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ABSTRACT. We study singular discrete higher order boundary value problems with mixed bound-
ary conditions of the form

n—1

UA" (ti—(n—l)) + f(tlv u(tl)v s 7UJA (ti—(n—l))) =0,

n—2 1—3

n—1 7
ut" (o) = ut (tn1) =ul (tvge) = o = uB (Enpn-2) = ultnin-1) =0,

over a finite discrete interval T = {to,t1,...,tN4n—2,tN+n—1}- We prove the existence of a positive
solution by means of the lower and upper solutions method and the Brouwer fixed point theorem in

conjunction with perturbation methods to approximate regular problems.

AMS (MOS) Subject Classification. 39A10, 34B16, 34B18.

1. PRELIMINARIES

This paper is somewhat of an extension of the work done by Rachunkovd and
Rachunek [23] and the works done by Kunkel [17], [18]. Rachunkova and Rachunek
studied a second order singular boundary value problem for the discrete p-Laplacian,
¢p(x) = |z|P~2z, p > 1. In particular, Rachunkovd and Rachunek dealt with the
discrete boundary value problem

A (¢p(Au(t - 1))) + f(tau(t)a Au(t - 1)) = 07 te [LT + 1],
Au(0) =u(T +2) =0,
in which f(t,z1,x2) is singular in z;. Kunkel’s results extended theirs to the third
order case, but only for p = 2, i.e. ¢o(x) = z. That is, Kunkel’s extension focused on
the boundary value problem
—N3u(t —2) + f(t,u(t), Au(t — 1), A%u(t —2)) =0, te€[2,T+1],
A?u(0) = Au(T +2) = u(T +3) = 0.
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Kunkel’s other work entails an extension to a second order singular discrete boundary
value problem with non-uniform step size (what we are calling a purely discrete time

scale)
UAA(ti_l) + f(tz, U(tz), UA(ti_l)) = O, tz € TO,

UA(tQ) = U(tn+1) = 0.

The methods of this paper rely heavily on upper and lower solutions methods in
conjunction with an application of the Brouwer fixed point theorem [26]. We consider
only the singular third order boundary value problem, while letting our function range
over a discrete interval with non-uniform step size. We will provide definitions of
appropriate upper and lower solutions. The upper and lower solutions will be applied
to nonsingular perturbations of our nonlinear problem, ultimately giving rise to our
boundary value problem by passing to the limit.

Upper and lower solutions have been used extensively in establishing solutions of
boundary value problems for finite difference equations. In addition to [11], [17], [23],
we mention especially the paper by Jiang, et al. [13] in which they dealt with singular
discrete boundary value problems using upper and lower solutions methods. For other
outstanding results in which upper and lower solutions methods were employed to
obtain solutions of boundary value problems for finite difference equations, we refer
to [1], [2], [4], [5], [6], [10], [12], [16], [20], [21], [22], [27].

Singular discrete boundary value problems also have received a good deal of
attention. For a list of a few representative works, we suggest the references [3], [7],
[3], [14], [15], [19], [22], [24], [25], [27],[28].

In this section, we will state the definitions that are used in the remainder of the
paper.

Definition 1.1. For 0 <i < N+4+n—1,let t; € R, where tg < t; < -+ < tyyno <
tnin—1. Define the discrete intervals
T := [to, tnin_1] = {to,t1, -, tN+n—2,ENtn—1},
and
T = [tn1,tn] = {tn_1,tn, .- tn_1,tN}
Definition 1.2. For the function u : T — R, define the delta derivative [9], u®, by

uA(ti) — u(ti-l—l) — u(tl)
tiv1 — 1
We make note that w2’ (t;) = u2(t;) = u®" (t;).

, t; € T\tN+n_1.

Consider the higher order nonlinear discrete dynamic

uAn(ti_(n_l)) -+ f(tl, u(tl), e ,uNLil (ti—(n—1)>> = 0, ti S TO, (11)
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with mixed boundary conditions
An—l An72 An—S A
ut (b)) =ut (Ivp) = Ut (Enge) = =T (Even—2) = ultvan—1) = 0. (1.2)

Our goal is to prove the existence of a positive solution of problem (1.1), (1.2).

