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ABSTRACT. In this paper, we consider p-Laplacian fractional higher order two-point boundary
value problems. We establish criteria to determine the values of parameter A for which the p-
Laplacian fractional order eigenvalue problem has at least one positive solution. Later, we establish
sufficient conditions for the existence of even number of positive solutions for p-Laplacian fractional

order boundary value problem by applying an Avery-Henderson functional fixed point theorem.
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1. INTRODUCTION

The study of fractional order differential equations has emerged as an important
area of mathematics. The intention of differential equations is to understand the
phenomena of nature by developing mathematical models. Among all, a class of
differential equations governed by nonlinear differential operators, which have wide
applications and interest developed to study such type of equations. In this theory,
the most investigated operator is the classical p-Laplacian, given by ¢,(s) = |s|P~2s,
p > 1. These problems have a wide range of applications in physics and related
sciences such as turbulent filtration in porous media, biophysics, plasma physics, and
chemical reaction design. For more details on applications of p-Laplacian operator,

we refer [7].

Recently, much interest has been created in establishing positive solutions and
multiple positive solutions for two-point, multi-point boundary value problems (BVPs)
associated with ordinary and fractional order differential equations. For positive so-
lutions of BVPs for ordinary differential equations discussed by authors, we mention

few of them, Erbe and Wang [9], Eloe and Henderson [8], Davis, Henderson, Prasad
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and Yin [5], Henderson and Ntouyas [11] and for fractional order differential equa-
tions, we mention a few papers, see Bai and Lii [3|, Kauffman and Mboumi [12],
Su and Zhang [20], Prasad and Krushna [18, 19]. Yang and Yan [21] investigated
the existence of positive solutions for the third-order Sturm-Liouville BVPs with p-
Laplacian operator by using the fixed point index method. Chai [4] established the
existence and multiplicity of positive solutions for a class of fractional order BVPs

with p-Laplacian operator by means of the fixed point theorem on cones.

Inspired by the papers mentioned above, in this paper, we are concerned with

p-Laplacian fractional order two-point boundary value problem,

DY, (¢p (Dgax(t))) St a(t) =0, te(0,1), (1.1)

290)=0, 0<j<n—4, z@(1)=0,D%z0)=0, DS&ax(1)=0, (1.2)

and the p-Laplacian fractional order boundary value problem,

D} (ey( D)) = f(t2(), te(©,1), (1.3)

with the same boundary conditions, where X > 0, ¢,(s) = [s|P"%s, p > 1, ¢;' = ¢g,
I/p+1/g=1,n—-3<a<n—-2,n>51<a<a-—1isa fixed integer, 1 < <2

and D, , Dg+ are the standard Riemann-Liouville fractional order derivatives.
We assume the following conditions hold throughout this paper:

(P1) f:]0,1] x Rt — R* is continuous,
(P2) each of fy, f°, fo and f> by

fO = lim min f(t’ x), fo = lim max f(t’ x),
z—0+ t€]0,1] ¢p() z—0+ te[0,1] Pp(T)
t t
fso = lim min f(t,z) and f* = lim max f ’x),
2—o01€(0,1] Pp() 200 t€(0,1] Pp()

exist as positive real numbers.

The rest of the paper is organized as follows. In Section 2, we construct the Green
functions for the homogeneous BVPs corresponding to (1.1)—(1.2) and estimate the
bounds for the Green functions. In Section 3, we establish criteria to determine
the values of parameter A for which the p-Laplacian fractional order BVP (1.1)-
(1.2) has at least one positive solution by using the Guo-Krasnosel’skii fixed point
theorem. In Section 4, we establish sufficient conditions for the existence of even
number of positive solutions for p-Laplacian fractional order BVP (1.3), (1.2) by using
an Avery-Henderson functional fixed point theorem. In Section 5, as an application,

we demonstrate our results with examples.
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2. GREEN FUNCTIONS AND BOUNDS

In this section, we construct the Green functions for the homogeneous fractional
order BVPs and estimate the bounds for the Green functions, which are needed to

establish the main results.

