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are also presented.
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1. INTRODUCTION

Fractional differential equations have attracted the attention of many researchers
in a variety of directions, due to the development and applications in many fields such
as engineering, mathematics, physics, chemistry, etc. (see [12, 18, 19, 20]). Different
aspects of fractional differential equations are studied and being developed, but one
of the most important area of research in the field of fractional order differential
equations is the theory of existence and uniqueness of solutions of nonlinear fractional
order differential equations. The recent development of the subject can be found in

a series of papers [1, 2, 3, 4, 5, 7,9, 10] and the references therein.

Here we refer to some boundary value problems which motivated us for the present
work. By the help of fixed-point theorems, in [22] Tariboon et al. investigated the

existence and uniqueness of solutions for a new class of fractional boundary value
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problems involving three-point nonlocal Riemann-Liouville integral boundary condi-

tions of the form:
D%(t) = f(t,z(t), l<a<2 0<t<T,

x(n) =0, IPz(T)= /0 %x(s) ds = 0, (1.1)

where D® denotes the Riemann-Liouville fractional derivative of order «, f € C([0, T] x
R,R) and n € (0,7 is a given constant. Note that in problem (1.1) instead of the
value z(0), which appeared usually in references, there exists the value z(n) for some

n € (0,7) and an “average type” boundary condition IP?x(7T") = 0 was introduced.

Ntouyas, in [14], studied the existence and uniqueness of solutions for a boundary
value problem of nonlinear fractional differential equations of order ¢ € (1,2] with
nonlocal and integral boundary conditions given by:

‘Dix(t) = f(t,z(t), 0<t <1, 1 <qg<2

(1.2)
z(0) =0+ g(z), =z(1)=alPz(d), 0<b <1,

where D7 denotes the Caputo fractional derivative of order ¢, f : [0,1] x R - R is a
given continuous function, g : C([0,1],R) — R, a € R is such that o # T'(p+2) /0™,
I' is the Euler gamma function and I? is the Riemann-Liouville fractional integral of

order p.

Nonlocal conditions can be more useful than the standard initial condition to
describe some physical phenomena. For example, g(x) may be given by g(x) =
Yo, cix(t;) where ¢;,4 = 1,...,m, are given constants and 0 < t; < -+ < t,, <T.
For recent papers on nonlocal fractional boundary value problems, the interested
reader is referred to [6], [8], [21], [23] and the references cited therein.

In this paper, we discuss the existence and uniqueness of solutions for a boundary
value problem of nonlinear fractional differential equations of order ¢ € (1,2] with

nonlocal and integral boundary conditions given by:

{ “Dix(t) = f(t,x(t), 0<t<T,1<q<2, (1.3)

x(n) =g(z), AlPz(T)+ Bzx(§) =c¢, 0<n<&<T,

where °D? denotes the Caputo fractional derivative of order ¢, f : [0,7] x R — R,
g : C([0,T],R) — R are given continuous functions, [? is the Riemann-Liouville

fractional integral of order p and A, B, ¢ are real constants.

In Section 3 we give some sufficient conditions for the existence and uniqueness
of solutions and for the existence of at least one solution of problem (1.3). The first
result is based on Banach’s contraction principle and the second on a fixed point
theorem due to D. O’Regan. Concrete examples are also provided to illustrate the

possible applications of the established analytical results.
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In Section 4, we extend the results to cover the multi-valued case, considering
the following boundary value problem for fractional order differential inclusions with

nonlocal and fractional integral boundary conditions:

(1.4)

{ cDiz(t) € F(t,z(t), 0<t<T, 1<q<2,
x(n) = g(x), Al'z(T)+ Bx(§) =c,

where “D? denotes the Caputo fractional derivative of order ¢ and F': [0,7] x R —

P(R) is a multivalued map, P(R) is the family of all nonempty subsets of R.

We give an existence result for the problem (1.4) in the case when the right hand

side is convex valued by using the nonlinear alternative for contractive maps.

