Communications in Applied Analysis 19 (2015), 113-128

OSCILLATION OF CERTAIN DYNAMIC EQUATIONS ON TIME
SCALES

RAEGAN HIGGINS

Department of Mathematics and Statistics, Texas Tech University
Lubbock, TX 79409-1042 USA
E-mail: raegan.higgins@ttu.edu

ABSTRACT. Oscillation criteria are established for second-order nonlinear nabla dynamic equa-
tions on an isolated time scale T. Our main goal is to establish a relationship between the oscil-
latory behavior of these equations. We also give two results about the behavior of a second-order
self-adjoint equation with mixed derivatives on a time scale that is unbounded above. We use the

Riccati transformation technique to obtain our results.
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1. INTRODUCTION

In this paper, we are concerned with the oscillation of the second-order nonlinear

nabla functional dynamic equation

()" (1) + (O (y(r (1)) = 0 (L.1)
and the second-order nonlinear nabla dynamic equation
()" ()" +a(t)f(y"(1) = 0 (1.2)

on [ty,00)r where T is an isolated time scale and positive ¢, belongs to T. Since
oscillation of solutions is our primary concern, we assume throughout that all time
scales are unbounded above. We assume that p, ¢, 7, and f satisfy the following
Conditions (H):

<1
(1) p € Cla([to, o0)T, (0, 00)) satisfies / —Vt=00, teT,

.. to p(t>
(i) ¢ € Cia([to, o)1, (0,00));
(iii) 7 € Ciu(T, T) satisfies tlim 7(t) = oo and there exists M > 0 such that

|P(t) — P(7(t))| < M for allt € T,

t
1
where P(t) :/ —
to p(S)
(iv) f:R — R is continuous, increasing, and f(—u) = —f(u) for u € R.

Vs;
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By a solution of (1.1) we mean a nontrivial real-valued function y satisfying
(1.1) for t € [tg,00)r. A solution y of (1.1) is said to be oscillatory if it is nei-
ther eventually positive nor eventually negative; otherwise, it is nonoscillatory. Also,
(1.1) is said to be oscillatory if all its solutions are oscillatory. Our attention is re-
stricted to those solutions of (1.1) which exist on some half line [t,, 00)r and satisfy
sup {|y(t)| : t > to} > 0 for any ¢, > t,. Additionally, we give two results about the

second-order self-adjoint dynamic equation

()™ (1) + q(t)y(t) =0 (1.3)

on a time scale T where sup T = oo, p € C(T, (0,00)), and g € Cjy(T,R).

For completeness, we recall the following concepts related to the notion of time

scales. The forward and backward jump operators are defined by
o(t):=inf{s €T:s>t} and p(t) :=sup{seT:s<t},

where inf() := supT and sup() := inf T. A point ¢ € T is called left-dense if t >
inf T and p(t) = t, right-dense if t < sup T and o(t) = t, left-scattered if p(t) < t,
right-scattered if o(t) > t, dense if p(t) =t = o(t), and isolated if p(t) < t < o(t).
A function f : T — R is said to be left-dense continuous provided f is continuous
at left-dense points in T and its right-hand limits exist and are finite at right-dense
points in T. The set of all left-dense continuous functions is denoted by Ci4(T). The
backward graininess function v on T is defined by v(t) := t—p(t), and for any function
f: T — R the notation f*(t) denotes f(p(t)). For more on nabla dynamic equations,
see Chapter 3 of [2].

In the next section, we establish a relationship between the oscillatory behavior of
(1.1) and (1.2). We present two lemmas necessary to prove our first main result. In the
last section, we present oscillation criteria for (1.3). We use the Riccati transformation

to obtain these results and close with an example.

2. OSCILLATION EQUIVALENCE OF (1.1) AND (1.2)

Throughout this section, we assume T is isolated. We begin with the following

definition.

Definition 2.1. A nonempty closed subset K of a Banach space X is called a cone

if it possess the following properties:

(i) if @ € RT and = € K, then azx € K;
(ii) if z,y € K, then z +y € K
(iii) if z € K — {0}, then —z ¢ K.
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Let X be a Banach space and K be a cone with nonempty interior. Then we define

a partial ordering < on X by

r<y ifand onlyif y —z € K.

We will use the following theorem [4] in order to prove some of our results.

Theorem 2.2 (Knaster’s Fixed-Point Theorem). Let X be a partially ordered Banach
space with ordering <. Let €0 be a subset of X with the following properties: The
infimum of Q belongs to 2 and every nonempty subset of 2 has a supremum which

belongs to Q2. If S : Q — Q) is an increasing mapping, then S has a fized point in Q.