Lemma 2.1. Let h(t) € C[0,1]. Then the fractional order BVP,

D% x(t) + h(t) =0, te(0,1), (2.1)
29(0)=0, 0<j<n—4, 29(1)=0, (2:2)
has a unique solution
1
x(t) = G(t,s)h(s)ds,
0
where
1 to (1 — s)ate 0<t<s<l,
G(t,s) = =— ( ) (2:3)
Pla) | tot@—s)ete —(t—s)*!, 0<s<t<1.

Proof. Assume that x(t) is a solution of fractional order BVP (2.1)—(2.2). Now, (2.1)
can be written as
o+ Dora(t) = — I h(t)
-1 t
z(l) = = / (t— S)a_lh(S)dS + Clta_l + Cgta_2 + cgta_?’ 4+ Cn_gta_"+2,
I'(a) Jo
From x(j)(O) = 07 0< ] <n-— 4, we obtain ¢, o = Cpe3 = Cp—g = -+ = Co = 0. Then
-1 t ) ,
t e — t_ a— h d ta—
a(t) F(a)/o (t — s)* 'h(s)ds + e t* 1,

a

() = ¢ H(a — i)t = JJ(a = 05 (1a) /0 (t — s)* ' "N(s)ds.

i=1

From z(® (1) = 0, we have

a

. . . 1 ! a—1l—a _
¢ g(a — i) — H(a - z)@/o (1—2s) h(s)ds = 0.

=1
Therefore, ¢; = ﬁ fol (1 —s)>"17%n(s)ds. Thus, the unique solution of (2.1)—(2.2)
is
-1 a—1

() = / (t — 5)"h(s)ds + ;(a) /0 (1= 5)*"h(s)ds

/Gts

Here, G(t,s) is the Green’s function for the homogeneous BVP corresponding to
(2.1)—(2.2). Hence the result given as in (2.3). O
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Lemma 2.2. Let y(t) € C[0,1]. Then the fractional order differential equation,

D, (6,(Ds2(®) ) = u(®). te©.1), (24)

satisfying the boundary condition (1.2), has a unique solution,

x():/o tsgbq/HST dT)ds

o
H(t5) = 4 pamappr oo 0
) )

where

I/\
I/\
|/\

1,
(2.5)
1.

I/\
I/\
I/\

Proof. We construct an equivalent integral equation for (2.4), and it is given by

Op <D0+SL’( )) = ﬁ /Ot(t — 7)Yy (T)dr + etP Tt 4 ept? 2

From Dg,x(0) = 0, D§, (1) = 0, one can determine

=Ly rvar
m/oﬂ Jo-ly(r)dr.

cs=0and ¢ =

Then,

on(D5al0) = 105 | (= Pty () —

/HtT

Therefore, ¢, (gbp <D0+x( ))) ( fo d7‘> Consequently,

1

1 — NPy (r)dr
w5 | =y

Dgrx(t) + ¢ /HtT >:0.

Hence, x(t fo (t,s q5q<f (s,T)y(T)dT> ds is the solution to fractional order
BVP (2.4), (1.2). 0

Lemma 2.3. The Green’s function G(t,s) satisfies the following inequalities

(i) G(t,s) >0, for all (t,s) € [0,1] x [0, 1],
(i) G(t,s) < G(1,s), for all (t,s) € [0,1] x [0, 1],
(iii) G(t,s) > nG(1,s), for all (t,s) € I x [0,1],

where n = == and I = [3,3].

Proof. The Green’s function G(t, s) is given in (2.3). We prove the inequality (i). For
0<t<s<l,

Gt s) = ﬁ s 20
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For0<s<t<1,

G(t> 5) = ﬁ :ta_l(l — S)O‘_l_a — (t _ S)a—l]
ta_l [ a—1l—a a—1
:r(a)_(l_s) —(1—53) ]20.

To prove the inequality (ii). For 0 <t < s <1,

a—1 _ J\a—1l—a
Glts) _ =)
G(1,s) (1 —g)al-a

For0<s<t<1,

G(t,s) _ fa=1(1 — g)e-l=e _ (f — g)a-l
G(1,s) (1—s)o1a—(1—s)t

<1

Now, we can establish the inequality (ii7). For 0 <t <s<1landt €I,

a—1 _ o\a—1l—a
G(ta S) — t (1 S) — ta—l 2 =1.
G(l,s)  (1—spe 1 go1

For0<s<t<landtel,

Glt,s) (1= 5)" 1 = (=)
G(1,s) (1 —s)a—1-a — (1 — g)a-1
o1 — s)amle — (¢ — ts)o !
el (1 _ S)a—l—a _ (1 _ S)a_l

— tOc—l 2

Ja—1 =

where 1 = 4,11,1.

