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ABSTRACT. Conditions are given for the existence of local solutions of the nth order ordinary
differential equation, y(™ +f(z,y,y,... ,y("_l)) = 0, satisfying the respective Dirichlet and nonlocal
integral boundary conditions, 5~V (a) = A;, i=1,...,n— 1, and f; y(z)dx = A,,.
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1. INTRODUCTION

In this paper, for fixed n > 2, our primary consideration is with local solutions

of the nth order differential equation,

y "+ fzy vy, ym)) =0, a<ax <D, (1.1)

satisfying the respective Dirichlet and nonlocal integral boundary conditions,
yVa)=A4;, i=1,...,n—1, and /by(x)dx = A,, (1.2)

where f(x,r1,...,7,) : [a,b] x R" — R is continuous and A; e R, i=1,...,n.

A great deal of recent attention has been given to boundary value problems for
ordinary differential equations subject to nonlocal boundary conditions in the form
of integral boundary conditions. Results in many of these papers have involved a
great variety of methods including Krasnosel’skii cone expansion and compression
theory, the contraction mapping principle, the Avery and Peterson multiple fixed
point theorem, the Leggett and Williams triple fixed point theorem, Leray-Schauder
degree theory, Mawhin coincidence degree theory, and so on. For a few papers
applying these methods, in the presence of integral boundary conditions, we cite
[1,2,3,4,5,6,9, 10, 11, 12, 13, 14, 15, 17, 18|.

For this work, we first impose a Lipschitz condition on f, along with conditions
in terms of the Lipschitz coefficients on the interval length b — a, such that an appli-

cation of the Banach Fixed Point Theorem [7, 16] yields a unique solution of (1.1),
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(1.2). Following that, the Lipschitz condition on f is removed and replaced by other
conditions on the interval length b — a and on the values A;, © = 1,...,n, so that an
application of the Schauder-Tychonoff Fixed Point Theorem [7, 16] yields a solution of
(1.1), (1.2). In the last section, local solutions are obtained via an application of the
Leray-Schauder Nonlinear Alternative [7]. Sections 2 and 3 constitute generalizations
of the recent paper [8] dealing with (1.1), (1.2), when n = 2.

Each of the arguments involves establishing the existence of fixed points for a
completely continuous operator whose kernel is a Green’s function. In the next sec-

tion, a few results are presented for an appropriate Green’s function.

2. A GREEN’S FUNCTION

Since the only solution of

—yW =0, a<z<b (2.1)

b
Yy V(a)=0,i=1,...,n—1, / y(x)dr = 0, (2.2)

is y(x) = 0, it follows that there exists a Green’s function, G(z, s), for (2.1), (2.2). A

direct computation gives that

(x—a)?~ 1 (b—s)"
-1 (b—a)" a<r<s<hb,
Glr,s) = (2.3)
(=)™t (b=s)" _ (o=
DT b o @S sS<w <D
with the properties
(i) For each fixed a < s < b, as a function of x on [a, s|] and on [s, b], _a"acm(:,s) =0,
(ii) For each fixed a < s < b, [ G(z,s)dz = 0, and as a function of = on [a, 5],
w — 0 'l — 1 n _ 1
Oxi—1 y
i—1
(iii) %_7(91”) is continuous on [a,b] X [a,b], i =1,...,n — 1,

and

. . n—1 . .
(iv) For each fixed a < s < b, as a function of z, %% is continuous on [a, s] and

on [s, b], and
O 'G(s+,s5)  O"'G(s—,s)
Oxn—1 S Oan!
Next, let w(x) be the solution of (2.1), (1.2). Then,

n nlA 2
w(x):m{fln—zl'(b—a)}x—a Z

7=0

=—1.