We continue with the following lemma.

Lemma 2.3. Assume (H) holds. A necessary and sufficient condition for (1.2) to be

oscillatory is that the inequality

(p()y™ ()Y +a(t) f(y (1) <0 (2.1)

has no eventually positive solutions.

Proof. Assume (2.1) has no eventually positive solutions. Then neither does (1.2),
and so it is oscillatory. If y is an eventually negative solution of (1.2), then let z = —y.

Then zx is eventually positive and

(Y)Y + qf (7)) = —(py¥)Y = af (v*) = — [(pzV)¥ + qf(2")] =0,

and so x is an eventually positive solution of (2.1), which is a contradiction. Hence

(1.2) is oscillatory.

Suppose that (1.2) is oscillatory, and by way of contradiction, assume that (2.1)
has an eventually positive solution y. So there exists Ty € [to, 00)T such that y(¢t) > 0
for t € [Ty, co)r. Furthermore, there exists 77 € [T, co)r such that y(p(t)) > 0 for all
t € [T}, 00)r. Using the sign condition of f in (H), we have f(y”(t)) > 0 on [T3, 00)r.
The [p(t)yY (t)]Y <0 on [T}, 00)r, and so p(t)yY(t) is decreasing on [T}, c0)T.

We claim that yV(t) > 0 on [T},00)r. If not, then for some ¢, € [T}, 00)T, we
have yV(t;) < 0. It follows that p(t)yV(t) < 0 on [t;,00)r. Now, if yV(ty) < 0 for

some ty € [t1,00)T, then

Sp(tz)yv(t2)/t Vs

w 2(s)

— —00 as t — o0,
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which is a contradiction to our assumption that y(¢) > 0 [Ty, 00)r. Hence it follows
that yV(t) = 0 on [t;,00)r, and so (p(t)y" (t))Y = 0 and q(t)f(y?(t)) > 0, which is

contradictory. Consequently, there exists Ty € [T}, 00)r such that
y(t) >0, y¥(t)>0, and (p(t)y"(t)"Y <0

on [Tg, OO)']T.

Now integrating (2.1) from ¢ to s yields
P57 = pO07 (0 + [ atw)f(57) Vu <0

for (s,t) € [t, 00)1 X [Ty, 00)7. Since p(t)yY(t) is decreasing on [T}, 00)r, tlim p(ty2(t) =

L > 0 exists. Letting s — oo in the above we obtain

v i L h U P(u U L h U P(u U
v0) 2 s [ o) Vs s [ e e) Ve 22
Now integrating (2.2) from 73 to ¢ yields
w0200+ [ s [T @) Vs, e T (23)

Let X be the set of all continuous functions on [tg, co) satisfying tlim y(t) = oo,
where || - || is defined by ||y|| = sup {|u(t)|: to <t < co}. Then X is a Banach space.
Now, define the set

Q = {w € C([to, 00)r, R") : 0 S w(t) <1, for t >t}
which is endowed with the usual pointwise ordering <: w; < wy < wi(t) < ws(t) for
t >t
One can show that any nonempty subset A of 2 has a supremum which belongs
to Q and inf Q € Q2. Define a mapping S on €2 by
L, iftg <t <7,
(Sw)t) =9 , ¢ 1 poo o ,
s (0(T) + Jr, 75 S aw) [y (w)er () Vu Vs) i ¢ > T,
We claim that SQ C © and S is nondecreasing. For any w € Q, (Sw)(t) is certainly

continuous and for t € [T}, co)t

q(0) f(y* (1) < q(t)f(y" (1),

Thus, from (2.2), 0 < (Sw)(t) < 1 for t € [Ty, 00)T, and so S(w) € Q. Moreover,
the monotonicity of f yields (Swy)(t) < (Sws)(t) provided wy < wy, wi,we € L
Therefore, by Knaster’s Fixed Point Theorem, there exists @ € €2 such that So = @.
Hence, for t € [T3, c0)rT,