The paper is organized as follows: in Section 2 we recall some preliminary facts
that we need in the sequel, in Section 3 we prove our results for single-valued case

and in Section 4 our results for multi-valued case.

2. PRELIMINARIES
Let us recall some basic definitions of fractional calculus [12, 18, 20].

Definition 2.1. For at least n-times differentiable function ¢ : [0,00) — R, the

Caputo derivative of fractional order ¢ is defined as

1 t
) / (t— s)"‘q_lg(")(s)ds, n—1<g<n, n=lq+1,
0

‘Dig(t) = T —q)

where [g] denotes the integer part of the real number g.

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ is defined as

Ig(t) = 1>/0t( 9(s) ds, q >0,

I'(q t—s)te
provided the right hand side is pointwise defined on (0, c0).

Lemma 2.3. For g > 0, the general solution of the fractional differential equation
¢Dix(t) =0 is given by

x(t> = Cy + Clt -+ C2t2 e Cn—ltn_l,

where ¢; R, 1 =0,1,2,....n—1 (n=[q] +1).

In view of Lemma 2.3, it follows that
I19°D9%(t) = 2(t) 4+ co + cit + cot® 4+ -+ + cpt™ (2.1)

forsome ¢; e R, i =0,1,2,....,n—1 (n=[q] + 1).
To define the solution for the problem (1.3), we find the solution for its associated

linear problem.
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Lemma 2.4. Letn # %. For a given y € C([0,T],R), the problem

D) = yt), 1<q<2 te0T], 0
z(n) =y, Al'z(T)+ Bx()=c¢, yweR, 0<n<{<T, '
15 equivalent to an integral equation:
t—
2(t) = I%(t) + —gle = AI"y(T) = BI'y(S)] (2.3)
11 ATP T
— t— B(t —n)|I?
Q[F(p+1)< p+1) + Bl 7’)} y(n)
11 ATP T
- — - B(t — T
where
ATP T
= —n)+ B —n).
T(p+1) <p+1 ") (&=m)
Proof. For some constants c¢;, co € R, we have [12]
bt —s)at
x(t) = / ——y(s)ds+ it +¢co, t€]0,7]. (2.4)
0 I'(q)
Using the Riemann-Liouville integral of order p for (2.4), we have
bt —s)Pt *(s—r)at
IPx(t :/ 7{/ ———y(r)dr +c1s+ca| ds
B A R A ) R
T /t /S(t P s — )y ()drds e g ey
= ——— -5 s — 1) y(r)drds + ¢ c
L(p)T(q) Jo Jo T(p+2)  “Tp+1)
P tptl1 P
= t) + +
RS R YRR
JpPta ! ¢
- t) + + :
U YRR TR PRy

Applying the boundary conditions, we get the system

an+ce=1yo— 1%(n)

+ BS)cl + ( AT

ATPH!
( F(p+1)

I'(p+2)

from which we get

+ B>C2 =c— A" (T) — BI(¢),

1

o = ﬁ{c — AI"My(T) — BIy(8) — ( AT

T+ 1) + B) (Yo — [qy(ﬁ))},

& = %{ (%‘Zf% + Bn) (g0 — 1y(m)) —n (c = A" y(T) = BI%(©)) }

Substituting into (2.4) the values of ¢; and ¢y gives (2.3). Conversely, applying the
operator ¢DY on (2.3) and taking into account the fact that <DPIPf(t) = f(t), it
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follows that (°D?)z(t) = y(t). From (2.3), it is easy to verify that the boundary con-
ditions x(n) = yo, AIPx(T)+ Bz(§) = c are satisfied. This establishes the equivalence
between (2.2) and (2.3). O

3. EXISTENCE RESULTS FOR THE SINGLE-VALUED CASE

We denote by C = C(]0,7T],R) the Banach space of all continuous functions from
[0,7] — R endowed with a topology of uniform convergence with the norm defined
by ||z = sup{|z(?)| : ¢ € [0, T1}.

In the forthcoming analysis we assume that n # z%’ which implies that € # 0.