(x —a)’ (2.4)

It is immediate that y € C™]a,b] is a solution of (1.1), (1.2) iff y € C"V[a,b] is a

solution of

y(r) = w(x) + / G(z,s)f(s,y(s),y'(s),... ,y(”_l))ds. (2.5)
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In subsequent sections, we also will have need of the values v, > 0, ¢ = 1,...,n,
defined by
b ai-1
, I G(x,s)
. _ i—1—n )
vi = (b—a) arélgéib/a Sy = — ds. (2.6)

3. UNIQUE LOCAL SOLUTIONS OF (1.1), (1.2)

In this section, we put restrictions on f and the length of the interval [a, b] which
are sufficient for the existence of unique solutions of (1.1), (1.2). Use will be made of
the constants in (2.6) and the Banach Fixed Point Theorem.

Theorem 3.1. Let f(t,r1,...,7m) : [a,b] x R" — R be continuous, and for some

K;>0,i=1,...,n, satisfy a Lipschitz condition,
If(x,ry, o) — [z, 81,00 80)] < iKim — 54, (3.1)
i=1
on la,b] x R™. If
z": Kivi(b—a)" " < 1, (3.2)

1=1

then, for each A; € R, i = 1,...,n, the boundary value problem (1.1), (1.2) has a

unique solution on [a,b.

Proof. Our proof involves an application of the Banach Fixed Point Theorem. We
let M := C"Vq,b], with norm, ||h]| = Y| K;|h" V]|, for h € M and where

| : |oo = maXa§x§b| : |

Next, let A; € R, i=1,...,n, be given, and define a mapping T": M — M by

(Th)(z) :=w(zx) + / G(z,s)f(s,h(s),h (s),..., h("_l)(s))ds,

where a <z < b, h € M, w(x) is defined by (2.4), and G(z, s) is the Green’s function
given in (2.3). In view of (2.5), fixed points of T" are solutions of (1.1), (1.2).

And we shall show that T is a contraction with respect to the norm || - ||. So, let
A; € R be as above, and let h,g € M. Then, by the Lipschitz condition (3.1) and
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the constants in (2.6), we have, fora <z <bandi=1,...,n,

b 7—1 T.§
@) — (@) @) < [ TEED o), 1)

Ori—1
~F(5,9(5), .-, "V (5))] ds

Y107 1G(x, 8) | — . .
[ 25 5w 0s) — g0l
a ,7:1

IA

IA

81,2'—1
Y10 1G(x, 5)
= /a T o1 |h — gllds

< %ilb—a)" A — gl

b| 9i—1 n
/ 0" 'G(x, s) ZKj|h(j_1) _g(j—l)‘oods
a j=1

so that |(Th) Y — (Tg) V| < 7;(b—a)""*|h — g||. Consequently,

ITh=Tgll = Y K|(Th)Y —(Tg)" V|
i=1

< (Z Kii(b— a)n_iﬂ) A — gl|.

i=1

So by (3.2), T : M — M is a contraction, and by the Banach Fixed Point Theorem,
there exists a unique y € M such that T'y = y, and as such from (2.5), y is the unique
solution of (1.1), (1.2). O

4. LOCAL SOLUTIONS OF (1.1), (1.2)

In this section, we remove the Lipschitz condition on f, but impose restrictions
on both interval length and boundary conditions so that local solvability can still be
established. In particular, we will make use of the Schauder-Tychonoff Fixed Point
Theorem to show the existence of local solutions of (1.1), (1.2) in the absence of
condition (3.1).

In what follows, let M := C™ Y[z 5], let N; > 0, i = 1,...,n, be given and
define

K:={heM||nt V| <2N;, i=1,...,n},
and where for h € M, we define ||h|| := max;<;<,{|h#Y|s }. The conditions of the
Schauder-Tychonoff Fixed Point Theorem are satisfied relative to (M, || - ||) and K,

in that (M, || - ||) is a Banach space and K is closed, bounded and convex.