)= o (wmy+ [ [ atwsr o) vuvs),

y(t) T, P(5)
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On [Ty, 00)T, define z(t) := @(t)y(t). Then z(t) is positive, left-dense continuous, and

t

2(t) = y(Ty) + / L / " ) £ () Au s

7, P(5)

on [Ty, 00)r. As zV(t) = %/ q(s)f(2"(s)) Vs and (p(t)z¥ ()Y = —q(t) f(=(1)),
t

(p(t)zV ()Y + q(t)f(2°(t)) = 0 has a positive solution, which is a contradiction to

the assumption that all solutions of (1.2) are oscillatory. With this, the proof is

complete. O
In a similar manner, we can prove

Lemma 2.4. Assume that (H) holds. Then, every solution of the second -order
nonlinear functional dynamic equation (p(t)y™ (t))Y + q(t)f(y(7(t))) = 0 oscillates if
and only if the inequality

(p()y¥ ()Y + q(t) f(y(7(t))) <0
has no eventually positive solutions.
Now we state our main result of this section which is an extension of Theorem 2.1
of [10].

Theorem 2.5. Assume (H) holds and v(t)/p(t) is bounded. Additionally, assume
that for all t € [tg,00)r, T(t) < p(t) or 7(t) > p(t). Then the oscillation of the

second-order nonlinear nabla functional dynamic

(p()y™ (1) +a(t) [ (y(= (1)) = 0 (1.1)
1s equivalent to the oscillation of the second-order nonlinear nabla dynamic equation
(py¥ (1) + gy (t) = 0. (12)

t
Proof. The boundedness of v/p gives the existence of N > 0 such that % < N for
p
allt € T. Let K := M + N, where M satisfies property (iii) of (H).

Assume that (1.2) is oscillatory and, suppose to the contrary, that y is a nonoscil-
latory solution of (1.1). Without loss of generality, we assume there exists t; €
[tg, 00)T such that for all ¢ € [t;, 00)r

y(t) >0, y(r(t) >0, pt)y"(t)>0, and (p(t)y"(t))¥ <0

as in the proof of Lemma 2.3. We also conclude that tlim p(t)yV(t) = L > 0 exists.

We now distinguish two cases.

(I) Assume p(t) < 7(¢) for all t € T. The monotonicity of y and f yields

(p)yY ()Y +a®)f (1) < (p(O)y™ (1) +a(t) f(y(7(t)) =0,
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and so (2.1) has an eventually positive solution. By Lemma 2.3, (1.2) has a

nonoscillatory solution, which is a contradiction.
(IT) Assume next that 7(t) < p(t) for all ¢ € T.

(a)

Suppose L > 0. Then there exists t, € [t;, 00)r such that p(t)yV(t) < L+1
for all t € [ty, 00)r. Furthermore, since 7 diverges, there is a t3 € [t2, 00)T
such that 7(¢) > ty for all t € [ts3,00)r. Therefore, if ¢ belongs to [t3,00)r,

we obtain

p(t) S S
y%www@>=t/ COTMORS

(t) p(s)
r(t) g
< (L+1)/Tt) @

t
< (L+1)[N+M].

Consequently, for all ¢t € [t3,00)r, y(7(t)) > y°(t) — (L + 1)K. Now let
2(t) = y(t) — (L + 1)K. Since p(t)yV(t) > L, for all ¢ sufficiently large,
by integrating the previous inequality, we conclude that z(¢) > 0 for large

enough t. Hence, for all sufficiently large ¢,
2(t) >0, 22(t) <y(r(t), and (p(t)2"(1)Y +q(t)f((t)) < 0.

We have that (2.1) has an eventually positive solution. By Lemma 2.3, we
conclude (1.2) is nonoscillatory, which is a contradiction.

Assume L = 0. Since y is positive and nondecreasing on [t;, 00)r , there
exists g > 0 and ¢y € [t;,00)r such that y(t) > Mey for all ¢ € [ta, 00)7.
Furthermore, there exists t3 € [ty,00)r such that p(t)yV(t) < ¢ for all

t € [t3,00)r. Now, if t € [t3, 00)r, we have

yw—ﬂﬂméw/éggéwg%+My

and so, since y is nondecreasing, for all t € [t3, co)r
y(7(t)) = y*(t) — eoM.
Again, we set z(t) := y(t) — egM. Then for sufficiently large ¢

2(t) >0, 27(t) <y(r(t), and (p(t)z¥(1)Y +a(t)f(=(t)) < 0.
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Hence, (2.1) has an eventually positive solution. Again, we conclude by
Lemma 2.3, (p()yV ()Y + q(t)f(y°(t)) = 0 is nonoscillatory, which is a
contradiction.

Conversely, assume that (1.1) is oscillatory. By way of contradiction, suppose y
is a nonoscillatory solution of (1.2). As we saw in the proof of Lemma 2.3, we can

assume there exists ¢, € [to, 00)r such that for all ¢ € [t;, 00)r

y(t) >0, y(r() >0, pt)y"(t)>0, and (p(t)y"(t))¥ <0.