Definition 1.3. By a solution of problem (1.1), (1.2), we mean a function u : T — R
such that u satisfies the discrete dynamic (1.1) on T° and the boundary conditions
(1.2). If u(t) > 0 for t € T°, we say u is a positive solution of the problem (1.1), (1.2).

Definition 1.4. Let D C R™. We say that f is continuous on T x D if f(t;, z1,...,x,)
is defined on T for each (z1,...,x,) € D, and if f(t;,x1,...,2,) is continuous on D
for each ¢t; € T.

Definition 1.5. Let f : T x D — R, where D C R™. If D = R", problem (1.1),
(1.2) is called regular. If D # R™ and f has singularities on the boundary of D, then
problem (1.1), (1.2) is called singular.

We will assume throughout this paper that the following hold:
(A): D= (0,00) x R L.

(B): f is continuous on T x D.

(C): f(ti,x1,...,2,) has a singularity at z; = 0, i.e. limsu+p |f(ti,x1, ..., 2,)| = 00
xr1—0
for each t; € T and for some (xo,...,x,) € R"L.

2. LOWER AND UPPER SOLUTIONS METHOD FOR REGULAR
PROBLEMS

Let us first consider the regular dynamic equation
uAn (ti—(n—l)) + h(tl, u(tl), oo ,UA7L71(ti_(n_1))) = 0, ti c TO, (21)

where h is continuous on T° x R™ satisfying the boundary conditions (1.2). We

establish a lower and upper solutions method for this regular problem (2.1), (1.2).
Definition 2.1. o : T — R is called a lower solution of (2.1), (1.2) if
oA (timnony) + At alty), .., 0" (tisen)) <0, t; € T, (2.2)

satisfying boundary conditions

(—1)"ta®" (te) < 0,
(=12 (tyn) <0,

2.3
aA2(tN+n—3> S 0 ( )
aA(tN+n—2> Z 0

a(tngn-1) < 0.
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Definition 2.2. §: T — R is called an upper solution of (2.1), (1.2) if

B (tizn-r)) + h(ti, B(t:), - . ., /6A7L71(ti—(n—1))) >0, t €T, (2.4)

satisfying boundary conditions

(—1)"'BA" (k) = 0,
(=1)"28%" *(tygr) > 0,
’ 2.5
B (tnsns) > 0 (25)
B2 (tntn—2) < 0
ﬂ(tN+n—1> Z

Theorem 2.3 (Lower and Upper Solutions Method). Let « and (3 be lower and
upper solutions of (2.1), (1.2), respectively, and o < 3 on T. Let h(t;, x1,...,x,) be
continuous on T x R™ and nonincreasing in its x, variable. Then (2.1), (1.2) has a

solution u satisfying
alt) < ult) <B(H), teT.

Proof. We proceed through a sequence of steps involving modifications of h.
Step 1. For t; € T°, (xy,...,x,) € R", define

~ Tpn — Tn—1
h(thxh.‘.,mn,h n n > =
ti*(nfl) - ti*(n72)

ti—(n—1)~ti—(n—2) - BA™ (ti—(n—1))—Tn+1’

n—1 BA" (i — (1)) = (ti_ (n—1)>@n) BA" (ti_(n—1))—n
h <ti7ﬂ(ti)7“'7ﬂA (ti7(7L72))7 (1) (1) > ()

Ty > /BAn (tif(nfl))y

Tn—0(t;_(n_1):Tn) AT AT
h (thxl cey Tn—1, ﬁ) ) a” (ti—(n-1)) Lo < B° (tic(n-1)),

n— ATy — . oA
h <t7,, Oé(tl) ey CEA 1(157:7(7,L72))7 & (tlf("*l)) U(tlf("*l)'x")) + Tn— (t17(n—1))

ti(n—1)—ti—(n—2) =B (1)) +1’

