) under the relation (3.1)
leads to a solution of LIA which converges as t — 0% to different curves in the shape
of 3d-spirals. Notice that, since the solutions X(s, ) are of the form (3.1), the shape
of the curve X(s,0) is related to the asymptotic behaviour of the curve G(s) as
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s — £00. Hence, it suffices to study the behaviour of G(s) for large values of |s|. To
this end, we consider the quantity

6—Alog8|¥’ s #0.

Then, by using the equation (3.2), we obtain that
/
(e_mogs&) _ _e—Alog\slw poalenld & g a3
s ), s S s
where, as before, b and ¢ denote respectively the binormal vector and curvature
associated to G.

Assuming, momentarily that the curvature c(s) is bounded, since |b| = 1, from
the above formula it is straightforward to prove the existence of

lim e Aoelsl(G(s)/s) = A%

s—=£oo
Thus integrating (3.5) in the interval [s,4+00) with s > 0 (or (—o0, s] if s < 0) we
obtain the following expressions for G(s)

+o00
i cb
G(s) = seloslsl A+ 4 286A10gs|/ e~ Alogls ‘—( e ds’, s> 0,
5
S

and

S
/ Cb
G(s) = setloslsiA— — 256A1°g|8/ e~ Alosgls |—( 0 ds’, 5 < 0.
5
—o0

The convergence of X(s,t) = €2 °81\/tG(s//1) as t — 0T to a curve of a shape of

a 3d-spiral is a direct consequence of these formulae. In [10] the following result is
proved:

Proposition 3.1. For any given a € R and G(s) solution of (3.3) associated to a
given initial data (G(0), G'(0)) satisfying (3.4), define

0 —a O
Xa(s,t) = e 18 /G (\i[) , with A=\ a 0 0
t 0 0 0

Then, X,(s,t) is an analytic solution of LIA for all t > 0, and there exists vectors
AT and A~ € R? such that

lim X, (s,t) = sl (At x( 100y (5) + A7 X (—o00(5))

t—0t+
with
1Xo(s,t) — setloslsI AT < 2/t <sup |c(s)|) :
seR

Herd!igwess3th erepvesentra dfetentcaobet G1fs )G (s) of (3.3)-(3.4). The vortex filament
wraps asymptotically around different cones, depending on the initial conditions G(0)
and G’(0), and on the parameter a € R.

A more exhaustive analysis of the asymptotic behaviour of both G(s) and G/(s),

where their wave-like behaviour is quantified, was made in [10]. In particular, in [10]
the following result is proved:
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FIGURE 3. Non-Symmetric solutions. G(0) = (0,0,3), G'(0) =
(1,0,0), Lh.s a =10 and # =1 and r.h.s a = 20, § = 6.

Theorem 3.2 (see [10, Theorem 1]). Let G(s) the solution of (3.3) associated to a
given initial data (G(0), G'(0)) satisfying (3.4). Then, there exist unique vectors B,

with |B*| = 1 and A* = (T + A)"'B* such that the following asymptotics hold as
s — Fo00

i) G(s) = setloslsIA* 4 em—Ogm{z& Bt — AB* x Bt} -4 | 0 =
B s oo s2 s3 )’
b 1
i) T(s) = eAlslsIB* — 20% +0 (?) :
iii) Moreover, if a # 0, By # 1, and c+oo # 0, then
bpeldt . 2 1
C:I:oo(n — Zb)(s) = ‘j];i‘2ez(4_’Yilog8|)6AlogS|{ABﬂ: % B:I: . Z.AB:t} +0 (ﬂ) ]
s

Here,* ay € [0,27), and cioo, v+ and by are constants which depend on B and A,
with A = aT3(0) + 1/(Z + A)G(0).

4T,n,b} is the Frenet frame associated to G, c(s) the curvature function, and cio, =
limg o0 ¢(8).
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The proof of Proposition 3.1, that is the analysis of X(s,t) as t — 0T, depends
on the apriori knowledge that the curvature associated to the curve G(s) is bounded.
In the same way, the proof of Theorem 3.2 relies on a very careful analysis of the
curvature and torsion related to the curve G(s). The analysis of the properties of
these two quantities is based, through the Hasimoto transformation, on an analysis
of self-similar solutions of certain cubic Schrodinger equations. An outline is the
following.

