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ABSTRACT. Let 2 < n denote an integer and let n—1 < o < n. Foreach0 < b,0 < g <n—1, the
authors will construct the Green’s function, G(b, 5;t, s), of the two-point boundary value problem

for the fractional differential equation
Dg,u+h(t) =0, 0<t<b,
uD(0)=0, i=0,...n—2, Dy u(b) =0,
where Dg, and Dg . denote the standard Riemann-Liouville derivatives. The authors will compare
Green’s functions, G(b1,0;t,s) and G(ba, B;t,s) or G(b, B1;t,s) and G(b, fa;t,s), and the authors

will show the existence of a unique limiting function as b — oco. An application to a nonlinear

problem will be given.

AMS (MOS) Subject Classification. 26A33, 34A08, 34A40.

1. INTRODUCTION

Let 2 < n denote an integer and let n — 1 < a < mn. Foreach 0 < b, 0 < [ <
n — 1, we shall consider a boundary value problem (BVP) consisting of a fractional

differential equation of the form
Dg,u+h(t) =0, 0<t<b, (1.1)
with two-point boundary conditions of the form
uD(0)=0, i=0,...n—2, Dy u(b)=0, (1.2)
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where Dg, and Dg + denote the standard Riemann-Liouville derivatives which are

defined in Section 2. As special cases, the boundary conditions (1.2) contain
u(0)=0, i=0,...n-2, u(b)=0, je{0,...,n—1}, (1.3)
or
u0)=0, i=0,...n—2, D" ub)y=0, je{0,...,n—2}. (14)

For simplicity, h(t) is assumed to be continuous [0, 00).

We shall construct the corresponding Green’s function, G(b, 5;t, s), of the BVP,
(1.1), (1.2). We shall show the Green’s functions are all positive on (0, ) x (0,b), and
we shall order the Green’s functions with respect to by < by or ; < (3. Moreover,
we shall show the existence of a unique limiting function, a Green’s function, as
b — oo. In the case of ordinary differential equations (« = n), with ordinary boundary
conditions (1.3), it is known that the right focal problem (5 = n—1) is the dominating
BVP (see [6], [7], or [9]). It will be particularly interesting to note that for the
fractional differential equation, the dominating BVP for (1.1), (1.2) is in the case
0=a-—1.

Many researchers are currently applying fixed point theorems to study boundary
value problems for the fractional differential operator Dg,, and so, we assume the
construction we employ and the explicit Green’s functions we exhibit are not new.
See for example, [3], [12], or [17] . The ordering of the family of Green’s functions
and the exhibition of a limiting Green’s function represent the contributions of this

article.

In the case of ordinary differential equations, the concept and existence of unique
limiting Green’s functions is known. For one example, if the differential operator is of
limit-point type at a singular point, [4], then the existence of a unique limiting Green’s
function is well-known. More in line with the study in this paper, the inequalities
and properties obtained here are motivated by Elias’, [6] or [7], extensive work for
the two-term right disfocal differential operator with two point boundary conditions.
Disconjugacy theory or disfocality theory for fractional differential equations is almost
nonexistent (see [1] or [10]) and so, for now, we consider the very simple equation
(1.1). Because of this, we exhibit an analytic expression for G (b, 3;t, s). The analytic
expression can be used to obtain many of the results we exhibit. We shall also develop

some qualitative arguments.

In the next section, we provide the fundamental definitions and remind the reader
of some basic results. We shall then construct the Green’s functions, obtain some
qualitative properties and show the existence of a unique limiting Green’s function. In
the third section, we shall provide an immediate application to a nonlinear boundary

value problem in which we employ monotone methods.
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2. CONSTRUCTIONS OF GREEN’S FUNCTIONS

Let 0 < v and recall the Riemann-Liouville fractional integral of a function, [5],
u is defined by

—)/0 (t — s)" tu(s)ds, (2.1)

provided the right-hand side exists. Moreover, let n denote a positive integer and
assume n — 1 < o < n. The a-th Riemann-Liouville fractional derivative of the

function u : [0,00) — R, denoted D§, u, is defined as

1 ar

Dy, u(t) = oy [ (0= 9" uls)ds = D Iuo),

provided the right-hand side exists. We shall employ a standard notation, Dg,, to
denote fractional derivatives and D’ to denote classical derivatives in the case j is a

nonnegative integer.

