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ABSTRACT. We discuss existence of at least one positive solution to the singular second-order

two point boundary value problem,
- (pu/)/ (t) = .f(ta U(t)), te (07 1) )
au(0) — blim; o p(t)u'(t) = 0,
cu(1) + dlim;_q p(t)u'(t) = 0,

where a,b,¢,d € [0,+00), p: (0,1) — [0,400) is a measurable function, and f: (0,1) x R - R is a

Carathéodory function.

AMS (MOS) Subject Classification. 34B16, 34B18.

1. INTRODUCTION

The theory of boundary value problems associated with differential equations
has becomed an important branch of applied mathematics. This importance is due
essentially to the fact that many physical and biological phenomenas are modeled by
such problems. Many hundreds of papers where several classes of boundary value
problems have been investigated, have appeared during the last three decades. In
particular, study of existence and multiplicity of positive solutions for boundary value
problems associated with differential equations have received a great interest; see [1],
3], [4], [5], [7]-[11], [13]-[16] and references therein.

Motivated by the works in [2], [7], [12], [13] and [16], we will investigate in this
work a second order boundary value problem with a Carathéodory sign-changing
nonlinearity which may have singularities. So, this paper deals with existence of at

least one positive solution to the second-order nonlinear boundary value problem (bvp

Received January 7, 2015 1083-2564 $15.00 ©Dynamic Publishers, Inc.



38 A. BENMEZAI AND J. HENDERSON

for short),
= (pu')' (t) = f(t,u(t)), ae t€(0,1),
au(0) — blim;_o p(t)u'(t) = 0, (1.1)
cu(l) + dlimy_q p(t)u/(t) = 0,
where a,b,¢,d € Rt := [0,400), p : (0,1) — RT is a measurable function, and

f:(0,1) x (0,4+00) — R is a Carathéodory function which may change its sign.

We recall that a function b : (0,1) x I — R where I is an interval of R, is said to

to be a Carathéodory function if

e h(-,u) is a measurable function for all v € I, and

e h(t,-) is continuous for a.e. t € (0,1).

Throughout, we assume that

Loar
— < 00, 1.2
/0 p(7) (12)
1
A:ad+ac/£+bc>0. (1.3)
o p(7)

In all this paper, G’ denotes the Green’s function associated with the bvp

—(pu') (t) =0, ae. t€(0,1),

au(0) — blim;_ p(t)u'(t) = 0,

cu(1) + dlimy—; p(t)u'(t) = 0.
We have

where

are well defined on [0, 1].
Also, throughout, we let

1
L = {q : (0,1) — R measurable, / G(t,t)|q ()| dt < —1—00}
0

equipped with the norm ||, defined for ¢ € L¢; by

alo = / G(t,1) g (1) de

and
K¢ = {q € L such that ¢ (t) >0 for a.e. t € (0,1)}.

A function h : (0,1) x I — R where I is an interval of R, is said to be an

L{,-Carathéodory function, if

e h is a Carathéodory function, and
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e for each compact ) C (0,400) there exists ¢g € K¢ such that |h(t, u)| < g (t)
for a.e. t € (0,1) and for all u € Q.

Throughout this paper, we assume that the function f satisfies the following
hypotheses:

f is an Lg-Carathéodory function on (0,1) x (0, +00), (1.4)
and there exists a function ¢ € K¢ N L' [0, 1] such that

f(t,u)+q(t) >0, for all u > 0 and a.e. t € (0,1). (1.5)

Note that under the above hypotheses, the nonlinearity f may be singular at
u = 0, that is, there may exist ¢, € (0,1) such that lim, .o f (tp,u) = +oo. Note
also, that the hypotheses assumed here on the weight p and the nonlinearity f are
less restrictive than those imposed in [7], [12], [13] and [16].

The paper is organized as follows. Section 2 deals with preliminaries, and in
Section 3, we present our main results and their proofs. We end the paper with
Section 4, where we provide illustrative examples. The main tool in this paper is

Krasnoselskii’s theorem of expansion and compression of a cone in a Banach space.