In view of Lemma 2.4, we define an operator Q : C — C by

(@)t = [ %ﬂs,x(s»ds (3.1)
L=, T—(T_S)p+q_1 s,x(s))ds
+ 20 A/o oo alo)
3 —g)a1
—B/O (€ ) f(s,z(s))ds
1 [ Arr T T 17 (g = s)e!
+ 5 LS (t - m) 4 B(t — n)_ /0 e )
- % _F(‘;‘TI) (t - Z%) + Bt - n)_ g(x), t € [0,T].
For convenience, we set:
1 A+ 2)
b= o7 | S g+ BT )| (3:2)
and
I T+n| [A[TPH |B|¢1 7l
WEFTD O |Terer D) TaaD|  PTern B

Theorem 3.1. Let f : [0,7] x R — R and g : C([0,T],R) — R be continuous

functions. Assume that:

(A1> ‘f(tv']:) - f(tuy)‘ < L‘l’—y|; Vit € [O7T]7 L> 07 T,y € R;
(A2) g(u) — g(v)] < lllu—vl, £ < kg for all u,v € C([0,T],R);
(Ag) V= Lpo + lky < 1.

Then the boundary value problem (1.3) has a unique solution.

Proof. For x,y € C and for each t € [0,T], from the definition of Q, see (3.1), and

assumptions (A;) and (As), we obtain

(Q)(t) — (Qu)(®)]
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bt —s)at
< / sl = s (sl

it —nl|A] [T (T —s)pro!
12| o T+q)

t—nllB| [ (€= s)! )
I S v A

|[f(s,2(s)) = f(s,5(s))lds

1] Arr T "(n—s)!
+ il (1= )+ B / PR M (5)) = S (s)) s
+ 1| o (= 55) + B = ) lato) = (o)
) (t=st T+n\A|
< L||lz —y|| / F(q) Q| p—|—q d
T+n |B|
9] I'(q)
|A|Tp+1(p +2) "(n—s)!
—l-@( T(p+2) ‘|‘|B|(T+77)> /0 T(q) dS]
= |A|§;+(p2)+ 2 BT +m) | Ale =yl
T T+n| |ATP* | B|§7

§L||:c—y||{r<q+1)+ Q] [T(p+qg+1)  T(g+1)

1 (AT (p+2) Ui
+@< T(p+2) +|B|(T+n))F(q+1)}

|A|TP(p + 2)
L(p+2)

= (Lpo + lko)||z — y]|.

+[BIT +n) |tz =yl

19

Hence
|Qz — Qy| < 7llz —yl|.

As vy < 1, by (A3), F'is a contraction map from the Banach space C into itself. Thus,

the conclusion of the theorem follows by the contraction mapping principle (Banach

fixed point theorem). O
Example 3.2. Consider the following fractional boundary value problem
1 |z
°D32x(t) = +1+4sin®t, telo,1],
(®) (t+3)21+ |z 0,1] (3.4)

1 1 1 2 5 3 (3 7
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Here, ¢ = 3/2, T =1, p=5/2,n=1/4, A =2/3, B=3/5,( =3/4, ¢c =7/2,
f(t,z) = (1/t+3)?)(|z|/(1+|z])) + 1 +sin®t and g(x) = (1/5)z. It is easy to verify
that Q ~ 0.307164 # 0, ko ~ 3.281355 and py ~ 2.366861. As |f(t,x) — f(t,y)| <
(1/9)|z — y| and |g(x) — g(y)| < (1/5)|z — y| therefore, (A;) and (Ay) are satisfied
with L = 1/9 and ¢ = 1/5 such that (ko ~ 0.656271 < 1. Since v ~ 0.919256 < 1, by
the conclusion of Theorem 3.1, the boundary value problem (3.4) has a solution on
[0, 1].

Next, we introduce the fixed point theorem which was established by O’Regan in

[15]. This theorem will be adopted to prove the next main result.