Tn < OCAn (tif(nfl))7

where
aA” (ti7(7L72))7 Tp > (_1)7L04An (tif(nfl))7
o(ti—(n-1),Tn) = Tn, (-1)"pa (tic(n-1)) <2 < (-1)"a® (tic(n=1)),
B2 (tiz(n—2)), Tn < (=1)"B2" (tiz(n_1))-

By its construction, h is continuous on T° x R"™, and there exists M > 0 so that,

|h(ti,l’1,...,l’n)|§M, tiETO,(zl,...,xn)eR".
We now study the auxiliary equation,
AT T An—1 o o
U (ti—(n—l)) + h(tlv u(tl)u sy U (tz—(n—l))) - 07 t; € T ) (26)

satisfying boundary conditions (1.2). Our immediate goal is to prove the existence of
a solution of (2.6), (1.2).



SINGULAR HIGHER ORDER BVPS ON PURELY DISCRETE TIME SCALES 557

Step 2. We lay the foundation to use the Brouwer fixed point theorem. To this end,
define the Banach space E by

E={u:T—-R:u (t) =u™" (tyy1) = u®" (tyya) = -

= u®(tnyn-2) = u(tyin_1) = 0},

and also define

||| = max{|u(t;)| : t; € T}.

Further, we define an operator 7 : E — FE by

N+n—2
(Tu)(t) = (=1)" D (tz st —ts, )
it ) ) (2.7)
. Z (ticng1 — tin)h (% uty), ..., u (ti—(n—l))) :
i=n—1

By its construction, 7 is a continuous operator.

Moreover, from the bounds placed on hin Step 1 and from (2.7), if
r> (tN—i-n—l — to)nM,

then 7 (B(r)) C B(r), where B(r) = {u € E : ||u|| < r}. Therefore, by the Brouwer
fixed point theorem [26], there exists u € B(r) such that u = T u.
Step 3. We now show that w is a fixed point of 7 iff u is a solution of (2.6), (1.2).

First, assume u = 7u. Then, v € E, and thus, satisfies (1.2). Furthermore,

u(tz-l-l) - u(tz)

A
u-(ty) =
(t2) oo — 1.
1 N+n—2 -
- ﬁ ’ (_]‘)n Z (th72+1 _tzn72) ‘.‘h(ti’.")
z+1 7 Uz Zn—2=z+1

- (=" Z_ (tonatt =ty o) Rt --)]

Zn—2=%

= # : [_(_1)n(tz+1 - tz) Z_ (tzn73+1 - t2n73> o 77’ (tiv s )]

tz+1 - tz o aes
N+n—3 _
= (_l)n_l Z (tzn73+1 _tzn,:;)"'h(ti,...),
Zn—3=2

and we see that

N+n—3

uA ) = (1" Y (tay it — e a) Bt )

Zn—3=%
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Continuing in this manner,

= (tzg1) — uA (t2)

A’!L
u- (t,) =
( ) tz—l—l_tz
1 zZ+n _
- - |- trmit — i) (i,
] D DIUSSETS TN

_ 2 (ticn1 — ti_n)TL (ti, ... )]

i=n—1

_ _(tz-i—l - tz)/;lf (tz+n> S )

tz-‘,—l - tz
== —h(tz+n,)

Thus, we see that u2"(£.) 4+ h (togm,...) = 0.
On the other hand, let u(t) solve (2.6), (1.2). Then,

uAnfl(tl) _ ’U/An71 (to)

uAn(tO) — tl — to
B U,An71 (tl)
ot —t

=} (tn_l, u(tp—_1),... JLAWl(tO)) '

This implies that

WA ) = — (8 — to)h (tn_l, w(tnt),. .. ,uNH(tO)) .

Also,
UAn (tl) = UAn71 (t2) — UAn71 (tl)
ta— 1t
WA (b)) — —(t — to)h (tn_l, w(tn_1), ... ,um*(to))

tg —tl
= —h (to, u(ty), ..., u™ (1)) .