663

O

Lemma 2.4. For t,s € [0,1], the Green’s function H(t,s) satisfies the following

mequalities

(i) H(t,s) =0,
(il) H(t,s) < H(s,s).

Proof. The Green’s function H (¢, s) is given in (2.5). We prove the inequality (7). For

0<t<s<l,

Hit,s) = ﬁ[m _ g >0
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For0<s<t<1,

H(t,s) = ﬁ :tﬁ_l(l — )Pt —(t - 5)5—1]
1 [ -1 —1 -1 S B-1
= m _tﬁ (1-— S)ﬁ _ P (1 B ;> }
1 71,5 . » B
> (5 _tﬁ (1— )1 — 0711 — 5)° }
> 0.

To prove the inequality (ii). For 0 <t < s <1,

0H (t, s) 1 _ _

= — D2 (1 - 5)P 1] > 0.

5 = 8- D= 5P >

Therefore, H(t,s) is increasing in ¢, for s € [0,1), which implies H(t,s) < H(s,s).
For0<s<t<1,

aH{;, s) _ r(lﬁ) (3= )21 = 5)" ! = (B 1)(t - )" 2]
R (R CEE i () B
< ﬁ (5= 1121 = )" = (3= 1)1 (1 - 5)2]
— 5 (B V- 9= s )
<.

Therefore, H(t,s) is decreasing in t, for s € (0, 1], and hence H(t,s) < H(s,s). O

Lemma 2.5. Let & € (3,3). Then the Green’s function H(t, s) satisfies the inequality,

r?i}l H(t,s) >U(s)H(s,s), for0<s<l, (2.6)
S
where
[B(-5))P"1—(3-s)~
I(s) = paapr . s €(0,8],
(45)1ﬁ—17 s € ga 1

Proof. For s € (0,1), H(t,s) is increasing in ¢ when ¢ < s and decreasing in ¢t when
s < t. Define

L)) el )
r(s)

[t(1 — 5))"

i) = o)

and  ha(t,s) =
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Then
hl(%?“g)? s € (Oai]a
min H(t,s) = 4 min{h(3, ), ha(3,9)}, s € [3. 3],
hg(i,S), s € [%71)7
o hl(%>s)> s € ( 75]7
s €& 1),

3VB-1(1_g)B—1_(3_g5)8-1
(4) iﬁ*lzl_s)ﬁ(fl ) H(S7 S)v s € (07 5]7

v

- {h2(411> S),

arH(s,5), s€[61),
=9(s)H(s,s).

3. EXISTENCE OF EIGENVALUE INTERVALS

In this section, we establish criteria to determine the values of parameter A\ for
which the p-Laplacian fractional order BVP (1.1)—(1.2) has at least one positive so-

lution by using the Guo-Krasnosel’skii fixed point theorem.

Let X = {u:u € C]0,1]} be the Banach space equipped with the norm
[ul| = max |u(?)].
Define a cone P C X by
pP= {u € X | u(t) 20, t € [0,1] and minu(t) > 17||u||}.
Let T : P — X be the operator defined by
1 1
Ta(t) = A / G(t, S)gbq< / H(s,7) f(T,:l?(T))dT)ds. (3.1)
0 0

Lemma 3.1. The operator T defined by (3.1) is self map.

Proof. Let x € P. Clearly, Tz > 0, for all ¢t € [0,1], and
1 1
Ta(t) = A /0 G(t, )04 /0 H{(s,7) [ (7, 2(r))dr ) ds
A G H(s,7)f(1,2(7))dT )ds
< [ @t [ e atnir) s

so that

1Tz|| < A/()l G(1,3)¢q</01 H(S,T)f(f,x(f))dT)ds.
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Next, for x € P,

min Tz (t) = min)\/ol G(t, s)gbq(/ol H(S,T)f(T,[E(T))dT) ds

tel tel

> An /01 G(l,s)¢q</01 H(S,T)f(T,x(T))dT)ds
> n|[Tx].

l:‘

Lemma 3.2. The operator T is completely continuous, where T is defined in (3.1).