2. PRELIMINARIES AND AUXILIARY LEMMAS

The main results of this paper are obatained by means of the following Kras-

noselskii’s fixed point theorem.

Theorem 2.1 ([6]). Let X be a real Banch space, K a cone of X and let Qy, Qs be
open bounded subsets of X such that0 € QO CQy C Q. If T : KN (Qg\Ql) — K is

a completely countinuous operator such that, either

L Tul| < ||u|| foru e KN, and ||Tu|| > ||u|| for u e K NOQs, or
2. |Tu|| = ||u|| forue KN OQ, and |[Tu|| < ||u|| for u € K N OQ,.

Then T has a fized point in K N (Qg\Ql).

Now, let us introduce some spaces and operators needed for proofs of the main
results. Hereafter, in this paper, F is the Banach space of all continuous functions

from [0, 1] into R equipped with the norm
[ull = sup {[u(t)], 0 <t <1},
K and P are the cones of E given by

K={ueFE:u(t)>0forallte]l01]},

P={ue E:u(t) > p(t)||lu| forall t € [0,1]}, (2.1)



40 A. BENMEZAI AND J. HENDERSON

where for ¢ € [0, 1],

( % min (c®y (1) ,aVeq (), if ac#0,
\Ilcd (t) .
= f f—
p(t) \Ilcd EO))? i a 07
(I)ab 13 . .
| B, 1) if ¢=0.

Note that Hypothesis (1.3) implies that the situation a = ¢ = 0 is not possible
and also makes p > 0 on (0, 1).

In all this paper, we write v > v for u,v € E if u(t) > v(t) for all t € (0, 1).

It is well known that the Green’s function G satisfies
G(t,s) < G(s,s), for 0 <t,s <1, (2.2)

Therefore, for all u € LIG,

/olG(t’s)u(s)ds S/OIG(S’S)IU(S)Ids<oo.

Lemma 2.2. Assume that (1.2) and (1.3) hold. Then the operator £ : L, — E
defined for u € L by

Lu(#) :/0 Gt s)u(s)ds

18 linear, continuous, and maps Kqg into P.

Proof. Let, for n =3,4,..., and u € L,

Lou (t)z/o G (t,8) Vn (s)u(s)ds,
where

%(S):{ 0if s € (0,1/n) U (1 —1/n,1), 23)

lifse(1/n,1—1/n).
Since L C L}, (0,1), we have that v,u € L'[0,1]. Hence, £,u € E for all u € L
and £, maps L, into E.

Clearly, we have for all u € L

| £ul] < / G (5,5) 7 (3) |u (5)] ds = s

and £, : L, — E is a linear continuous operator.
Now, since for u € L}, £,u € E and
1
sup |Lu (t) — Lou (1) S/ G (s,5) [u(s)] (L = (s)) ds,
t€[0,1] 0

we obtain from the Lebesgue dominated convergence theorem that lim || £u — £,u|| =
0. Therefore, £u € F for all u € L, and £ : L}, — E is well defined.
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Also, we have for all u € L§,

1
[£ul] = sup [£Lu(t)] S/ G (s,8) [u(s)| ds = |ulg-
0

t€[0,1]

This shows that £ : L, — E is a linear continuous operator.

At the end, the proof of T'(Kg) C P is similar to that of Lemma 2.8 in [2]. O

It is easy to prove the following Lemma.

Lemma 2.3. Assume that (1.2) and (1.3) hold. Then for all uw € L, £u is the

unique solution of
—(p')' (t) = u(t), a.e te

av(0) — blim_o p(t)v'(t)
cv(1) + dlimy_ p(t)v'(2)

1),

e (0,
0,
0.

Following Lemma 2.3, £q is the unique solution of the bvp

— (pu)' (t) = q(t), a.e. t € (0,1),
au(0) — blim,_o p(t)u'(t) = 0, (2.4)
cu(1) + dlim,_; p(t)u'(t) = 0.

Throughout this paper, we denote ¢ = £¢, and we have that

6 () = [, G(t, ) s)ds = — fo ab(8)Wea(t)g(s)ds

(2.5)
+— ft a(8)q(s)ds.