This implies that
WA () = — (ta — 1) (tn,u(tn), L ,u“’l(tl))

+ —(t1 — to)% (tn_l, w(tn_1),. .- ,uAnil(to)) )

Continuing inductively, we see that

z

uA7L71(tZ> = - Z(tl - ti—1>71' (ti+(n—2)7 u(ti+(n—2))7 s 7UA7L71(ti—l)> ) 1 S zZ S N

i=1
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Now, we use similar techniques to see that

An—1 . UAn72 (tN—i-l) - UAn72 (tN)
u= (ty) =
Int1 — 1IN
_ _uAn—Q (tN)
Int1 — 1IN
N
-~ n—1
= - Z(tz —ti_1)h <ti+(n—2)> U(tiy(n-2)),- - Lu® (ti—1)> .
i=1
and that

N
UMiz(tN) (tng1 —tN) Z (ti —tic1) < it (n-2)> U(tit(n-2))s - - vUMil(ti—l)) .
=1

Proceeding through the interval, we see that

559

N 20
n—2 -~ n—1
ut"(t,) = Z(tzo-i-l —ty) Z(tz —ti_1)h <ti+(n—2)a U(tiy(n-2)),-- -, u® (ti—l)) .
20=2 i=1
In a similar fashion for j = 3,4, ...,n, we see that
Anfj A"l*j
n—(j— u t y - t .
uAY 1)(tN+j—2) _ (N—l—] 1) —u (N—i—y 2)
INyj—1 — INyj—2
__ut (o)
INyj—1 —INyj—2
N+j-1
= (-1 > bt
Zj,1=N+j—2
and that
_ N+j-1 _
ut (tvoe) = (1t —tvega) Y, bt )
Zj,1=N+j—2

Proceeding through the interval, similar to before, we conclude that

N+j—2

UA"*j (tz) = (_1)j Z (tzj72+1 - tzj72) ~-h (ti> s ) :
zj—2=2
And specifically, for j = n,

N+n—2

u(t) = (=1)" Z (tepst1 = Tss)

Zn—2=%

zo+n—1

Z (ti—n—l—l — tz—n)% (tl, U(tl), . ,UA7L71(ti_(n_1))> .

i=n—1
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We therefore can conclude that © = 7w, and this step of the proof is complete.
Step 4. We now show that solutions u(t) of (2.6), (1.2) satisfy

a(t) <u(t) < p(t), teT.
Consider the case of obtaining u(t) < 3(t). Let v(t) = u(t) — B(t). For the sake
of establishing a contradiction, assume that
max{v(t) : t € T} :=v(t;) > 0.

From the boundary conditions (1.2) and (2.5), we see that ¢, € T°. Thus,
v(ti-1) < v(t) and v(ty1) < v(t). Consequently, v2(t;) < 0 and v2(t;_1) > 0.

This in turn implies that v22(¢,_;) < 0. Continuing in this manner we see that
UAn(tl) S 0.

On the other hand, since h is nonincreasing in its x,, variable, we have from (2.1)
that

v () = u®" (1) — B2 (1)
>} (tl+n, W(tign), .. ,uA"”(tl)) —()h (mn, B(tiin), .- - ,gﬁ"*(t,))

B2 () — u®" (1)
BA" () —ul"(t) + 1

= _E(tl+na /G(tl+n)> s aﬁA7l71(tl)) +

+ ’E(tl—i-m B(tiin); - - - >6An71 (1))

B () —ut (1)
COBAM () —uAt () + 1
> 0.

But this is a contradiction. Therefore, v(I) < 0. Which means that u(t) < 3(t)
for all t € T. A similar argument shows that a(t) < u(t) for all t € T.

Thus, the conclusion of the theorem holds and our proof is complete. O

3. EXISTENCE RESULT

In this section, we make use of Theorem 2.3 to obtain positive solutions of the
singular problem (1.1), (1.2). In particular, in applying Theorem 2.3, we deal with
a sequence of regular perturbations of (1.1), (1.2). Ultimately, we obtain a desired
solution of (1.1), (1.2) by passing to the limit on a sequence of solutions for the

perturbations.