Lemma 3.3. Let U be an open set in a closed, convex set C' of a Banach space E.
Assume 0 € U. Also assume that F(U) is bounded and that F : U — C is given by
F = Fi + Fo, in which F, : U — E is continuous and completely continuous and
Fy: U — E is a nonlinear contraction (i.e., there exists a continuous nondecreasing
function ¥ : [0,00) — [0,00) satisfying V(z) < z for z > 0, such that | Fa(x) —
Fo()| <z —y|) for all z,y € U). Then, either

(C1) F has a fived point v € U; or

(C2) there exist a point u € OU and k € (0,1) with u = kF(u), where U and 90U,

respectively, represent the closure and boundary of U on C.

In the sequel, we will use Lemma 3.3 by taking C' to be E. For more details of
such fixed point theorems, we refer a paper [16] by Petryshyn.

Let
Q, ={2zeC(0,T],R) : ||z|] < r}.

Theorem 3.4. Let f:[0,7] x R — R be a continuous function. Suppose that (As)

holds. In addition, we assume that:

(As) 9(0) = 0;
(As) there exists a nonnegative function p € C([0,T],R) and a nondecreasing function
Y :[0,00) — (0,00) such that

|f (& w)] < p)i(lul) for any (t,u) € 0,T] x R;

(A6) SUD,¢(0,00) po||p||w(rg+% 5> 1_11606, where py and ko are defined in (3.3) and (3.2)

respectively.

Then the boundary value problem (1.3) has at least one solution on [0,T].

Proof. Consider the operator Q : C — C as defined in (3.1). We decompose Q into a

sum of two operators

(Qu)(t) = (Qur)(t) + (Qax)(t), ¢ €[0,T], (3.5)
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where
@0 = [ LT st (3.6
+t;27’ c—A/OT%f(s,x(s))ds
-5 [ I et
o (- )+ B m]A¢@%£¥iﬂaaQMa
and
(Quz)(t) = _é r(?ipn (t - pi 1) +B(t— n)]g(m), teo,T]. (3.7)

From (Ag) there exists a number 79 > 0 such that
To 1
T o)~ 1= kol
pollpllro) + Tlel ~ T ko
We shall prove that the operators Q; and Q, satisfy the conditions in Lemma 3.3.
Step 1. The operator Qy : Q,, — C([0,T],R) is contractive. Indeed, we have:

(3.8)

(Qa)(t) = (@u)0) < 7|5 (1= 57) + Bt = late) = o)
< hotllz — yl|

and hence by (Ay), Qs is contractive.

Step 2. The operator Q; is continuous and completely continuous. We first show
that Q1(€,,) is bounded. For any z € €,, we have

anng/ﬁiﬁgluww@mw
|

|+pﬂf ‘3“ﬂ|ﬂ&nﬁwu

+ |B|/ C =)™ b5 (s))|ds

T
|A|TP (p + 2) " () — s)a!
+|Q|< T(p+2) +|B\(T+n)>/0 WV( ())|ds]
QMWW{/@}az Ll [ B,

+|B|/ ]
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L (AT (p+2) (5= )t
*Wﬁ( I+ 2) —wmw+m)é I(g) “}

T+
1]

< pollpll¥(ro) + ¢

This proves that Q;(€,,) is uniformly bounded.

In addition for any t;,t, € (0,7, t; < t2, we have:
[(Qiz)(t2) — (Quz)(th)]

< [P T it + [ et

q
|tz — 1 (T —sppra!
+ m|{MHmA-7@:54ﬂwwm%

£ — g)a1
+WA£%€¢M@MWW}

ta —ta| [ [A[T? T (n—s)!
e @@+D+w04—7@—v@amm

Ip[1¥(ro) " -1 _ _ )7 Yds Ipll¥(ro) " )91y

Ipllero)lts — ] Tr+a 2
o| + |A|s——— + |Bl=——
Q) I+ s v PP

|A|T? Ui
* (F(p+ D |B|> Mg+ 1) }

which is independent of x and tends to zero as to—t; — 0. Thus, Q; is equicontinuous.