Proof. Let x € P, in view of the positivity and continuity of G(t, s), H(t, s) and f, we
have T': P — P is continuous. Firstly, we prove that 7" is uniformly bounded. Now,
let {x} be a bounded sequence in P, say |zx| < M for all k. Since f is continuous,
there exists N > 0 such that |f (¢, z(t))] < N for all x € [0, 00) with 0 < 2 < M then,
for each t € [0, 1] and for each £,

Taa(t)] = ’)\/01 G, s)¢q(/01 H(s,7) (7, 2,)dr ) ds|
< )\/01 G(t, s)gbq(/ol H(s,7‘)Nd7‘>ds

< AN /1 G(, s)¢q</1 Hir, T)dT)ds < +00.
0 0

That is, for each t € [0, 1], {Tx} is a bounded sequence of real numbers. By choosing
successive subsequences, for each ¢, there exists a subsequence {1’z } which converges
uniformly for t € [0,1]. Hence, T"is uniformly bounded. To prove 7" is equicontinuous.
Let z € P and € > 0 be given. By the continuity of G(t,s), for t,s € [0, 1], there
exists a 6 > 0 such that

|G (te,s) — G(t1,s)] <

€
_ 1
AN 1¢q<f0 H(, T)d’T)
whenever |ty — t1| < 0, for any tq,%, € [0,1].
|Tx(ty) — Tx(ty)]

= | [ A6~ Gttt ([ 106,760ty

< /OIA\G(t2,s) —G(tl,s)\géq(/ol H(s, 7)Ndr ) ds

< AN /1 |G(ts, s) — G(tl,s)|¢q(/1 H(r, T)dT)ds < e
0 0

Therefore, T' is equicontinuous. Hence T is completely continuous. O
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To establish the existence of at least one positive solution for p-Laplacian frac-
tional order BVP (1.1)—(1.2) by employing Guo-Krasnosel’skii fixed point theorem.

Theorem 3.3 ([10, 14]). Let X be a Banach Space, P C X be a cone and suppose
that 1, Qs are open subsets of X with 0 € Qq and Q; C Qy. Suppose further that
T: PN (Q\Q) — P is completely continuous operator such that either

1) |Tu| < fJull, we PN and |[Tu ||> ||u||, w € PN OQ,, or
(ii) |Tul] > ||ul|, w € PNOQ and ||[Tul| < ||ul|, w € PN OQy holds.

Then T has a fized point in PN (Q2\Q).

Let
1

[nz fsel G(1, s)gbq(fTE[ V(1) H (T, T)d’T) ds} (foo)r™t

L, =

and
1

[fol gbq(fO (1,7 dT)ds} (f9)a-1

Theorem 3.4. Assume that the conditions (P1)—(P2) are satisfied. Then, for each
A satisfying

L2:

L < A< LQ, (32)

there exists at least one positive solution of p-Laplacian fractional order BVP (1.1)-
(1.2) that lies in P.

Proof. Let X\ be given as in (3.2). Now, let € > 0 be chosen such that

1

[772 Joer GC1, S)¢q<frez Y(T)H (T, T)dT) ds} (foo — €)1 <A

and

)< 1

B [fol (1,s (bq(fo (1,7 dT)dSi|(f0+€>

We seek fixed point of the completely continuous operator 7' : P — P defined by
(3.1). Now, from the definitions of f°, there exists an H' > 0 such that

f(t,z)
£0.1] ()

<(fP+e, for0<az<H.
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It follows that f(t,x) < (f°+ €)¢,(x), for 0 < & < H'. Let us choose z € P with

|z|| = H'. Then, we have from Lemma 3.1,

Therefore, ||Tz| < ||z||. Hence, if we set
O ={ueX:||ul|<HY.
Then,
| Tz|| < ||z||, for x € PN Oy. (3.3)
By the definition of f,, there exists H” > 0 such that

min /()