Again, the monotonicity and boundedness of p(t)y" () lead the existence of its non-

negative limit L, and we distinguish two cases.

(I) Assume 7(t) < p(t) <t for all . The monotonicity of y and f yields

(p)y™ ()Y +at) f(y(r(1) < (p(y¥ ()Y +a(®)f(y°(t)) =0,

and so y is an eventually positive solution of (1.1). By Lemma 2.4, (1.1) has a
nonoscillatory solution, which is a contradiction.
(IT) Suppose 7(t) >t > p(t) for all t.
(a) Suppose L > 0. Then there exists t, € [t;,00)r such that p(t)yV(t) <
L+ 1 for all t € [ty,00)r. The unboundedness of 7 yields the existence of
ts € [ta2, 00)r such that 7(t) > t5 for all ¢ € [t3, 00)r. Consequently, for all

t € [t3,00)1, we obtain

0 vy
y(r(®) — () < (L+1) /@ Z%

= (L+DP(r(E) = P(p(t))]

Lowo 3%

(L+1)[N + M],

= (L+1)

IA

which leads to
y*t) > y(r(t) — (L+ 1K

for all t € [t3, 00)r. As we have done previously, let z(t) = y(t) — (L+1)K.

Then for sufficiently large t, we have

2(t) >0, 2(r(t)) < y°(t), and (p(t)2z"(1))” + q(t) f (2(7(£))) < 0.

This leads to a contradiction as in part (I) above.

(b) Assume L = 0. Since yV(t) and y(t) are both positive, there is an ey > 0
and a ty € [t1, 00)7 such that y(t) > Me¢g for all t € [tg, 00)r. Corresponding
to this €y, there exists t3 € [t1,00) such that p(t)yV(t) < € for all ¢ €
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[t3, 00)1. In the same manner as above, we set z(t) = y(t) — €K and obtain

for sufficiently large t,
2(t) > 0, 2(7(1)) < y”(t), and (p(t)2" (£))Y +q(t) f(="(1)) < 0,
which again leads to a contradiction.
This completes the proof. O

Remark 2.6. Under the assumptions Theorem 2.5, we see that oscillatory behavior
of the more difficult functional equation can be established by considering the nabla

dynamic equation that only involves the backward jump operator p.

We now turn our attention to an example of Theorem 2.5. Recall

Theorem 2.7 ([3, Theorem 8.48 (ii)]). If T consists of only isolated points and a < b,
then

b
/ FOve=S" fewle).

te(a,b)
We now we have an example.

Example 2.8. Let T = 3" and set

We claim that p, q, f, and 7 satisfy the appropriate conditions of (H). First we show
that (¢) holds. If b = 3™ and ty = 3", m,n € N, we have

0o b
/ LVt = lim LVt
t

o D) b—o0 J1, p(t)
377l
v(t)
= lim Z —
= o PO
2 -
= g hm 21
t=3n+1
= o0
2
because v(t) = gt. Note that for any ¢ € T,
2, nodd

alt) =3+ (-1)" =
4, n even,
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and so (77) holds. It is clear that 7 belongs to Ci4(T, T) and diverges. Also, since,
t 1 3t 1
/ — Vs — / — Vs
to p(S) to p(S)
3t 1
= '—/ -Vs
P

3t
= %Zl

s=3t

|P(t) = P(r(1))] =

Y

Wl

(i74) holds. Finally, f(u) = /u satisfies (iv). Therefore, the oscillation of

(ty¥ ()" + [3+ (—1) ]| (E) _
and
(™) + [3+ (~1)F] ¥ (3 = 0

is equivalent since v(t)/p(t) = 2/3.

We conclude this section with comparing

(p®)y™)Y +q(t) f(y(r(t))) (1.1)
to
(p(H)y™ ()Y + Q1)g(y(n(t))) =0, (2.4)

on an isolated time scale T where @, g, and 7 satisfy the appropriate conditions (H)
and v/p is bounded. From Theorem 2.5 we see that the oscillation of (2.4) is equiv-
alent to that of

(p()yY ()Y +Q(H)g(y"(t)) = 0. (2.5)
We have the following result.

Theorem 2.9. Assume v/p is bounded on an isolated time scale T. Further assume
that Q(t) < q(t) for all large t and |g(u)| < |f(u)| for |u| > 0. Then, the oscillation
of (2.4) implies that of (1.1).