Theorem 4.1. Assume f(x,ry,...,r,) : [a,b] x R" — R is continuous, and let
N; >0,1=1,...,n, be given. Let Q = max{|f(z,r1,...,m)| | a < x < b,|ry| <
2N;, i =1,...,n}. Then, for any |x1, 23] C [a,b], the boundary value problem

y W+ flwy, oy =0, 1 <@ <, (4.1)
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. :BQ
y(l_l)(:cl) =y, 1=1,...,n—1, / y(x)dx = yp, (4.2)
1
has a solution, provided xo — 13 < §(Ny,..., N,) = minlgign{ "*iﬁl/yjj—é}, and for
i=1,...,n, maxX,,<z<s, ‘w(i‘l)(z)‘ < N;, where w(:c) is the solution of —w™ = 0
satisfying w'V(z)) =y, i =1,.. — 1, and f x)dxr = y,.

Proof. Let N; > 0,4 =1,...,n, be given, let a < x; < xy < b, with x5 — z; <
O(Ni,...,Np), let y; € R, ¢ =1,...,n, and w(z) satisfy the conditions of the state-
ment of the theorem, and let (M, || - ||) and K be as above.

Define the mapping 7' : M — M by
z2
(T)) = o)+ [ Glas)f(s.h(s) .o h (),
71
where G(z, s) is the Green’s function in (2.3) relative to the interval endpoints z; and
xs. Moreover, by (2.5) to obtain a solution of (4.1), (4.2), it suffices to establish a

fixed point of T in K. We proceed via a few claims.

Claim 1. T maps K into K.

Choose h € K. Then, for z; <z <axyandi=1,...,n,
T2 i—1
@) < @)+ [T s ne), B ) s
z2 i—1
< Ni—l-/ 0 G(x s) Qds
o ox'—

< Ni+ Qui(we — )"

n—i+1
| N;
S NZ + nyl <n1+1 _)
7

= 2N,.

So, |(Th)V| < 2N;, and Th € K.

Claim 2. T' is continuous on K.
Let the compact subset H C [a, b] x R™ be defined by H := [a, b] x [}, [—2N;, 2N,].
Then, given € > 0, there exists a §(e) > 0 such that for (51,71, ...,7,), (72, 81, ..., 8,) €
H, with |n; —ne| < 0 and |r; —s;| < 9,1 = ,m, it follows that lf(my ey ) —
f(n2,81,...,80)| <e.

Now, choose h, g € K with ||h—g|| < 6, so that b0~ —gt=D| < 6,i=1,...,n

Similar arguments to those in Claim 1 show that, for x;1 <x < axyandi=1,...,n,
|(Th)(i_1)(5f) - (Tg)(i_l)(l'” < eyi(wy —a1)" ",

and so

|Th— Ty < e [sz - >] .

i=1
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Therefore, T is continuous A.

Next, we choose a sequence {hy}72; C K, and we consider the sequence {(Thy)}2,
C K. First, for each £ € N, (Thy)™(z) = —f(z, he(x), .. ., hén_l)(:c)), which implies
(Th)™(z)] < Q. < z < x. Consequently, for p,o € [z1, 23], |(The)"(p) —
(Th) ™ Y(o)] < Qlp — o], for all £ € N, and so {(Th,)™ P}, is a uniformly
equicontinuous family of functions. Since |(Th)™ V|, < 2N, for all £ € N, it
follows from the Arzela-Ascoli Theorem that there exists a subsequence {(Thy, )"V}
which converges uniformly on [z, o). Similarly, |(Thgp)("_1)|C>O < 2N, for all p e N,
implies that {(T'he,)"~?} is a uniformly equicontinuous family of functions, and
this, coupled with |(Thy, )" ?|s < 2N,_; and the Arzela-Ascoli Theorem, implies
there exists a further subsequence {(Thgpq)(n_2)} which is uniformly convergent on
[z1, x2]. Repeating this argument leads eventually to a subsequence, labeled for con-
venience {£,} C {¢}, such that {(Thy, )"V}, converges uniformly on [z, ], for
eachi=1,...,n.