Lemma 2.4. Assume that (1.2) and (1.3) hold, then ¢ satisfies the following upper
bound:

6(t) < 6°p (1) for all t € [0,1],

where

( ( fo ca(8)q(s)ds, 2 fol @ab(s)q(s)ds) if ac # 0,

s)ds if c =0,

Dup(8)q(s)ds if a = 0.

\

Proof. The proof is based on the fact that the functions ®,, and V¥4 are, respectively,

increasing and decreasing on [0, 1]. We distinguish the following cases:
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e a = 0: In this case we have p(t) = ==Y and ¢®,, () = be > 0. Thus, we have

Ueq(0)
from (2.5),
¢ (t) < %‘I]cd(t)/o bq(s)ds+%‘1’cd(t)/t bq(s)ds
= V) [ Pl + V(0 [ Duls)als)ds
- \IICdA(())p(t) /0 Dup(s)q(s)ds = ¢"p ()

e ¢ = 0: In this case we have p(t) = % and aV.4 (t) = ad > 0. Thus, we have

from (2.5),
6) < P lt) /0 dg(s)ds + 5 Pu (1) /t dq(s)ds
= %(I)ab(t)/o \Ifcd(s)q(s)ds%—%(bab(t)/t U.q(s)q(s)ds
(I)ab (1)

1
= 22800 [ watsuts)ds = o0 (0).
0
e ac # 0: In this case, and because the function ¢®,, — aV¥.4 is increasing on
[0, 1], we distinguish the following three possibilities.
i) c®y (t) < aVeq(t) for all t € [0,1]. In this subcase p(t) = £ P (t). Thus,

we have from (2.5),

ot < %(I)ab(t) /0 \Ifcd(s)q(s)der%(I)ab(t) /t U,(s)g(s)ds

_ %cpab ) / Uoa(s)g(s)ds = 6"p (1)

ii) aWeq () < c®g (t) for all ¢ € [0,1]. In this subcase p(t) = £Weq (t). Thus,

we have from (2.5),

6) < 3Verl®) | Bus)a(e)s + Vet (0) | Pals)als)ds

_ %\p ) / Bs(s)g(s)ds = ¢ (¢).

iii) There exists a unique t* € (0,1) such that ¢®4 (1) < aV.4(¢) for all
t € (0,t*) and Py (t) > aVoq (t) for all ¢t € (t*,1). In this subcase
O, (1) if t € (0,17,
o= | a0 el
U, (t) if t € [t*,1].

Dle e
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Thus, we have from (2.5), if t € [0,t*],
1

o(t) < Zq)ab(t)/o \Ifcd(s)q(s)ds—i-%fbab(t)/t U.q(s)q(s)ds
= (52 0) [ valodats)s <00

and if ¢t € [t*, 1],

0) < FVal®) [ Pulals)ds + 5Vealt) [ Pul)als)is

= L (&va) [ ealsitors <o)

Therefore, for all ¢ € [0, 1],
¢ (t) < ¢"p(t).
The proof is complete. O

Let r, R be two real numbers such that R > r > ¢*. We have from the definition
of the cone P and Lemma 2.4 that, for all v € PN (B (0, R)\B (0,r)),

v(t) = ¢ (t) = ([[vll = ¢") p (1) = (r—¢") p(t) > 0.
Therefore, for all v € PN (B (0, R) \B(0,7)) the expression
Frrgv(t) = f(tv(t) = (1) +q(t) (2.6)
is defined for all ¢ € (0,1).
Lemma 2.5. Assume that (1.4) and (1.5) hold and
f(t,-) is continuous at u =0 a.e. t € (0,1) and f(-,0) € L. (2.7)

Then for all v, R € R with R >r > ¢* and allv € PN (B(0,R)\B(0,7)), F, rev €
K¢ and the operator Fy defined by expression (2.6) maps PN (B (0, R)\B (0,7)) into
K. Moreover if (1.2), (1.3) hold, then the operator

Trre=£F.re: PN (B(0,R)\B(0,7)) — P

is compact and for any fized point v of T g4, satisfying v > ¢, u = v—¢ is a positive
solution of bup (1.1).