Theorem 3.1. Assume conditions (A), (B), and (C) hold, along with the following:
(D): There ezists ¢ € (0,00) so that f(t;,¢,0,---,0) <0 for allt € T°.

(E): f(ti,x1, 22,23, ...,2,) 1S nonincreasing in its x, variable for t; € T and x; €
(0, .
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(F): lim f(t;,21,...,2,) =00 fort; € T.

z1—0t

Then, (1.1), (1.2) has a solution u satisfying

0<u(t)<e, teT.

Proof. Again for the proof, we proceed through a sequence of steps. Step 1. For
keN, teT (x1,...,2,) € R" define

f(tia|xl|ax2a"'>zn)a |$1|2

fk(ti,il]l,...,l’n): 1
f(ti7E7x27"'7xn)7 |LU1|<

= =

Then, f is continuous on T° x R™ and nonincreasing for ¢; € T°, =1 € [—¢, ¢].

Assumption (F) implies that there exists ko such that for all £ > ko,

1
fk(ti,o,...,(]):f<ti,%,0,...,0)>O, t; € T°.

Consider, for each k > ko,

uM(ti_(n_l)) + fre(ts, u(ty), ... ut" 1(ti—(n—1))) =0, t; €T (3.1k)

Define a(t) = 0 and 3(t) = ¢. Then, a and 3 are lower and upper solutions for
(3.1k), (1.2), and «(t) < G(t) on T°. Thus, by Theorem 2.3, there exists uy a solution
of (3.1k), (1.2) satisfying 0 < ug(t;) < ¢, t; € T, k > ky. Consequently,

lu (t;)] < t; € T°. (3.2)

¢
(tigr —t;)’

Step 2. Let k € N, k > kq. Since uy(t) solves (3.1k), we get from work similar to that
exhibited in Theorem 2.3,

N+n—3

up(ts) = (=1)"" Y (e g1 —tey ) fo(tin. ), L €T (3.3)

Zn—3=%

By assumption (F), there exists ¢; € <O, k%) such that if k& > i,

C

CETA x1 € (0,&1]. (3.4)

fk(tl,l’l, c.. ,LL’n) >
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For the sake of establishing a contradiction, assume that for & > é, we have

ug(t1) < €1. Then, by (3.3) and (3.4),

N+n—3
ukA(tl) = (—1)n_1 Z (tzn73+1 - t2n73> t fk (tiv . )
Zp—3=1
N+n—3
= (- ((tz — 1) " ity )+ D (bt — b g) o fi (%---))
Zpn—3=2
> (ta — )" faltiy. o)
> ;
(t2 —t1)

But this contradicts (3.2). Hence ug(t1) > e for all k > é

Proceeding across the interval, we get a sequence of epsilons where 0 < ey 1,1 <
-+ < g9 < g1 such that ug(t;) > enipn_q for t; € T. Hence ug(tnin_1) > enin_ for
all k > —1—. Therefore, by letting ¢ = =1 we get

EN+n—1 ' 2

O<5§uk(ti)§c, tiE’JI‘O, k>

™ | =

. (3.5)

Since uy(t;) satisfies (3.5) and (1.2), we can choose a subsequence {uy, ()} C {ug(t)}
such that llim ug, (t) =u(t), t € T°, u(t) € E, where E is the Banach space as defined
in Step 2 of Theorem 2.3.

Moreover, (3.3) yields for each sufficiently large [,

N+n—3

up(t) = (=" D (feart = tay) - it ),

Zn—3=2
and so by letting [ — oo and from the continuity of f, we get that

N+n—3

uB(t) = (=" D (st = o) f ().

Zn—3=%2

Consequently, we also get, via similar methods exhibited in Step 3 of Theorem 2.3,
n n—1
ur(t) = —f (tz+n,u(tz+n), T (tz)> :

Therefore, u solves (1.1), (1.2), and by (3.5), our theorem holds. O
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