—2
> (foo —€), for x> H".
tef0,1] ¢p(x) — (/. )

It follows that f(t,z) > (foo — €)¢p(2), for > H. If we set
2
H
H? = max{2H1,—} ,
n

and define Qy = {u € X : |Jul]| < H?}. If z € P N 98y, so that ||z|| = H?, then

. -2
> > .
min z(t) 2 1l|z(| = H
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Then, we have from Lemma 2.5,
Ta(t) = A /0 1 G, s)¢q( /0 IH(S,T) f(T,x)dT>ds
> )\/selnG(l,s)aSq(/Ol H(s,7) (r, x)dr ) ds
>0 [ nGe( [ HoH L~ 0, (@) s
> A / ; nG(1, )0, ( / _ONHG, 77 ) (foo — €)' s
> [ w6, ([ o) (= s

>t [ Gl [ o ir)ds( o el

Thus,
|Tz|| > ||x|, forz e PNos. (3.4)
An application of Theorem 3.3 to (3.3) and (3.4) yields a fixed point of T" that lies

in PN (2\Q;). This fixed point is the solution of the fractional order BVP (1.1)-
(1.2). O

Let
1

7 Jer G 9)64 ([, 0V H (T, 7)dr ) ds| (fo)r-!

L3:

and
1

[y G196, (fy Hmmydr)ds| (£t

Theorem 3.5. Assume that the conditions (P1)—(P2) are satisfied. Then, for each
A satisfying

Ly =

Ls < A< L4, (35)

there exists at least one positive solution of p-Laplacian fractional order BVP (1.1)-
(1.2) that lies in P.

Proof. Let A be given as in (3.5) and let € > 0 be chosen such that
1

[772 Jier €01 S)¢q<f761 V(r)H (r, T)dT) dS] (fo—e)r! SA

and
1

[fol G(1, s)cbq( I, T)dT) ds} T,

A<
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We seek fixed point of the completely continuous operator 7' : P — P defined by
(3.1). Now, from the definition of fy, there exists J' > 0 such that

)
tef0,1] ¢p(x)

> (fo—¢), foro<az<Jh

It follows that f(t,z) > (fo — €)¢,(x), for 0 < x < J'. In this case, define
O ={ueX:|ul<JY.

Then, for x € P N 0%y, we have f(1,2) > (fo — €)¢p(x), 7 € I, and moreover,
x(t) > n||x||, t € I and we have

Ta(t) = A /0 o, $)6u /0 (s f(r,w)dr ) ds
> A/selnG(l,s)gbq(/Ol H(s,7)f (7, w)dr ) ds
>0 [ nGOe( [ doHED = 0ty le)ir)ds
>\ / EInG(l,s)qbq< / IDHG, 77 ) (fo — €)" Lads
>0 [ nGe( [ o) (- o nlelds
>t [ Gso( [ o ie)is - ol

Thus,
|Tz|| > ||z, forze€ PNoy. (3.6)

By the definition of f°°, there exists 7% > 0 such that

)
tel0,1] ¢p()

< (f* +e), foerjz.

It follows that f(t,z) < (f* + €)¢,(z), for x > 7°. There are two subcases.

Case (i): f is bounded. Suppose L > 0 is such that max,cpoq) f(t,2) < L, for
all 0 <z < oo.

Let
1 1
J? :max{2J1,Lq_1>\/ G(1,s)¢q</ Hir, T)dT)ds},
0 0

and let
QD ={ueX:|u|< Jz}.
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Then, for x € P N 08, with ||z| = J?, we have

(%) :)\/01 G(t, s)qbq(/OlH(s,T)f(T,x)dT)ds
< A/OI G(1,3)¢q</01 H(S,T)Ld7'>ds
< A/()l G(l,s)¢q</01 Hir, T)dT)Lq_ldS

< ALI! /01 G(l,s)qbq(/OlH(T,T)dT)ds

< J?
= llzll, t<][0,1],
and so
|Tz|| < ||z||, forx e PNoNs. (3.7)

Case (ii): f is unbounded. Let J? > max{2J1,72} be such that f(t,z) < f(t, J?),
and let

Oy = {ue X :||ul| < J2).