We only require a few well known properties in fractional calculus to construct
and analyze the family of Green’s functions. There are many good presentations on

fractional calculus, [13, 14, 15, 16], for example; we refer the reader to [5]. Recall

I T2 ut) = I 2u(t) = T2 10 u(t), v, >0, ifue Li0,b,  (2.2)
Dol Iz u(t) = Iz "u(t), i 0 < <y, if ue L41]0,0], (2.3)

Dy IS u(t) = u(t), 0 <t, if u € L,]0,0],
and

18, DS, u(t) )+ chta nHED i DS e L]0, B). (2.4)

The property (2.2) is referred to as the semigroup property for the fractional integral.

We also require the power rule, and so, we recall [5]

F(l/l —|— ].)

12t = 2 > 1, >0,
O+ F(l/g —|— 1%} —|— ].) ! 2=
and
F(l/l —|— 1) _
D = 2 > —1 >0 2.5
04 F(V1+1—V2) ) n ,y Vo 2 U, ( )

where it is assumed that v — 14 is not a positive integer. If vy — 14 is a positive
integer, then the right hand side of (2.5) vanishes. To see this, one can appeal to the
. 1
convention that s
calculation on the left hand side and calculate

= 0 if v, — 14 is a positive integer, or one can perform the

pr=te) — g,
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To construct the Green’s function, G(b, 5;t, s), apply (2.4) to (1.1), and a solution

w of (1.1) has the form
n—1 1

t
w(t) + et o ety —/ t —s)*th(s)ds = 0.
0+ Ry /(=9 his)

The boundary conditions, v (0) =0, i =0,...n — 2, imply ¢, =0, i = 1,...n — 1,
and now, the solution u of (1.1) has the form

u(t) + et + I8 (h)(t) = 0.
Apply the boundary condition Dg+u(b) =0, (2.3), and (2.5); solve for ¢, to obtain

(o — B) I, " () (b)
T(a)  bo—1-8

Thus, the Green’s function for the BVP, (1.1), (1.2), has the form

Cp = —

tafl(b_s)aflfﬁ B (t—s)o‘*l

AT ~ 0<s<i< b,
Gt =9 S0, (26)
Wv 0 S t S s < b7
and the solution u of (1.1) has the form
b
u(t) = / G(b,B;t,s)h(s)ds, 0<t<b. (2.7)
0

Note that in the case a — 1 < 8 < n — 1, the Green’s function does not extend to
[0,0] x [0,b]. The continuity of A is sufficient to imply that u, given by (2.7), is n — 2

times differentiable on [0, b].

Remark 2.1. If § = j is an integer, then (2.6) reduces to
ta—l(b_s)aflfj (t—s)o‘71
be—1=7T(a) - () 0 S S S t S b,

ta—l(b_s)aflfj
be—1-iT(a)

G(b,jit,s) = (2.8)

0<t<s<b,
an expression that is known and employed in the literature, [3], [12]. If o — J is a

positive integer, the form is also known, [2].

Theorem 2.2. [f0< () < (B <n—1,
0< G(b> ﬁl; t S) < G(b> 62; t S), (t> S) < (0> b) X (0> b) (29)

Proof. To see that 0 < G(b, 11, s), note that the inequality is clear for ¢ < s. For
s < t, write
tel(p — g)e-1=8
po—1-6
Note that for 0 < s <t <b,

(-5 0 ()

is valid in each case, 0 < f<a—1l,ora—1<fg<n-—1.

—(t——sY**zzta_l(1——%>a_1_6——ta_1(1——§>a_1. (2.10)
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To see that G(b, 51;t,s) < G(b, B2;t,s) on (0,b) x (0,0) if 51 < (2, note that

Gb, Bast, s) — G(b, Bis t, s) = ;CE:) [(1 _ %)a_l_ﬁQ _ (1 _ %)a_l_ﬁl} (2.11)

and write

(-7 07 097 - 09

The proof of Theorem (2.2) is easily modified to obtain a related result.