Proof. Without loss of generality, suppose to the contrary that (1.1) has an eventually
positive solution. From Theorem 2.5, (1.2) also has an eventually positive solution —
call it y(¢). Then

(pt)yY ()Y + Q(g(y"(1))) < (p(t)y™ ()Y + a(t)f(y*(1))) =0,

which implies (2.5) has an eventually positive solution. Therefore, (2.4) also has an
eventually positive solution, which is a contradiction to that fact that this equation

is oscillatory. O
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3. OSCILLATION OF (1.3)

In this section we give two theorems about the oscillatory behavior of the second-

order self-adjoint dynamic equation

(p()y™ (1) + a(t)y(t) =0 (1.3)

on a time scale [ty, 00)r where positive tg € T, supT = oo, p € C(T, (0,00)) and
q € Ciy(T,R). These are Theorems 3.4 and 3.6. To obtain these results, we need the

following lemmas:

Lemma 3.1 ([2, Theorem 4.59]). The self-adjoint equation (1.3) has a positive solu-

tion on T if and only if the Riccati equation

(z#(1)"

v
SO L =

=0 (3.1)
has a solution z on T".

Lemma 3.2 ([2, Theorem 4.55]). Let a € T and let w := supT. If w < oo, then
we assume p(w) = w. If (1.3) is nonoscillatory on [a,w), then there is a solution u,
called a recessive solution at w, such that u is positive on [tg,w) for some ty € T, and

if v is any second linearly independent solution, called a dominant solution at w, the
following hold:

(Z) hmt—w* % = 07
.. w A
(M') ._/;/0 p(t t = 00,

(iii) fb ot v(t T < 00 b < w is sufficiently close, and
(iv) p(tv(t) p(t fort < w sufficiently close.

Lemma 3.3 (]2, Theorem 4.63]). Assume z is a solution of (3.1) on [p(a),b]r. Letu
be a continuous function on [p(a), o(b)|r whose nabla-derivative is piecewise left-dense

continuous with u(a) = u’(b) = 0. Then we have for all t € [a,b]r,

(zu")V(t) = PP (O)[u” (1) — q(t)u?(t)

{sz(t) L V) <t>uV<t>} .

t)z

By a solution of (1.3), we mean a nontrivial real-valued function y on [ty, c0)r
which satisfies (1.3) and the properties y* € C([ty, )5, R) and (py* ) € Cra([to, 00)%N

([to,00)1),. ,R). Throughout, we impose the following condition: For some a €

[tO>OO)Ta
/ LAs and / q(s) Vs < 0. (3.2)

p(s)
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Before we begin, note that if y is an eventually positive solution of (1.3), then

y® is eventually positive as well. Next we give the following definitions.

wi) = [ " 4(s) Vs,

) = )+ [ o v

aitr = a0+ [ e

if the integrals on the right-hand side exist. Now we present our first result of this

section which is an extension of Theorem 3.1 of [10].

Theorem 3.4. Assume one of the following two conditions holds:

(i) there exists some positive integer m such that A,, is well defined for
n=0,1,2,..., m—1, and
i [ ()
t=o0 J, pP(s) + v(s)A7,_1(s)’
(i1) A, is well defined forn =0,1,2,..., and there exists t* € [tg, 00)r such that

Vs = oo.

lim A, (t") = oc.

n—oo

Then (1.3) is oscillatory.
Proof. 1f not, without loss of generality, we assume there exists (1.3) has an eventually
positive solution y, specifically, there exists T" € [to, 00)T such that
y(t) >0 and y2(t) >0
on [T, 00)r. Define the function z on [T, 00)r by

2(t) = Pty=(t). (3.3)

Then z(t) > 0, and since y>(p(t)) = yV (t),

o PO (070) + (B ()
P+ v(0)2(t) = e

for all t € [T,00)r. From (3.3), we obtain z is a solution (3.1) on [T, 00)r. Since
z(t) > 0, integration of (3.1) from T to ¢ yields

L (2(s) N
/T pP(s) + y(g)zp(s)vs < 2(T) /T q(s) Vs < z(T)

on [T, 00)r. Consequently,

> 0,

[ )

A O ETe Rl
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Now integrating (3.1) from ¢ to s we obtain

’ T (W)’
> e | e
for (t,s) € [T, 00)r X [t,00). Therefore,

* ()’

z(t) > q(u Vu+/ Vu. 3.4
0= [Caver [ e oy
Now assume Condition (i) holds. We first assume that m = 1. From (3.4) we