Assuming that X(s,t) is of the form (3.1), then it is straightforward to verify
that the curvature and torsion associated to X(s,t) are of the self-similar form

1 1
%c(s/\/f), T(s,t) = —tT(s/\/z_f)

Vi

As a consequence the associated filament function is given by
1 : S ! !
%u(s/\/g), with — Su(s) = ¢(s)e' o 7 ds (3.6)

c(s,t) =

u(s, t) =
and
A :
At) = n with A= A(1).

Since X(s,t) is a solution of LIA, through the Hasimoto transformation, we know
that its filament function u(s,t) = %u(s/\/f) solves

A
ity + gy + — (|u|2 - —) — 0. (3.7)
2 t
Then, the function u(s) is a solution of the complex complex ODE
u”—%(u—l—su')+%(|u|2—A) —0. (3.8)

In order to study the solutions of this equation, it turns out that it is more convenient

to introduce a new variable f through the definition
2

u(s) = f(s)e™*/t (i.e f(s) = e—i%u(s)) . (3.9)
Then, u is a solution of (3.8) if and only if f is a solution of
f"+i%f’+£(|f|2—A) =0 (3.10)

Notice that from (3.10) easily follows that
d 2, Lo 2
— - —A)*) =0
= (1 s - a)

so, in particular we conclude that |f|?> = ¢? is bounded. A detailed study of the
solutions of (3.9) (on which the results in Theorem 3.2 rely) can be found in [10,
Theorem 3].

As we have previously mentioned, unlike the solutions considered in Section 2
where we had an a-priori knowledge of an ezplicit formula for their associated filament

2
15—

function (recall that their filament function was u.(s,t) = %elt), in the case of

®Notice that u(s) is nothing but the filament function associated to the curve G(s) = X(s,1).



468 S. GUTIERREZ

solutions of the form (3.1) the only information we have is that their filament function
of the self-similar form (3.6). Hence, here we are working in a more general setting. It
is precisely due to this generality, and lack of more precise information of the filament
function, that the results stated in Theorem 3.2 are weaker than the ones given in
Theorem 2.1. In particular, in this general setting, we are not able to find closed
formulae for the parameters which characterize these solutions, and the constants
and vectors describing the asymptotic behaviour, in terms of the initial conditions of
the problem (unlike #77) and iv) of Theorem 2.1 for the family of curves developing
a corner singularity). In some particular situations though, where the solutions have
a bit “more” structure, we are able to obtain more specific properties than the ones
stated in Theorem 3.2.

More precisely, the following two distinct types of solutions of LIA of the form
(3.1) come from the symmetries of the equation symmetries of the equation

1
G = J(A+T)G x G, (3.11)

and deserve a special mention. In what follows we will continue to define what we
will refer to as odd solutions and mized-symmetry solutions of the equation (3.11).
We refer the reader to [10] for further properties of these odd and mixed-symmetry

solutions.

Odd solutions. For fixed a € R, let G a solution of (3.11) with the initial conditions
G(0)=(0,0,0) and  G'(0)=(0,vV1—102,9), —-1<d6<1. (312

Then

In particular, it can be shown (see [11]) that if G(s) is an odd solution, then the asso-
ciated function f, through the Hasimoto transformation and the change of variables
in (3.9), is an odd solution of (3.10) with A = ad.

In Figure 4 and Figure 5, we display the graphics of different solutions of (3.11)
associated to an initial data of the form (3.12). The right-handside pictures represent
the solution near the point s = 0.

20
10

FIGURE 4. Odd solutions. G(0) = 0, G'(0) = (0,v1 —42,0), a = 10
Mixedagyimimetgpgsolutions. Given any a € R, assume G(s) is a solution of (3.11)
with the initial conditions

G(0) = (

200

W,O,()) and G'(0) = (0,0,1) (or G'(0)=(0,0,—1)).

(3.13)
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FIGURE 5. Odd solutions. G(0) = 0, G/(0) = (0,v1 —42,0), a = 10
and 6 = —0.1.

with ¢y > 0. Then

Gl(S) = Gl(—S)
GQ(S) = GQ(—S)
Gg(S) = —Gg(—S).

In particular, it can be shown (see [11]) that if G(s) is a mixed-symmetry solution
of LIA, then the associated function f, through the Hasimoto transformation and
the change of variables in (3.9), is an even solution of (3.10) with A = a + ¢Z (or
A=—a+c}).

Two examples of solutions of (3.11) with initial data of the form (3.13) are plotted
in Figures 6 and Figure 7.

FIGURE 6. Mixed-symmetry solutions. G(0) = (2¢o/v1+ a?,0,0),
G'(0) =(0,0,1),a =3, ¢cg = 1.8.