Theorem 2.3. Let j € {0,...,n—2},1€{0,...,j}. If j <01 < B <n—1,

0< (%) Gb, Bist, s) < (%) G(b, Bait.s), (t,s) € (0,b) x (0,b).  (2.12)

Proof. Note that

. (o) ta—1=i(p_g)a—1-0 (t—s)a—1i
g G(b, B;t,s) = P(a—i) < b*-1PT(a) = T(w) ) , 0<s <t <,
atl ? » Yy F(Oé) taflfi(b_s)aflfﬁ 0 < t < ‘- b

I'(a—1) b2=1-BT(a)

Replace the right hand sides of (2.10) and (2.11) respectively by

; a—1-8 . a—1—1
) e )
b t

e (ST S|

and

O

We shall use Theorem 2.3 in Section 3 for a straight-forward application to a

nonlinear problem.
Theorem 2.4. Assume 0 < by < by. If 0 < (B < a—1, then

0 < G(b1,B;t,s) < G(bse, B5t,8), (t,s) € (0,b1) x (0,b1), (2.13)
and ifa —1 < B <n—1, then

G(b1, B;t,s) > G(be, B;t,8) >0, (t,s) € (0,b1) x (0,by). (2.14)
If 6 =a—1, then G(b,a — 1;t, s) is independent of b on (0,b) x (0,b).
Proof. Note that

Hb, Bit,s) = %G(b,ﬁ;t, 5) = “;(71&)_5 (1- %)“‘H ()

So, H changes sign at « — 1 — 3 = 0. O
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We point out one more property of G(b,5;t,s) that is analogous to properties
of Green’s functions for boundary value problems of ordinary differential equations,
8, 10, 11]. H is the solution of the BVP,

Dgu=0, 0<t<b,
uP(0)=0, i=0,...n—2, D ulb)=—-DS"G(b,3;b,s).

This is shown with a direct calculation.

Finally, since G is given explicitly in (2.6), we can exhibit a uniquely determined
limiting function in the following sense. Extend, in any way, G(b, 5;t, s) to G(b, 3;t, s)

defined on [0, 00) x [0,00) . The following observation is clear.
Theorem 2.5. Let 0 < < a—1. Then

blim G(b,B;t,s) = Gla— 1;t, s),

where
el <5<t <oo
Gla—1its)=4 '@ 1@ - (2.15)
tr(—a)v 0<t<s < o0.

The convergence is monotone increasing and uniform on compact domains. If a—1 <
08<n-—1, then

blim G(b,B;t,s) = Gla— 1;t, s),

where the convergence is monotone decreasing and uniform on compact domains.

In particular, G(b,a — 1;t,s) = G(a — 1;t, s) agree on [0,b] x [0, b].

3. AN APPLICATION TO A NONLINEAR PROBLEM

In this section, we consider a family of nonlinear BVPs for a specific set of bound-
ary conditions and apply the method of upper and lower solutions to obtain sufficient
conditions for existence of solutions. Moreover, monotone methods can be applied to
generate sequences of approximate solutions that converge uniformly to a solution of
the nonlinear problem.

Let 2 <n, 0 < j < n—2 denote integers and let n —1 < o < n. Let 0 < b,
0<j<pB<n-—1,and consider the boundary value problem

Dy ou+ ftut),d(t),...,uD(t) =0, 0<t<b, (3.1)

with the boundary conditions conditions (1.2) where f : [0, 5] x RU+Y — R is contin-

uous and

f(t,UO,...,Uj)Zf(t,’Uo,...,Uj> lfUZZ’UZ, ZIO,,j (32)
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We shall say that w € C[0,b] is a lower solution of the BVP, (3.1), (1.2), if w
satisfies the boundary conditions (1.2) and

Dgw+ f(t,w(t), w'(t),...,w(t) >0, 0<t<b, (3.3)

and that z € CVY[0,b] is an upper solution of the BVP, (3.1), (1.2), if z satisfies the
boundary conditions (1.2) and

