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ABSTRACT. A molecular based model for the viscoelasticity of rubber is developed using a stick-
slip continuous molecular model. A corresponding nonlinear continuum model is given for tensile
deformation. A linearized version of the model is studied for qualitative properties of the model.
In our model cross-linked(CC)-system of molecules restrict the motion of entrapped or physically
constrained (PC)-molecules. The dynamics of the PC-molecules is modeled by reptation in which
the CC-molecules act as constraint boxes and the PC-molecules have to reptate in between the
CC-molecules. We assume that a CC-unit cell is placed at each point of the rubber continuum with
an entrapped PC-cell inside it. The deformation of the CC-cell causes a deformation of the PC-
system which relaxes after removal of the deformation. In the relaxation process the PC-molecules
act as internal variables affecting the relaxation process of the CC-system. The Rouse model for
relaxing polymers is incorporated into the stick-slip model presented by Johnson and Stacer [28]
for describing the dynamics of the entrapped molecule for a short time right after instantaneous

step-strain of the constraining CC-cell.

1. INTRODUCTION

In the paper by Banks, et. al. [1], [2], [3], [4], [14] model was developed based on
molecular models of Johnson and Stacer [28] and Doi and Edwards [24], where strain
energy density functions were used to characterize the stress distribution for tensile
and shear deformations. In this paper we use a microscopic description of the stress
tensor following Doi and Edwards [24] to characterize the stress distribution for a
general deformation. In this approach we enforce reptation following the approach of
Johnson and Stacer [28] adhering more to the architecture of the constrained polymer
and relating its deformation more closely to the constraining CC-cell. In addition the
physical parameter of both the polymers in the CC-cell and the PC-molecule can
be more readily reflected in the model and the relaxation process of both the PC-

molecules as well as the CC-molecules are better described.

The proposed model for a single polymer strand is represented by a series of
beads (or nodes) separated by springs, governed by Hooke’s Law. The Rouse Model of

polymer elasticity was proposed to model the dynamics of polymers by the Brownian
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motion of these nodes. Such a model can be used to represent the dynamics of a

system of chemically cross-linked polymers.

To develop the model we treat each constrained molecule as a chain of beads
connected by springs representing intermolecular potential. Subsequent to an in-
stantaneous step strain of the CC-cell the constrained molecule relaxes following the
Rouse model for a short time. To enforce reptation we follow the idea of Johnson and
Stacer [28]. That is, at each point of the rubber continuum we place a unit cell in the
rubber continuum with an entrapped PC-molecule thereby relating the deformation
of the entrapped molecule to that of the CC-cell.

As an application of the general stress formula that could be developed for rubber
based on the microscopic approach we give a model of the viscoelasticity of rubber

under tensile deformation. We also give qualitative properties of the model.

2. MODELING OF THE DYNAMICS OF THE PC-MOLECULAR
CHAIN

We model a typical PC-molecule by a chain of N-beads connected by a spring.
Let R, = (Ry, Ra, ..., Ry) be the position vectors of the beads in the chain. In the
model we proceed to develop the dynamics of such a chain for a short period of time
after instantaneous step deformation is given by the Rouse model where the motion
of the beads be described by the Langevin equation [24]:

0 ou 1 0

where f,,(t) is a random force term, kp is Boltzmann’s constant, 7" is the temperature,

and the mobility tensor and the interaction potential, are chosen to be

0
Hyp = ﬂlu
¢
g N
U =35> (R = R,
n=2
respectively, with
3kgT
b= (2)

where b is the effective segment bond length at equilibrium and ( is the friction

constant of the polymer sample.

If we use the parameters defined above for the mobility tensor, H,,,, and for the
interaction potential, U, then equation (1), for the cases when n = 2,3,..., N — 1,

can be written as

dR,

C dt - _k(QRn - Rn—i—l - Rn—l) + fn (3)
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For the special cases of the extreme ends of the polymer, i.e., the cases when n =1

and n = N, we see that (respectively)

(B~ k(R )+ 1 0
Cdf;% = —k(Ry — Rn-1) + fn- (5)

The term, f, is a randomly distributed force, which takes into consideration the
Brownian motion of the beads. Assume that the random force, f,, is distributed

according to a Gaussian distribution, which is determined by the following moments
{(fu(t)) =0,

(fna(t) fims(t) = 2CkpT0nmdagd(t —1'). (6)

If we regard n as a continuous variable, it is possible to rewrite Equation (3)

using a continuous derivative as

OR, R,
o = o T ()
OR, OR,
W‘nzo - %}nzN - 0’ (8>
under the assumption that Ry = R; and Ry,11 = Ry.
Define
Then, from (4)—(8), we have
db,  3KT =
e T ; Anbr + frg1(t) — fult), (10)
where
Ank = 25nk - 5n+1,k - 5n—1,k (11)

Suppose the rubber medium is subjected to a deformation where the configuration
gradient is A. Then, we can write A in a unique way as a product of a stretch tensor

E, and a rotation R as
A=FER (12)
Let Vi, V5, V3, be the unit length eigenvectors corresponding to the eigenvalues
>\1, >\2, >\3 of E.

Suppose at time ty the portion of the PC-molecule between the n-th bead and
(n + 1)-th bead is contained in a (CC)-cell of dimension L,; in the V;-direction.