Proof. Fix R,r € R with R > r > ¢* and set Q = PN (B(0,R)\B(0,r)). Note
that Hypotheses (1.4) and (2.7) imply that the nonlinearity f is an L}-Carathéodory
function, and there exists ¥ € K¢ such that

|f(t,2)] <vgr(t) for all z € [0,R] and a.e. t € (0,1). (2.8)
Since, for all v € Q,

0<(r—6")p(t) <v(t)—o(t) <R,
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we have that
0< Fungo (1) = £ (Lo (1) = 6(8) +q(t) < n (1) +q (1) ac. te(0,1),

and this shows that F, r v € K¢.

Now, if Hypotheses (1.2) and (1.3) hold, then Lemma 2.2 guarantees that for
veQ, LF, rev € P and the operator T, gy = L, gy : 2 — P is well defined.

Consider the linear continuous operator £; : L'[0,1] — C'[0,1] defined for
uwe L'[0,1] by
1
Liu(t) = / G (t,s)u(s)ds,
0
and let, for n = 3,4,... and u € , F,u be defined by

Fou (t) =7, () Frrou (t),

where 1, is the function defined by (2.3). Since L{, C L},.(0,1), the mapping F, :

loc

Q) — Kg N L'[0,1] is well defined. Furthermore, since for all u,v €

1 1—-1
/ |Fou(t) — Fu(t)|dt = / |Frrou (t) — Frpev ()| dt
0 1

= A |f (u(t) =) = f(tv(t) — (b)) di,

we obtain from (2.8) and the Lebesgue dominated convergence theorem that F), is a
continuous and bounded mapping.
Now, let T,, = i o £ o F,, where i is the compact embedding of C' [0,1] into F.

Clearly, T,, is a compact mapping.

We have from (2.2), (1.4) and (2.7) that, for all u € 2,
T rou (t) = Thu (t)] < / G (5,8) (L= (s))[f (s,u(s) = & (s)) +q(s)] ds

< G (s,8) (1 =7, (5)) (¥r(s)+q(s))ds.

0

Thus, we obtain by means of the Lebesgue dominated convergence theorem that
[Tu — Thull gy — 0 as n — oo and this shows that T' € C; (R, E) and T' is
compact. Here Cj, (2, E) is the Banach space of all continuous bounded maps from

Q) into E equipped with the sup-norm.

Finally, if v is a fixed point of T, g 4 with v > ¢, then u = v — ¢ is positive and
satisfies u + ¢ = £F, g (u+ ¢). That is,

— (pu')' (t) — (p¢') (t) = f(t,u(t)) +q(t), ae t€(0,1),
a(u+¢)(0) —blim_op(t) (u+¢) (t)
c(u+ @) (1) +dlimg_; p(t) (u+ @) (t)

0,
0.
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Taking into consideration that ¢ = £q is the unique solution of (2.4), we obtain that
u = v — ¢ is a positive solution of bvp (1.1). O

Lemma 2.6. Assume that (1.4) and (1.5) hold and there exist functions my,my €
K¢, a continuous decreasing function g : (0,+00) — (0, 4+00), a continuous increasing
function h : R™ — R* and ro > ¢* such that

{ If (t,w)] <my(t)g(u)+me(t)h(u) and allu >0 and a.e. t € (0,1), and
Jo G (s,8)ma (5) g (p(s) (ro — ¢7)) ds < .

Then for all R > 1o and all v € PN (B(0,R)\B(0,10)), Fyv € Kg and the
operator Fy, g defined by expression (2.6) maps PN (B (0,R)\B(0,r¢)) into Kg.

Moreover if (1.2), (1.3) hold, then the operator
T7‘07R,¢) = £F7‘0,R,¢ : P N (E (0, R) \B (0, 7”0)) — P

is compact and for any fived point v of T, re, satisfying v > ¢, u = v—¢@ is a positive
solution of bup (1.1).