Dgz+ f(t,2(),2(t),...,29(1) <0, 0<t<b. (3.4)

Assume the existence of lower and upper solutions, wy and zy respectively such
that

wi(t) < 20(), o<t<b, i=0,1,....].
Define sequences, {wyy1}, {vri1}, respectively, by
wk—i—l(t) = ka(t), Zk-i—l(t) == Tzk(t), 0 S t S b, (35)

where
b
- / G(b,Bit, ) (5,y(5),¥/(5), ..,y (s))ds, 0<t<b  (36)
0

Apply Theorem 2.3 and (3.2) to obtain
2Ot <y(t), 0<t<b i=0,1,...7
implies
(T)D(t) < (Ty)O(t), 0<t<b, i=0,1,... 4 (3.7)
Also, note that Theorem 2.3, (3.3), and (3.4) imply for 0 <t <b, ¢ =0,1,...,7,
()

t) < (Twe)? (1) = w(2),

wé”(t):(/ob (b, B, 5)(— D wo(s )
and
0= ([ 6t -08.00s)

wi(t) < w?(t) < 20() < 20(1), 0<t<b. (3.8)

£) > (Tz) () = 2 (1)

In particular,

Apply T iteratively to (3.8), and it follows from (3.7) that
o) S0l S 2L <2700, 0<t<b k=01,

Theorem 3.1. Let 2 < n denote an integer, n—1 < a < n, and let j € {0,...,n—2}.

Assume f :[0,b] x RUTD — R s continuous and satisfies

f(t,uo,...,uj) Zf(t,vo,...,’(]j) quz ZUZ', ’LIO,,]
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Assume there exists a lower solution, wo(t) € C7]0,b] and an upper solution, z(t) €
C710,b] of the BVP, (3.1), (1.2), satisfying

wi(t) < 20), 0<t<b, i=0,1,...,j
Define sequences, {wyy1}, {vrs1}, by
Wi1(t) = Twi(t), zrya(t) = Tz(t), 0<t <D,
where
Ty(t) = /ObG(baﬂ;t, $)f(5,9(5),5/(5), .,y (s))ds, 0<t<b.
Then there ezists a solution u of the BVP, (3.1), (1.2), satisfying
w (t) < wl) (1) <u? (@) <ol (#) <o), 0<t<b, i=0,1,...,7,

for each k = 0,1,.... Moreover, the sequences, {wy},{vx}, converge in C?[0,b] to

w, v, respectively, where each of w and v are solutions of the BVP, (3.1), (1.2), and
w () <u® @) <ovD(t), 0<t<b, i=0,1,...,j.
As a first example to illustrate the theorem, consider the BVP,
D§+u(t) +1+u(t) + %(u')?’(t) =0, 0<t<l,
uw(0) =4'(0) =0, «/(1)=0.
3¢5

Set wg = 0. Set z(t) = t5 — zt2. Each of wy, 2y satisfy the boundary conditions and

it is clear that wy is a lower solution. Direct calculations give that

5 3 7 9
Dgy z(t) = _gr <§) = —gﬁa

2
0<zt) <z 0<% <1, 0<t<1

Thus, 2o is an upper solution. Since (3.2) is valid on all of [0, 1] x R?, Theorem 3.1

applies, and there exists a solution u such that
0<u?@t) <z(), i=0,1, 0<t<1.

As a second example, we note that (3.2) is too strong. If the lower and upper

solutions wy and zj, respectively, exist satisfying
200 > wl (), 0<t<b,
then one only needs to assume
Fltoug, .. ouy) > f(tvo, .- ovp), if 2570 () > us > v > wlP (1), (3.9)
and i =0,...,7,0<t<b.
Consider the BVP,

Diu+1+u)/(t)=0, 0<t<I,
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uw(0) =4'(0) =0, 4/(1)=0.

Again wy = 0 and 2y(t) = t5 — %t% serve as lower and upper solutions, respectively,
and now, (3.9) is valid. Thus, there exists a solution u of this BVP satisfying

0<u?@t) <z(t), i=0,1, 0<t<1.
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