Consequently, {(T'hs,)} converges in the the norm of M. It follows from the
Schauder-Tychonoff Fixed Point Theorem that T has a fixed point y € K, and as
such y is a desired solution of the boundary value problem (4.1), (4.2). O

Corollary 4.1. Let f(z,7r1,...,7m) : [a,b] X R™ be continuous and bounded. Then,
for any A; € R, i =1,...,n, the boundary value problem (1.1), (1.2) has a solution.

Proof. Let @Q :=sup{|f(z,71,...,r)| | a <x <b|ry] <oo, i=1,...,n}. Let 4; €
R,i=1,...,nbegiven, and let w(x) be defined by (2.4). Choose N; > 0,i=1,...,n,
such that max,<,<p ‘w(i_l)(x)‘ < N;,i=1,...,n, and minj<;<, { ”**i/g:Q} >b—a.
The conclusion follows since b —a < 6(Ny, ..., N,) of Theorem 4.1.

5. LOCAL SOLUTIONS BY LERAY-SCHAUDER NONLINEAR
ALTERNATIVE

In this section, we make application of the Leray-Schauder Nonlinear Alternative

in obtaining solutions of the differential equation,
v+ flzy) =0, 0<z<L, (5.1)

satisfying the boundary conditions,

L

yV0)=0,i=1,...,n—1, / y(x)dx =0, (5.2)
0

where f(z,7):[0,L] x R — R is continuous. In making application of the nonlinear

alternative, we again impose growth conditions on f as well as on the interval length
L.

Theorem 5.1. Assume
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(A) There exist o € C([0, L],R™) and a nondecreasing function ¢ : Rt — RT such
that

|f(z,r)| < o(x)y(|r]), (z,7) €[0,L] xR,
and

(B) There exists M > 0 such that
M

> 1.
N (M) L o]
Then (5.1), (5.2) has a solution on [0, L].
Proof. Let E = C|0, L] with norm, || - || = maxo<,<r | - |- We seek fixed points of the

mapping T : E — E defined by

(Th)(x) :/0 G(z,s)f(s,h(s))ds, he€E,

were G is the Green’s function of (2.3) relative to the endpoints 0 and L.

We first show that T maps bounded sets into bounded sets. For r > 0, let
B, :={h € E| ||h|| < r} be a bounded subset of E. Then, for 0 <z < L and h € B,,

(ThY(@) < / G, 5)||f(x, h(s))|ds
< / Gz, )l ()6 (h(s) )ds

IN

/0 G, )l ()b (|h])ds

< / Gz, 5)| o]l (r)ds
71Ln¢(7") HUH

IA

Hence,
| Th|| < v L™p(r)llo]],
and so T maps B, into a bounded set.

Next, we show 1" maps bounded sets into equicontinuous sets. In that direction,
let 0 <p<qg<Landlet he B,, with B, above. Then,

[(Th)(p) = (Th)(q)] < /0 G (p, s) = G(g, s)[|f (s, h(s))|ds

< Jollv(r) /0 Glp.s) — Gla. 5)|ds.

The right hand side of the inequality tends to zero, as |p — q| — 0, independent of
h € B,. So T maps B, into an equicontinuous set. It follows by the Arzela-Ascoli

Theorem that T" is completely continuous.
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Now, suppose for some h € E and some 0 < p < 1, we have h = pT'h. Then, for

0<x< L,

)| = |u(Th)@)]
/0 G, )| (2, h(s)|ds
< L (RDlo ],

IN

which yields

I
ool =

By (B), ||h|| # M. If we set

Vi:={heE||h| <M},

then the operator T : V — FE is completely continuous (i.e., continuous and compact).
From the choice of V', there is no h € 9V such that h = puTh, for some 0 < p < 1. By
the Leray-Schauder Nonlinear Alternative, it follows that 7" has a fixed point y € V
which is a solution of (5.1), (5.2). O
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