2
obtain that z(t) > Ay(t) for all t € [T, 00)r. Since F(u) =

u > 0 and nonnegative constants ¢y, co, it follows that
o0 P 2 o 2
. S )
¢ p(u) + v(u)Ag(u) pP(u) + v(u)Ag(u)

This contradicts (i). If m > 1, (3.4) gives z(t) > Ay (t) for all t € [T, c0)r. Repeating

this procedure, we obtain z(t) > A,,_1(¢) for all t € [T, 00)r and

> (Afn—l(u))z " (Zp(u))Q .
/t p’(u) (U)Afn—1(u)v Sp”(U)Jrl/(U)Afn_1(U)v =

which contradicts Condition (i).

is increasing for
c1 + cu

Assume that Condition (ii) holds. Similar to the above proof, we obtain
A, (t) < z(t) for n € Ny. Then, as y(t) > 0,
lim A, (t") < 2(t") < o0,

which gives a contradiction to Condition (ii). The proof is complete. O

Remark 3.5. If T =R and p(t) = 1 for all ¢, then Theorem 3.4 is the same as Yan’s

result for second-order linear differential equations [9].

Our next result is

<Vt
Theorem 3.6. Assume I = [a,00)r. If/ % = 00 and there is a ty € I and a
p
u € CL[to, 00)r such that u(t) > 0 on [ty, 00)r and

| a0 — 0T op v =
then (1.3) is oscillatory on I.

Proof. By way of contradiction, assume (1.3) is nonoscillatory on /. By Lemma 3.2,

there is a dominant solution y of (1.3) at co such that

/°° At -
W Oy
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for sufficiently large t; € I. Here we may assume y(t) > 0 on [t;,00)r. With
T :=max{ty,t;}, by Lemma 3.1, (3.1) has a solution z on [T, 00)r. Now Lemma 3.3
yields

(zu")¥ () < pP(O)[u” ()] = q()u? (1)

for t € [T, 00)7. Integrating from 7" to ¢, we obtain
¢
2(t)u?(t) < 2(T)u*(T) —/ {a(s)u?(s) =’ (s)[u” (s)]*} Vs
T
which implies

lim z(t)u?(t) = —o0.

t—o00

Consequently, there is a S € [T, 00)r such that for ¢ € [S, 0o)r

This implies y is decreasing on [S, 00)r, and so

| o = wwS) [ A

(u) s pwy(S)y(S)
o0 1
< y(S)y’(S / ——— Au
R A O NCIA
< o0,
which is a contradiction to divergent nature of |, ;O ﬁ At. O

We conclude with an example of Theorem 3.6.

Example 3.7. Let T = ¢", ¢ > 1 and set
1 Int
b =% Q=L -t

Here we let a = tp = 1. Immediately we see that u belongs to C},([1,00)7, (0, 00)).
First we show that [ Q(s)Vs < oo. To do this, we will use part (vi) of Theorem 8.47
in [3]. In that result, we let

f(t)=Int and g(t) = —%.

1 1 1
Vi , 404
! (t>_{/0 §+h§(q—1)-1dh} 1§/0 =g

by Theorem 4.8 of [2] and the Pétzsche Chain Rule [3, Theorem 1.90], and

Then
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Consequently,

| awve -

Next

Finally

/loo [q)u(t) — p" () [ (1))*] VE =

because

— im _ln(b) w_ ’ n v _i
= fm ety /1(1 t) ( q2> Vt]

b—oo

IN
g.

b—oo

n

JE}OZQW (?) =q nhjgoZ (5) < 00.
k=1

k=1

4. CONCLUSION

R. HIGGINS

In this article, we studied the oscillatory behavior of the functional nabla dynamic

equation

(p()y¥ (6) + q(t) fy(r(£)) = 0



OSCILLATION THEORY 127

on an isolated time scale T. We showed this equation’s oscillatory behavior is equiv-
alent to that of

()" ()" +a(t)f(y"(1)) = 0.
This equivalence was obtained by establishing a relationship between the oscillatory
solutions of the functional nabla dynamic equation and (p(t)yv(t))v—l—q(t) fly(r(t))) <
0 as well as one between the oscillatory solutions of the nabla dynamic equation and
its corresponding inequality. On any time scale T we considered the second-order

self-adjoint equation with mixed derivatives

v
(p(t)y> ()" +a()y(t) =0
and established two sufficient conditions for the oscillation using the Riccati trans-

formation technique.
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