Proof. Fix R > rq and set Q = PN (B (0, R)\B(0,7)). Since, for all v € ,

0< (ro— ") p(t) <v(t) =6 () <R

we have that

o
IN

Frorov (t) = f(t,0(t) = ¢ (1) +q(t)
< mi(t)g((ro—¢")p(t) +me(t) h(R)+q(t) ae te(0,1),

from which it follows that

Jy G (5,5) Fro ngv () ds < [ G (s,5)ma () 9 (p (5) (o — ")) ds
+Jo G (5:5) (h(R)ma (s) + 4 (5)) < oo,

All the above estimates show that F,, r v € Kg.

As in the proof Lemma 2.5, if Hypotheses (1.2) and (1.3) hold, then the operator
Trore = £LFry re 1 2 — P is well defined

Now, let F}, be as defined in proof of Lemma 2.5. We have, for all v € 2,
v(s)=d(s) > (ro—¢")p(s) >0 forall se0,1],
and this, together with Hypothesis (1.4), leads to

lim 7, (5) f (5,0 (s) =& (s)) = f (s,v(s) =@ (s)) ae s€(0,1).

n—o0
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Also, we have for all v € (),

|Trg,r0v — Tovl| = sup [T, rev () — Thov (t)]
t€[0,1]

/0 G(s,8) (1= (s)) [f (5,0 (s) = ¢ (s)) +a(s)] ds

IA

< / G(s,5) (1 — 7 () (ma () g ((ro — 6°) p (5))
+h (R)ms (s) + q(s)) ds.

Thus, we obtain by means of the Lebesgue dominated convergence theorem that
[Tw — Thull g,z — 0 as n — oo. As in the proof of Lemma 2.5, if v is a fixed point
of Ty, rg, with v > ¢, then u = v — ¢ is a positive solution of bvp (1.1). This ends
the proof. O

3. MAIN RESULTS
3.1. The regular case.
Theorem 3.1. Suppose that Hypotheses (1.2), (1.3), (1.4), (1.5) and (2.7) hold and
(a): there exist a function o € K¢ and Ry > max (¢*, || £a||) such that
ftu) +q(t) < a(t)

for a.e. t € (0,1) and all u € [0, Ry],
(b): there exist o € (O, %), a function € Kg and a constant Ry, with Ry # Ry,
such that

l1-0o
¢ < Ry < max/ G (t,s) [ (s)ds,

te[0,1]
ft,u) +q(t) = 6(t),
fora.e. t €lo,1-0] and allu € [p, (R2 — ¢*) , Ry], where p, = mingeio1-06] p (5).

Then, bup (1.1) has at least one positive solution.

Proof. Let Tg, g, 4 be the operator defined in Lemma 2.5, where R, and R; are those
in Theorem 3.1. We have for allv € PN 9B (0, R;) and ¢ € [0, 1]

0 < (R —¢%)p(t) Swolt) —o(t) < Ri.
Therefore, the following estimates hold, for all u € PN dB (0, Ry) and all ¢t € [0, 1],

Try oo (t) = / G(t, ) (f(s, v(s) — 6(s)) + a(s)) ds

< /OG(t,s)a(s) dsﬁmax/o G(t,s)a(s)ds < Ry = |v|.

te(0,1]
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Passing to the supremum in the above estimates, we get

| TR, Rysv]| < |lv|| for allv e PNOB (0, Ry).
Now, we have, for allv € PN OB (0, Ry) and t € [o,1 — 0],

v(t) =2 o(t) — ¢(s) = (Re — ¢") p(s) = (B2 — &) ps > 0. (3.1)

Assumption (b) and (3.1) lead to the following estimates

l—0o

I Tr1, o pull > max G(t,s) (f(s,0(s) — &(s)) +q(s)) ds

te[0,1] J

l1-0o
> max/ G(t,s)B(s) ds > Ry = ||ul|.

te[0,1]
Therefore,
| TR, ry.6v]| > |lv]| for all v € PN OB (0, Ry) .

Thus, it follows from Theorem A that Tr, g, has a fixed point v such that
min(Ry, Ry) < ||v|| < max(Ry, Rs).
Moreover, since v € P, we have for all ¢ € [0, 1],
v(t) 2 p(®)||v] = p(t) min(Ry, Ry) > ¢*p(t) > 6(t).