The “extra” symmetry properties of the above two types of solutions allow us to
obtain more specific properties for these solutions. We refer the reader to [10]. In
addition, as we will see in the next section, one could expect to say something about
the stability of these particular symmetry-solutions.
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FIGURE 7. Mixed-symmetry solutions. G(0) = (2¢y/v1+ a?,0,0),
G'(0) = (0,0,1), a = 3, co = 0.4.

4. STABILITY OF THE SINGULAR VORTEX DYNAMICS

A both natural and interesting question about the solutions of LIA described in
the previous sections is: are these solutions stable under small perturbations? The
aim of this section is to provide a summary of what is known in this context.

The study of the stability properties of the solutions to LIA of the form

X, (s,) = VIG (%) . >0

found in Theorem 2.1 started in [4], and continued in the subsequent papers [5] and
[6]. In particular in [5], the authors proved that under a smallness assumption on ¢y,
there exist regular perturbations of X, (s,t) that converge as ¢t — 07 to an initial
data Xg(s) which is close to a curve in the shape of a corner. We refer the reader
to [5, Theorem 1.5] for a precise statement of the result.

The construction of the appropriate perturbations of X, (s,t) relies on the con-
struction of appropriate perturbations for the associated filament function. In the
case of the self-similar solutions X, (s,t) the filament function is

iy + ugs + = (Jul? — 2) =0, (4.1)

and

Ugy (8,1) — 0, as t— 0",
for some constant ¢ € C. Hence, we need to study the initial value problem for the
above cubic Schrodinger equation with a “rough” initial data. In order to avoid this
obstruction, in [5] the authors use the so-called pseudo-conformal transformation of
(4.1). Briefly, given any solution u of (4.1), we define a new unknown v as follows

u(s,t) = To(s, 1) = %v G %) | (4.2)

where hereafter the bar denotes complex conjugation. Then, v becomes a solution of

(P =) =0, (4.3)

W + Vg + o
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and the filament function w,,(s,t) corresponds to the solution of (4.3) given by
Vo (8, 1) = Co, t>0. (4.4)

The study of the stability of the solutions X, (s,?) reduces, through the Hasimoto
and pseudo-conformal transformations, to the study of the stability properties of the
solution v, (s,t) = ¢o of the equation (4.3). In this setting, we have the following

Theorem 4.1 (see [5, Theorem 1.2]). Let ty > 0, and given any u, define
C2 .
v1(s,t) = co + €7 181y (1),
Then, there exists a constant Cy > 0 such that for all ¢ < Cy, and for all uy small
in L' 0 L? with respect to Cy and ty, the equation

v
S ([P =) =0

Wy + Vg + 5

has a unique solution v such that
v—v; € C ([ty, ), L*(R)) N L* ([to, 00), L=(R))
satisfying, as t — —+00
[o(t) = 01 (8)l] 2 + [[0(8) = 01 ()] 1 .00 100y = OETH). (4.5)
it9?

Here, "% u, denotes the solution of the free Schrodinger equation with initial data
Uy .

It turns out that the decay rate ¢~1 in Theorem 4.1 needs to be improved in order
to prove that the corner is preserved. This was achieved in [5, Theorem 1.4] imposing
more restrictions of the asymptotic data u. Precisely, by assuming that u, belongs
to the Sobolev spaces H 2N H*NW*! with s € N*, a decay rate of the order O(t_%)
was obtained.

The construction of adequate perturbations of the solution v., = ¢y in the interval
[to, 00) with tq > 1 leads to the construction of desired perturbations of X,, developing
a corner at the initial time ¢ = 0 (see [5] for the precise statement and proof of the
results).

We conclude this section by briefly mentioning some work in progress in relation
with the study of the stability properties of the solutions of LIA of the form

X, (5,) = 3 84/4G (%) (4.6)

established in Proposition 3.1 (see notation in Section 3).

As we have learned from the results in [5], a first step in understanding the
stability of the above solutions is to prove an analogue of Theorem 4.1 in the setting
of these solutions.

Following the arguments in [5], the stability of the solutions of LIA of the form
(4.6) is related through the Hasimoto and pseudoconformal transformations to the
stability properties of the solution of the equation

(o> - 4) =0

W + Vgs + 5
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given by
s

) =7 () (47)

with f a solution of the equation (3.10), that is

[+ f+ (If\2 A) = (4.8)

Here, as before, the constant A is a constant which depends on the initial conditions
(G(0),G’(0)). This follows from the fact that X,(s,¢) has an associated filament
function u(s,t) given by

s2
1 el s
u(s,t s/\Vt —
) = et =71 ()
(recall the identities (3.6) and (3.9)), which leads to (4.7) by using the pseudoconfor-
mal transformation (4.2).