_l_

Hence, by the Arzela-Ascoli Theorem, Q;(€,,) is a relatively compact set. Now, let
T, C Q,, with ||z, — z|| — 0. Then the limit |2, (t) — z(t)] — 0 is uniformly valid
on [0, T]. From the uniform continuity of f(¢,x) on the compact set [0, 7] x [—7¢, o],
it follows that | f(t,z,(t)) — f(t,x(t))|]] — 0 is uniformly valid on [0,7]. Hence
1912, — Qiz|]| — 0 as n — oo which proves the continuity of Q;. Hence Step 2 is

completely proved.

Step 3. The set F(€,,) is bounded. (Ay) and (A,) imply that

1Qa ()| < Kolro,

for any = € Q,,. This, with the boundedness of the set Q;(,,), implies that the set
Q(Q,,) is bounded.

Step 4. Finally, we show that the case (C2) in Lemma 3.3 does not occur. To
this end, we suppose that (C2) holds. Then, we have that there exist A € (0,1) and
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x € 08, such that z = AQz. So, we have ||z|| = o and

(1) = A(Qu)(1)

= o9 s,x(s))ds
- A{/ o (s a(o)d
t—mn T (T — s)ptra—t 3 (€ —s)1t
+ 0 C — A/(; Wf(s, .Z'(S))ds - B/O Wf(s,x(s))ds

é r(ﬁpu = — )+ Bl 1) /0" =" (o w(s))ds

_% F(ﬁip1)<t_pil)+3(t_n) g(x)}’ tel0.1)

With hypotheses (A4)-(Ag), and similar computations, as in Step 2, we have

T+n
€|

2] < ¢(ll=]Dllpllpo + ] + kol||]].

Taking the supremum over all ¢ gives

T+n
[zl < &z llpllpo +

which implies
7o 1
T+n < ’
pollplleb(ro) + Tte] — 1 — kot

contradicting (3.8). Consequently, we have proved that the operators Q; and Q,

satisfy all the conditions in Lemma 3.3. Hence, the operator Q has at least one fixed
point x € Q,,, which is the solution of the boundary value problem (1.3). The proof
is completed. O

Example 3.5. Consider the following fractional boundary value problem

t 1
‘D3 2x(t) = — t 1

1 1 1 4 s 3 (2\ 1
x(g)—lgsm(x(Q)), 5[ x(1)+4x<3)—25.

Here q = 3/2, T =1, p=5/2,n=1/3, £ =2/3, A=4/5 B = 3/4, ¢ = 1/25,
f(t,z) = (£/20)(|z| + (1/(1 + |z|))) and g(x) = (1/19)sinx with g(0) = 0. Since
[f(t )] = [(£/20)(|=] + (L/(1 + |]))] < (£/20)(2* + |a| + 1), we choose p(t) = /20
and ¥(|x]) = 2% + |z| + 1. Tt is easy to verify that Q ~ 0.238537 # 0, ko ~ 4.840962,
po ~ 3.356013. Since |g(x) — g(y)| < (1/19)|z — y|, we have ¢ = (1/19) such that
ko ~ 0.254787 < 1. We find that

r

sup
r€(0,00) pOHPHw(T) + %‘C‘

Hence, by Theorem 3.4, the boundary value problem (3.9) has a solution on [0, 1].

(3.9)

~ 1.469846 > (1/(1 — ko)) ~ 1.341899.
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4. EXISTENCE RESULTS FOR THE MULTI-VALUED CASE

In this section, we deal with the problem (1.4). Let L'([0,T],R) be the Banach
space of measurable functions z : [0, 7] — R which are Lebesgue integrable with the
norm ||z||pr = fOT |z(t)|dt. In the following, AC'([0,T],R) will denote the space of
functions z : [0,7] — R that are absolutely continuous and whose first derivatives

are absolutely continuous.