Choosing # € P N9y and ||z|| = J?, we have

—)\/ Gtsqsq(/ H(s,7)f T:L’dT)ds
<A / ¢q(/01H f (. z)dr ) ds
/ ¢q( /0 1H £(r, J2)d7>ds

(

(

(

| /\

<A /G1s¢q /HTT foo+€)¢p(J2)dT>dS

1
<X / ou( [ Hrrar) (= + s
0
1
g)\/ G(1,5)0, / H(r )(f°°+e)q || ds.
0
< lzll, ¢€10,1].
And so
|Tz|| < ||z, forz € PN oQy. (3.8)

An application of Theorem 3.3 to (3.7) and (3.8) yields a fixed point of 7" that lies
in PN (Q2\Q;). This fixed point is the solution of the fractional order BVP (1.1)—
(1.2). O
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4. Even Number of Positive Solutions
In this section, we establish sufficient conditions for the existence of even number

of positive solutions for p-Laplacian fractional order BVP (1.3), (1.2) by using Avery-

Henderson functional fixed point theorem.

Let B ={x:x € C|0,1]} be the real Banach space equipped with the norm

= ).
o] = max Ja(t)

Define a cone P C B by
pP= {x € B |x(t) >0, te[0,1] and mina(t) > 77||g;||}.
€

Let
1

I, s)e, ( S H( T)dT) ds

and
1

JoernG(1,8)0, ( S 9(r)H (T, T)d7-> s

Let T : P — B be the operator defined by

S —

Ta(t) = /0 1 G, s)¢q( /0 1 H(s,7) f(T,x(T))dT)ds. (4.1)

Lemma 4.1. The operator T defined in (4.1) is a self map on P.

Proof. Let x € P. Clearly, Tz(t) > 0, for all ¢t € [0, 1], and
Ta(t) = /0 Gt S)gbq< /0 H(s,7) f(T,:L’(T))dT)dS
1 1
G H(s,7)f(r dr)d
< [ e, ( [ m s

so that
|Tz|| < /01 G(1,8)¢q</01 H(S,T)f(T,{E(T))dT)dS.

Next, if x € P, then by the above inequality we have

min 7'z(t) = min /01 G(t, s)¢q</01 H(S,T)f(T,{L’(T))dT)dS

> 7]/01 G(l,s)qﬁq</01 H(S,T)f(T,x(T))dT)ds
> 1| Tx|].

Hence, Tx € P and so T : P — P. Standard arguments involving the Arzela-Ascoli

theorem shows that 7" is completely continuous. O
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Let ¥ be a nonnegative continuous functional on a cone P of the real Banach

space B. Then for a positive real number ¢/, the sets are defined as
P, d)={yeP:¢¥(y)<dtand P, ={y € P: |yl <a}.

In obtaining even number of positive solutions for p-Laplacian fractional order
BVP (1.3), (1.2), the following Avery-Henderson functional fixed point theorem is

fundamental.

Theorem 4.2 ([2]). Let P be a cone in the real Banach space B. Suppose o and 7y are
increasing, nonnegative continuous functionals on P and 6 is nonnegative continuous
functional on P with 0(0) = 0 such that, for some positive numbers ¢ and k, ~v(y) <
0(y) < aly) and ||y|| < ky(y), for all y € P(y,d). Suppose that there exist positive
numbers a' and b with o' < b < ¢ such that 0(\y) < N(y), for all 0 < X\ <1 and

y € OP(0,V). Further, let T : P(v,c’) — P be a completely continuous operator such
that

(BL) v(Ty) > ¢, for ally € OP(v, (),
(B2) 0(Ty) <V, forally € OP(0,V),
(B3) P(a,a) #0 and o(Ty) > o for all y € OP(«,d’).

Then, T has at least two fized points yy,y2 € P(7,c) such that o' < a(yy) with
O(y1) <V and b < 0(ya) with v(y2) < .

Define the nonnegative, increasing, continuous functionals «, # and « on the cone
P by

v(x) = I?El}li(t),e(l’) = I?glxx(t) and a(z) = tem[(% x(t).