In order to give a precise statement of our result, we introduce some notation.
We denote by L?({x)7) the L*-spaces with Lebesgue measure replaced by (z)7 dz =
(1+|2[?)? dz, that is

1/2
L*((z))={¢: R — C : 1 L2y (/ lp(x)|2(1 + |=|*)/? dm) < 00}
Given uy, and f solution of (4.8) such that |f|ie = |f|-co, We define oy by

Ty (s, t) = vy(s, t) + eiolost (e“@%m) (),

with 1
e =F () ada= eIk - A

Our next result can be seen as an extension of Theorem 4.1.

Theorem 4.2. Let tqg > 0, and 0 < v < 1. There exist (small) positive constants Ay
and By, such that for all |A| < Ao, [ a solution of

fr+i f +5 (\f|2 A) =
such that | f|_se = | f]1eo with ||fHLo<, < BO, and uy small in L' N L*({x)7) with respect

to Ay, By, to, and f, the equation

§<Iv\2 —A) =0 (4.9)

has a unique solution v(t,x) in the time interval [ty,00) such that

v — 0y € C ([to, 00), L*(R)) N L* ([tg, 00), L(R)).

Wy + Vg +

Moreover, the solution v satisfies

1

o= 3pllaqay + 10 = Tl iy = O (?) | (4.10)

PN

OTf | f| 400 = | f|—oo0, then we will denote |f|+oo simply by |f]oo-
"Since the submission of this paper, some work in progress seems to indicate that the smallness
condition on the coefficient A in Theorem 4.2 can be removed (see [11]).
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as t goes to infinity.

The previous theorem asserts the existence of the modified wave operator in the
time interval [t, 00) with ¢y > 0, for any given final data u, in L' N L*((z)") with
0 < v < 1, and any solution of (4.8) such that |f|;e = |f|-00, under the smallness
conditions on the parameter |A|, || f||;~, and the data u..

To complete this program and obtain the required stability result in the setting of
LIA, we will need, by “undoing” the pseudoconformal and Hasimoto transformation,
to construct the associated perturbations of the solutions X, of LIA and study the
behaviour of the perturbations as t goes to 0. This will be done elsewhere.

One of the key ingredients in the proof of Theorem 4.1 and Theorem 4.2 is the
study of the linearized equation (4.9) around the constant solution v (s,t) = ¢
(A = ¢p) in Theorem 4.1, and around the solution v((s,t) = f(s/v/t) in Theorem 4.2.
Precisely, the associated linearized equations are given by

2

z’zt+zm+%(z+z) =0, (4.11)
and
1
iZt+Zxx+§[(2|Uf|2 —A)z+v]2c2] =0, (4.12)

respectively. Unlike the equation (4.11), where the coefficients only depend on ¢ allow-
ing the analysis of this equation using the Fourier transform in space, the coefficients
in equation (4.12) are both time and space dependent making the study of the linear
equation (4.12) more delicate. This is the reason why we have put ourselves in a more
simple situation, and reduced our analysis to consider only those self-similar solutions
vs(s,t) = f(s/V/t) associated to a profile f satisfying the property that

|f|+oo = |f|—00>

and in particular those that f is an even or odd function. Even under the above
assumption on the profile f, the equation (4.12) is not easy to analyse. In fact,
as establised in Theorem 4.2, we need to consider the asymptotic data u, to be in
LY N L2({x)7) with 0 < v < 1, rather than in L' N L? as in Theorem 4.1, and there is
a loss in the decay rate (compare the inequalities (4.5) and (4.10)).

The main obstruction for proving the statement of Theorem 4.2 for an arbitrary
profile f comes from the Duhamel term associated to the coefficient v7/2t in (4.12).

Finally, notice that here (see Theorem 4.2) we have only considered the prob-
lem of the existence of (modified) wave operators for the Schrodinger equation (4.9)
for perturbations of the particular solutions vy, leaving on a side the more difficult
question of the asymptotic completeness of the scattering operators. The asymp-
totic completeness of the scattering operators for the equation (4.9) (A = ¢3) for
perturbations of the solutions v, (s,t) = ¢y was studied in [6].
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