Definition 4.1. A function x € AC*([0,T],R) is a solution of the problem (1.4) if
z(n) = g(z), AI?z(T) + Bz(§) = ¢, and there exists a function f € L'([0,T],R) such
that f(t) € F(t,z(t)) a.e. on [0,T] and

() = /0 t %f(s)ds (41)
T c—A/OT(j}Z;—ji;_lf(s)dS—B/j%f(s)dS]
+ % :r(ﬁipl) (t N pi 1) + Bt - 7’): /077 %ﬂs)ds
- é _F(?Zpl) (t- pi )+ Bl n)_ 9@, te0.1]

To prove our main result in this section we will use the following form of the
Nonlinear Alternative for contractive maps [17, Corollary 3.8].

Lemma 4.2. Let X be a Banach space, and D a bounded neighborhood of 0 € X. Let
Zy 2 X = Pepo(X) (here Pepo(X) denotes the family of all nonempty, compact and

convex subsets of X ) and Zy : D — Pep (X)) two multi-valued operators satisfying

(a) Z; is contraction, and

(b) Zy is upper semicontinuous (u.s.c) and compact.
Then, if G = Z1 + Zs, either

(i) G has a fized point in D, or

(ii) there is a point u € D and X € (0,1) with u € AG(u).

Definition 4.3. A multivalued map F' : [0,7] xR — P(R) is said to be Carathéodory
if
(i) t — F(t,x) is measurable for each z € R;
(ii) x — F(t,x) is upper semicontinuous for almost all ¢ € [0, T7;
Further a Carathéodory function F is called L!-Carathéodory if
(iii) for each a > 0, there exists ¢, € L'([0,T],RT) such that

(8, )| = sup{[v] - v € F(t,2)} < ¢alt)
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for all ||z]| < a and for a.e. t € [0,T].

For each y € C([0,T],R), define the set of selections of F' by

Spy:={v e L'([0,T],R) : v(t) € F(t,y(t)) for ae. t € [0,T]}.
The following lemma will be also used in the sequel.

Lemma 4.4 ([13]). Let X be a Banach space. Let F : [0,T] x X — P (X) be
an L'-Carathéodory multivalued map and let © be a linear continuous mapping from
LY([0,T),X) to C([0,T],X). Then the operator

© 0 5p: C([0,T], X) = Pepo(C([0,T], X)), 2+ (005p)(x) = O(Sks)
is a closed graph operator in C([0,T],X) x C([0,T],X).
Theorem 4.5. Assume that (As) holds. In addition we suppose that:

(Hy) F:[0,T] Xx R — Py o(R) is L'-Carathéodory multivalued map;
(Hy) there exists a continuous nondecreasing function 1 : [0,00) — (0,00) and a
function p € C([0,T],R") such that

1£(t, 2)l|lp := sup{ly| - y € F(t, )} < p)e(||z]]) for each (t,x) € [0,T] x R;

and
(Hj) there exists a number M > 0 such that
1 —kol)M
1~ kof) > L
pollplld (M) + 5t el

where py and ko are defined in (3.3) and (3.2), respectively.

(4.2)

Then the boundary value problem (1.4) has at least one solution on [0,T].

Proof. Transform the problem (1.4) into a fixed point problem. Consider the operator
N C([0,T],R) — P(C([0,T],R)) defined by:

N(z) = {h € C([0, T],R) :
h(t) = /0 U= rio)as

I'(q)
P [c_ a [ B
YL
g r(ﬁpl) (=3 i 7)+ Bl ")] /0" . ;(Sq))q_lf(s)ds
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AiTP)(t_ L) +B(t—n)]g(x)},

Fip+1 p+1

1

Q

for f c SF,:E’
Now, we define two operators as follows: A : C([0,T],R) — C([0,T],R) by

Ax(t) = —=

Q

e o). (43)

Cptl
and the multi-valued operator B : C([0,7],R) — P(C([0,T],R)) by

B(z) = {h e C([0,T],R) :

I'(q)
t—mn T (T — s)pta—t 3 (€ —s)rt
I et iCLE | W“S)“]
1| AT T T (n—s)it
EITED <t_p+1) +B(t_7’>]/o 0 f(s)ds}’

for f € Sp,. Then N' = A+ B. We shall show that the operators A and B satisfy
all the conditions of Theorem 4.2 on [0, 7. For better readability, we break the proof

into a sequence of steps and claims.