We observe that for any = € P,

Y(z) < 6(z) < o), (4.2)
L i = 1 T 1 T 1oz T
[z < Erglelglx(t)— nv( ) < nﬁ( ) < p (@). (4.3)

Theorem 4.3. Suppose there exist 0 < o/ <V < ¢ such that f satisfies the following

conditions:

(A1) f(t,2(t)) > 6,(¢S), t € I andx € [c', g]

(A2) f(t2(t) < 6,(tR), t € [0,1] and x € |0, %],

(A3) f(t,z(t)) > 6,(d'S), t € [ and a € [a’, g]

Then the fractional order BVP (1.3), (1.2) has at least two positive solutions x1 and

To such that
a' < max xq(t) with maxz(t) <V,
t€[0,1] tel

V' < maxzo(t) with minzo(t) < .
tel tel
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Proof. We seek two fixed points xq, x5 € P of T' defined by (4.1). From Lemma 4.1,
(4.2) and (4.3), for each z € P, v(x) < 0(z) < a(z) and ||z|| < %7(:5) Also, for any
0 <X <1landz e P, (Nx)=maxie(Nx)(t) = N maxeer (t) = N 0(x). It is
clear that 6(0) = 0. We now show that the remaining conditions of Theorem 4.2 are
satisfied.

Firstly, we shall verify that condition (B1) of Theorem 4.2 is satisfied. Since
x € OP(y,d), from (4.3) we have that ¢ = miney z(t) < ||z < % Then

v(Tx) = min/ol G(t, s)¢q</01 H(s,7‘)f(7‘,x(7‘))d7‘>ds

tel

> / G, )64 ( / DHE DI, 2(7))dr ) ds

> / ; nG(1, s)¢q( / . IV H (7, 7)o, (as) dT) ds
_ S / a6, 94 / L r)dr)ds =,

using the condition (Al).

Now we shall show that condition (B2) of Theorem 4.2 is satisfied. Since x €
OP(0,b), from (3.2) we have that 0 < z(t) < ||z]| < %, for t € [0,1]. Thus

0(Tz) = max /01 G(t, s)gbq(/ol H(s,T)f(T,:E(T))dT)ds

tel

< /01 G(1,3)¢q</01 H(r,7) f(r.2(r))dr ) ds

< /01 G(1,s)¢>q(/01 Hir, T)gbp(b/'R)dT)ds
— ¥R /01 G, s)qsq(/ol Hir, T)dT) ds =1,

by the condition (A2).

Finally, using the condition (A3), we shall show that condition (B3) of Theo-
rem 4.2 is satisfied. Since 0 € P and o’ > 0, P(a,d’) # ¢. Since z € 0P(a,d’),
a’ = maxe)o) ¢(t) < |lzf| < “—,, for t € I. Therefore,

a(Tz) —maX/Gts¢q /HST T, 2(T ))dr)ds

te(0,1

> /SEInG(l,s)qu(/eIﬁ(T)H(T,T)f(T,:E(T))dT)ds

T

> /SGI nG(l,s)qﬁq(/TeI I(r)H (T, T)gbp(a'S)dT)ds
—dS / Elnaa,s)%( / DG, T)df)ds —d.
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Thus, all the conditions of Theorem 4.2 are satisfied. Therefore, the fractional order
BVP (1.3), (1.2) has at least two positive solutions x1,zy € P(7, ). This completes
the proof of the theorem. O

Theorem 4.4. Let m be an arbitrary positive integer. Assume that there exist num-
bers a, (r=1,2,....m+1) and bs (s =1,2,...,m) with 0 < a3 < by < as < by <

s < gy < by < e Such that fosatisfies the following conditions:
(Ad) f(t,z(t)) > ¢p(a,S), t € and x € [ar, ‘ﬂ ,r=1,2....m+1,
(A5) f(t,2(t)) < 6,(bR), t € [0,1] and z € [0, bﬂ, s=1,2,...,m.