So, we deduce from Lemma 2.5 that u = v — ¢ is a positive solution to bvp (1.1). O

In what follows, we consider the particular case where the nonlinearity f is con-

tinuous and we suppose that,

there exists M > 0 such that

(3.2)
f(t,u)+ M >0 forall t € [0,1] and u > 0,
M 1
there exists r > ¢, such that Syr) + M (max/ G(t, s)ds) <1 (3.3)
r tel0,1] Jg
where
Sy(r) = max{f(t,u), t € [0,1], u € [0,r]},
and
there exists o € (0, %) such that
3.4
foo (0) =limx — 4o0inf <minte[a,1_g} f(t:;x)) > (peGo) ™", (3:4)

where for o € (O, %)

t€[0,1]

l1—0o
Gy, = max/ G (t,s)ds.

Corollary 3.2. Suppose that [ is continuous, and Hypotheses (1.2), (1.3), (3.2),
(3.3) and (3.4) hold. Then bvp (1.1) has at least one positive solution.
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Proof. We have to show the conditions in Theorem 3.1 are satisfied. Clearly, if the
nonlinearity f is continuous, then Hypotheses (1.4) and (2.7) are satisfied.
Now, let us prove that if Hypothesis (3.3) hold then Condition (a) in Theorem 3.1
is satisfied. Take Ry = and a (t) = Sy (r) + M. We have then
fltu)+ M < aft)
for all t € [0,1] and u € [0, Ry].

In this case, we have

1
|£al = max/ G (t,s)a(s)ds
0

te(0,1]

= (Sy(R)+ M) max/ G (t,s)ds < R;.

te(0,1

It remains to show that if Hypothesis (3.4) holds, then Condition (b) of Theorem 3.1
is satisfied. Let e > 0 be small enough such that fs, (¢) — € > (p,G,)”". Hypothesis
(3.4) implies that there exists R, > 0 such that

flt,x)+ M > (foo (0) —€) x + M,

forallt € [0,1 — 0] and > R.
Let

* Roo pchcr (foo(a) - 6) (b* - MGO’
fia = max (¢ e (el0) = peGy— 1 )a“d

B) = (flo) =€) ps (Ro-9") + M

We have from the choice of R»,

telni-] / G(t,5)3(s)ds = Go(((0) =€) po (Ro— ")+ M)
> (Ry+ Go (f(0) =€) po¢” — G, M)
—Go (f(0) =€) po™ + Go M
= R,.
This ends the proof. .

3.2. The singular case.

Theorem 3.3. Suppose that Hypotheses (1.2)—(1.5) hold and

(c): there exist functions mi,me € K¢, a continuous decreasing function g :
(0, +00) — (0,400), a continuous increasing function h : RT™ — RY and Ry > ¢*
such that
If (tu)] < my(t) g (u) +me (t)h( ) and alluw >0 and a.e. t € (0,1) and

{ Jo G (5,9) (m1(s) g (p(s) (R — ¢*)) +ma (s) h (Ry) +q(s)) ds < Ry,
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(d): there exist o € (0, %) , a function € Kg and a constant Ry, with Ry # Ry,
such that

<Z><R2<max/ G (t,s) B (s)ds

t€[0,1]
ftuw) +qt) > B(t),
fora.e. t €[o,1—0] and allu € [p, (Rg — ¢*), Ry] where p, = minge(s1-0] p (5).

Then, bup (1.1) has at least one positive solution.

Proof. Let Tk, r,¢ be the operator defined in Lemma 2.6 where R; and R, are those
of Theorem 3.3. We have, for all v € PN 0B (0, R;) and ¢ € [0, 1],

0 < (R —¢")p(t) <u(t) —¢(t) < Ri.

Taking into account Assumption (c), the following estimates hold, for all u € P N
OB (0, Ry) and all t € [0, 1],

/ G(t,5) (f(s,0(s) — 8(s)) + q(s)) ds

TR, ka0 (t)

IA

/ G (s,8) (ma(s) g (p(s) (R1 — 7)) +ma(s)h () +q(s))ds
< Ry=|oll.
Passing to the supremum in the above estimates, we get

| TRy ro0v]| < ||v|| for allu € PN OB (0, Ry) .
Now, we have, for all v € PN dB (0, Ry) and t € [0,1 — o],
v(t) Z o(t) — ¢(s) = (Re — ¢") p(s) = (B2 — ¢7) ps > 0.