Step 1: We show that A is a contraction on C([0,T],R). The proof is similar to the
one for the operator Qs in Step 2 of Theorem 3.4.

Step 2: We shall show that the operator B is compact and convex valued and it is

completely continuous. This will be given in several claims.

CrLAaM I: B maps bounded sets into bounded sets in C([0,T],R). To see this, let
B, ={x € C([0,T],R) : ||z|]| < p} be a bounded set in C([0,7],R). Then, for each
h € B(x), x € B,, there exists f € Sp, such that

h(t) = /0 E=9)" rio)as

I'(q)
)P Tw s)ds — gw s)ds
+ Q ¢ A/O L'(p+q) f(s)d B/O T(q) f( )d]
1| ATP T " (n—s)1t
+ﬁ F(p—}—l) (t_p+1>+B(t_77)]/0 Wf(s)ds

Then for t € [0,T] we have

Ih(t)] < ||p||w<||x||>{ / “;idﬁ%

T (T _ 3)p+q—1 .
@ 'A'/o I

L'(p+q)
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q—1
+ | B| / (=) = s
I'(q)

AT (p + 2) st L T
+|Q|< o +\B|(T+n)>/0 . d}+ .

CIJ

Thus,

T+n
h
171l < llpll¥ (o) Q)

CraM II: Next we show that B maps bounded sets into equicontinuous sets. Let
t1,t2 € [0,T] with t; <ty and « € B,. For each h € B(x), we obtain

|h(t2) — h(t1)]

Ipleto) [, ar gy g IRl [
S ACRE Uy el ACEE I

Ipll(o)ts — 1) 7o g
[ {'C'”A‘r(pwﬂ) Plre

[AIT? n°
+ +|B )
<F(p+1) ol I'(g+1)
Obviously the right hand side of the above inequality tends to zero independently

of x € B, as t —t; — 0. Therefore it follows by the Arzela-Ascoli theorem that
B:C([0,T],R) — P(C([0,T],R)) is completely continuous.

+

CraiM III: It is well known [11, Proposition 3.1] that if an operator is completely
continuous and has a closed graph, then it is u.s.c. Thus, we prove that B has a
closed graph. Let x, — x., h, € B(z,) and h, — h,. Then we need to show that
h, € B(z,). Associated with h,, € B(z,), there exists f,, € Sr,, such that for each
t € 10,17,

I'(q)
t—mn T (T — s)ptat 3 (€ —s)rt
+ Q C—A/O an(s)ds— B/o an(s)ds]
1| AT? T T (n—s)it
"0 r(p+1)<t_p+1>+B(t_”)]/o g )

Thus, it suffices to show that there exists f. € Sp,, such that for each ¢ € [0, 77,

h(t) /0 E=9" 4 (s)ds

- T(T—s)p+q_1 s — £(£_S)q—l $\ds
¢ A/o ALY B/ () iy >d]

t—mn
QO

_l_
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"(n—s)!
/0 Wf*(s)ds.

1

Q

ATP ( T
Fip+1) p+1

)+ B(t - )

Let us consider the linear operator © : L'([0, T],R) — C([0, T],R) given by

meﬁmzéﬁ%%?ﬁ@w
t—mn T (T — s)pta—t 3 (€ —s)7t
+ q c—A/O —T(p—l—q) f(s)ds—B/O 7“(1) f(s)ds]
1 ATP T T (n—s)it
+ﬁ'np+n0‘p+¢)+3“‘mlé rig /%

Observe that

1 (2) = B (D]

l— n _ ! w S) — S S
A AA T g () — f(5))d
§ — g1
—BAE%%%%E@—ﬂ®W4
5 F(?Zpl) (- ]%> B n)] /077 %(‘f"(s) IR I

as n — oo. Thus, it follows by Lemma 4.4 that © o Sk is a closed graph operator.