Then the fractional order BVP (1.3), (1.2) has at least 2m positive solutions in P

aAm+41 °

Proof. We use induction on m. For m = 1, we know from the conditions (A4) and
(A5) that T : P,, — P,,, then it follows from Avery-Henderson functional fixed
point theorem that the fractional order BVP (1.3), (1.2) has at least two positive
solutions in P,,. Next, we assume that this conclusion holds for m = [. In order to
prove that this conclusion holds for m = [ + 1. We suppose that there exist numbers
a(r=1,2,...;0+2)and by(s =1,2,..., 1+ 1) with 0 < a; < b <ay <by <---<

aj+1 < by < ajyo such that f satisfies the following conditions:

f(t,:v(t))>¢p(a,,8>, telandate[ar,%}, r=1,2,...,01+2, (4.4)

f(t,x(t))<¢p<bs7€), te[o,uandxe[o,%}, s=1,2,...,1+1.  (45)

By assumption, the fractional order BVP (1.3), (1.2) has at least 2l positive solutions
7(i=1,2,;2])in P At the same time, it follows from Theorem 4.3, (4.4) and (4.5)
that the fractional order BVP (1.3), (1.2) has at least two positive solutions x1, x5 in
FQHZ such that a;y1 < a(zy) with 0(x1) < by and by < 0(xg) with v(x2) < ajie.
Obviously 21 and x5 are distinct from z; (i = 1,2,...,2l) in P,,,,. Therefore, the
fractional order BVP (1.3), (1.2) has at least 2] + 2 positive solutions in P which

shows that this conclusion also holds for m = [ + 1. This completes the proof of

a1

al+2 )
theorem. O

5. EXAMPLES

In this section, as an application, we demonstrate our results with examples.

Example 5.1 Consider the p-Laplacian fractional order BVP,
DY (6p(D322(0) ) + Af(t,2) =0, e (0,1), (5.1)

z(0)=0, 2/(0)=0, 2'(1)=0, Di’zx(0)=0, DZ’z(1)=0, (5.2)

F(t, z) = 2(5360000 — 5359970e 7).
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Then, the Green functions G(t, s) and H (¢, s) are given by

t1A5(1_8)70.5
G " . I'(2.5) ) t S S,
( ?S) - t1.5(1_8)7045_(t_5)1,5 < t
T(2.5) o S h

[t(1=5)]%7
It s) — T1L7) t<s,
( 78) - [t(l—s)]0'7—(t—s)0'7 < t
T(17) » S

Clearly, the Green’s functions G(t,s), H(t,s) are positive. Let p = 2. By direct
calculations, n = 0.125, f° = 30 and f., = 5360000. Employing Theorem 3.3, we get
an eigenvalue interval is 0.00821042253 < A < 0.085261021, for which the p-Laplacian
fractional order BVP (5.1)—(5.2) has at least one positive solution.

Example 5.2 Consider the p-Laplacian fractional order BVP,

D (6,(D322(1))) = f(t2), te(0,1), (5.3)
z(0) = 2/(0) = 2"(1) =0, Dgfx(0) = 0= Dglx(1), (5.4)
where 9 2y
5) 522
ity = PO e
Then the Green functions G(t,s) and H(t, s) are given by
{18(1-g)02
G(t, 8) — 181"(2.8)702a . t<s,
S (1—s) = —(t—s)" <t
r(2.8) o S
[t(1—5)]%*
Hit,s)={ 109 > b=
’ -9 —(t=5)0°
T(1.9) o S

Clearly, the Green functions G(t, s), H(t, s) are positive, f is continuous and increas-
ing on [0,00). Let p = 2. By direct calculations, n = 0.082469, R = 7 and S = 424.
Choosing @’ = 0.0002, b’ = 0.4 and ¢’ = 3, then 0 < @’ <V < ¢ and f satisfies

(i) f(t,z) > 1272 = ¢,(¢S), t € [, 3] and z € [3,36.377305],

(ii) f(t,7) <28 =,(VR), t € [0,1] and z € [0, 4.850307],
(ili) f(¢,x) > 0.0848 = ¢,(d'S), t € [, 2] and = € [0.0002,0.002425].

174
Then all the conditions of Theorem 4.3 are satisfied. Thus by Theorem 4.3, the p-
Laplacian fractional order BVP (5.3)—(5.4) has at least two positive solutions x; and
x4y satisfying

0.0002 < max x1(t) with max z,(t) < 0.4,
t€(0,1] te[+,3]

0.4 < I?gxxg(t) with tglilr% xo(t) < 3.
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