This together with Assumption (d) leads to the following estimates,

I Try Ry 00l = maX/_UG(t,S) (f(s,0(s) — @(s)) + q(s)) ds

tel0,1] J

l1-0o
> max/ G(t,s)B(s) ds > Ry = ||v]|.

tel0,1] J
Therefore,
| TR, Ry.v]| > |lv]| for all v € PN OB (0, Ry) .

Thus, it follows from Theorem A that Tx, g, , admits a fixed point v such that
min(Ry, Ry) < ||v]| < max(Ry, Rs).
Moreover, since v € P, we have for all ¢ € (0, 1)
v(t) = p()||vll = p(t) min(Ry, Ry) > ¢"p(t) = ¢(1).

So, we deduce from Lemma 2.6 that u = v — ¢ is a positive solution to bvp (1.1). O
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4. EXAMPLES
4.1. Example 1.

Consider the bvp (1.1) withp=1, a=c=1,b=d =0 and

F (4 ) 1 n 1 v Au?
u) =———+ :
’ Vi t(l—-t)1+u A+4u

Note that Hypothesis (1.5) is satisfied for ¢ ()

obtain ¢ (t) = 4t (1 — V%), maxiep,y fy

= %, and by simple computations, we
G (t,s)ds = é and ¢* = %. We have

ftu) +a(t) < 3

)+4—a() for all u € [0, 2]
maXge[o,1] f

(s)ds =2In2+1 < 2.
Thus Condition (a) of Theorem 3.1 is satisfied for Ry = 2

Also, we have

, and

ftu)+q(t) =

B2
- B (t) for u > B.
Choosing o = %,
B2

we obtain after simple computations maxejo, 1] fl_a G (t,s) P (s)ds
E .

Taking Ry = 3B + %

one can see that Condition (b) of Theorem 3.1 is satisfied
for all B satisfying

B? 2

Z _3B-=

’ o3

and in this case, bvp (1.1) admits a positive solution

4.2. Example 2

Consider the bvp (1.1) withp=1, a=c=1,b=d =0 and

u Au Bu?
t = (—t
where A, B are positive real numbers.

Note that Hypothesis (3.2) is satisfied for M

= 1 and in this case we have
o (t) fo (t,s) ds, maxieo 1] fo (t,s)d + and ¢* = 1. Taking
o= %, stralghtforward computations lead to p1 = %, G1 = é. Note also that
3
t
lirf ftw) B uniformly for ¢ € [0, 1].
U——+00 u

By simple computations, we get Sy (r) = 3 —|— g_:r, and Hypothesis (3.3) holds for
r = 1. Thus, we deduce from Corollary 3.2 that bvp (1.1) admits a positive solution
forall A > 0 and B > 27.
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4.3. Example 3. Consider the bvp (1.1) withp=1, a=c=1,b=d =0 and

1 Bu?
t = (=2t — .
Fltu) = (=20) + o

Note that Hypothesis (1.5) is satisfied for ¢ (¢) = 2¢, and by simple computations,

we obtain ¢ (t) = &t (1 —#), maxy folG(t, s)ds = ¢ and ¢* = 2. The first
1

inequality in Condition (a) of Theorem 3.3 is satisfied for m; = my = 1, g(u) = =

and h(u) = g_’:i. Thus, we have for all R > ¢*,

Ji G (5,5) (ma (s) g (p(3) (R — %)) +ma (s) b (R) +q(s))ds

_3(p_2\y"' 1BR* 1
_4(R 3) +GB+R+67

and the second inequality is satisfied for R; = 2. Thus Condition (a) of Theorem 3.3
is satisfied for Ry = 2.

Also, in this example we have f(t,u) + ¢ (t) > %2 = ((t) for u > B. So, bvp

1.1) admits a positive solution whenever B _3B-2>0.
18 3
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