Further, we have h,(t) € O(Spz,). Since x,, — z,, therefore, we have

ha(t) /0 E=9" 4 (s)ds

I'(q)
t—mn (T — s)pra—t £(6— syt
LY C_A/o Wﬁk(s)ds_ B/O Wf*(s)dsl
1| AT T " (n—s)""
"0 I(p+1) (t Cp+ 1) +B(t - 77)] /0 Wf*(s)d&

for some f, € Sp,,. Hence B has a closed graph (and therefore has closed values).
As a result B is compact valued. Therefore the operators A and B satisfy all the
conditions of Theorem 4.2 and hence an application of it yields that either condition
(i) or condition (ii) holds. We show that the conclusion (ii) is not possible. If z €
M (x) + A\B(z) for A € (0,1), then there exists f € Sp, such that

() = /0 % F(s)ds
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t—n T (T — s)pta-t 3 (€ —s)a!
+ q c—A/O T+ f(s)ds—B/O T f(s)ds]
1| Arv T 17— s)e?
+§_F(p+1)<t_p+1>+3(t_n> /0 R

_é F(?Zpl) <t_pil>+3<t_n) o(z), tel0.T]

s)prHa-t
\A|/ s
p+q

Consequently, we have

2(t)] < lelwdlxﬂ){ / (t}@))q_ T@n

+|B|/ (S 8); ds]
AT+ 2) ot T
+|ﬂ|( T +2) *'B'(””))/o o) d}* o

ﬁ (|A|§;+<p2)+ D |B\<T+n>)e||xr|

+1n
W'd + kol||x|],

or taking the supremum over ¢,

< pollplle(ll=]]) +

T+ 77‘
o
If condition (ii) of Theorem 4.2 holds, then there exists A € (0,1) and x € 0By
with x = AN(z). Then, z is a solution of (3.5) with ||z|| = M. Now, the previous

inequality implies

!l < pollplle(lll) + o + koll|z]-

(1 — ko) M
pollpllo (M) + 2] =
which contradicts (4.2). Hence, N has a fixed point in [0,7] by Theorem 4.2, and
consequently the boundary value problem (1.4) has a solution. This completes the
proof. O

Remark 4.6. We note that the following boundary value problem

Diz(t) = f(t,z(t)), 0<t<T, 1<q<2, 4)
x(n) =g(x), AlPx(§)+ Bx(T)=c¢, 0<n<&<T, '

can be treated in a similar way.

Example 4.7. Consider the following fractional boundary value problem
°D3%x(t) € F(t,x), t €[0,1],

1\ [x(8/9) 3 5 (3 1 (4.5)
v (5) =60+ 289 8 () + 5 (Z) ~ 32
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Here ¢ =3/2, T =1,p=5/2,n=1/2,( =3/4, A=3/8 B =5/6, c =1/32,
g(x) = (Jz|/(16(1 + |z|))) and F : [0,1] x R — P(R) is a multivalued map given by

s o = [ D 4]

2(|z|+1) 7 2241
We find that 2 ~ 0.184154 # 0, ko = 7.575611 and py =~ 6.210884. It is easy to verify
that |g(z) — g(y)| < (1/16)|x — y| with ¢ = 1/16 such that (ko ~ 0.473476 < 1.
For f € F, we have
tlz|(cos* x + 1) (¢t + 1)2?
2(|z]+1) 7 22+1

|f|§ma><( )§t+1, r €R.

Thus,
IE @) llp = supfly| : y € F(t,2)} <p®)d(lzl), = eR,
with p(t) =t + 1, ¥(||z]|) = 1. With the given data, it found that M > 18.177459.

Clearly, all the conditions of Theorem 4.5 are satisfied. Hence, the boundary value

problem (4.5) has at least one solution on [0, 1].
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