Corresponding to this CC-cell we write the vector

bgc(to) = Lp1(to)Vi + Lya(to)Va + Lis(to) Vs. (13)
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For the vector b, (ty) we write

bu(to) = L1 (to) Vi + lna(to) Va + lns(to) Vs. (14)
Then,
E- bSC(to) = A1 Ln1(to) Vi + MaLna(to)Va + AsLys(to) Vs (15)
E - b,(to) = Mlni(to) Vi + Aalna(to) Va + Aslus(to) V. (16)
Note that
ilni(to) — Lui(to) = (ANiLni(to) — Lui(to))- (17)
Thus,
Lni(to)
(o) Lm-(to)( (to)) (18)
Let
2
Umn(to)zwﬁsinmﬁﬂ, m,n=12...,N—1, (19)
and
— 4sin2(28 —1,2.... N—1. 2
A, 81n(2N), m,n 2, (20)
Then U,,, is an orthogonal matrix.
Set
N-1
n=1
Then,
N-1
n=1
and 3kT
Q;n,(t) = _WaQO + hm(t)a (23)
where
N-1
hin(8) =Y Unn(fia(t) = filt)). (24)
=1
For ease of notation we set SeT
Cp,=——an 25
= (25)

Immediately after the rubber medium is subjected to the above deformation at

t =ty we have, for a short interval of time tq < t < ty,

lri
G () = Uppby(to) + e~ 00 7 ((t;’)ALm.(to)v,.
ri\ L0

t
+ / e~ =9 (s5)ds, (26)

to

where we sum over repeated indices (r =1,2,...,N —1;i=1,2,3).
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If the rubber medium is again subjected to instantaneous step deformation at
time ¢, then for a short interval of time t; < t < t5, we have

qm(t) = Urpbr(t0> + U, ALm(to) _Cp(t—to)‘/i

"’ Lm (tO)

ZT’Z t
Uy~ AL (#))e =Y, 4 / e~ =9 p (s)ds, (27)
Lm(tl) to

From (27) we infer, letting A,, = t,, — t,,_1 tend to zero, that

b Li(s) dLyi(s) t
m(t) = U, b?‘ t ; T ri —Cp(t—s‘/’i / —Cp(t—s)h d 9
4 (t) = U (o)+/tOUpLM(S) e + [ e (s)ds,  (28)

to

From (28), using (22), we have

bn(t) - bn(t ) [o UnpUrp irz(( )) deS( ) _Cp(t SV

i / | e~ Ury (fran () — fr(s))ds. (29)

to

3. STRAIN ENERGY DENSITY

Microscopic stress tensor can be written based directly on (29). In this paper
we develop a macroscopic model for the stress in the rubber medium based on (29).
Toward this goal we use stress energy density function making use of (29). The stress
energy function W consists of a portion W, from the CC-system of molecules and a
portion Wpe from the PC-system of molecules. Thus, from (13) and (14) above the
strain energy density at the n-th bead has the form

N-1 N-1
W= Wc(Lnt, Loz Luss) + Y Whc(lt, Lz, Lus) (30)
n=1 n=1

The Cauchy stress in the principal direction V; is given by

N-1 N-1 3

OWeea OW g Ol
m=2 L "L +ZZ Dy 0Ly (31)
n=1 n=1 =1 m "
where P is the hydrostatic pressure.
Using (17)
N-1 .
7= [L Wee aWPC] P (32)

" 0Ly M Ol
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4. DYNAMIC MODEL

In this section we develop a dynamic model for a rubber rod under tensile defor-

mation. Consider a deformation of the rubber rod of the form
1 1 9 9
(z,y,2) — |z +ul(z,t),y — §ux(x,t)y,z — ium(:c,t)z , 0<y' <«1,0< 2" K1
Assuming u,, = o(u,), we have
1 .
Lnl %1+um7 Ln2:Ln3%1_§umu and ‘/i:eiu 1217273

where e; is a unit vector in the i-th direction.

Next, in (31), set 72 = 73 = 0, and eliminating P, we get from (31)

N-—1
owWp oWy ow3 ow3
T = Z |:L cC — L cC + lnl PC PC (33)

n n - ln
Y oL, > OL,s ol > Oy

n=1

From the deformation considered we enforce incompressibility by requiring
1 1
’ ln2 = ~
\/an

In addition, since we have tensile deformation we have [,,; = b,;.

br1(s) dLei(s) ¢ o
byt = by (t U, U, p(t=s)q
1 1( 0) /to P pLT1(5> ds e S

= /t e~ =T Uy (fria(s) — fraa(s))ds n=1,...,N —1. (34)

to

Ln2 = Ln3 ~

Next, write 1 + d,u(z,t) for L.;(t), r =1,2,...,N — 1, and 1 + 9,ul®(x,t) for
bni(t). Now, setting to = 0, we use (34) to write

14+ 0ul® (@, t) =1+ aquC(x 0)

1+ 0,ul®(x, s) CColis
Uanrq % Oy, (2. 9) 92 u(z, s)e”“t=9ds

+ / Uanrqe—Cq(t—S)(fr_’_l(S) — fr+1(5))d8 (35)
0
Setting d,ul(z,0) =0,
t
Oyu PC(;L’ t) ~ / UngUprq(1 + avufc _ amu)azxu(x, 5>€—Cq(t—s)d5
0

[ e I () = fran(s)ds (36)
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t
0,ulC(x,t) — Opu(x,t) =~ —0pu(x,0)e " — / UngUrgOuu(, 5)e=Calt=2)

0
t
/Uanrq(ﬁ — 0,u)0? u(z, s)e” =9 ds
0
t
b [ Ul SO o s) = foaoDds (3)
0

Given u(x,t) we can solve the linear integral equation (37) for d,ul®(x,t) —
dyu(x,t), and hence, for ,ul(z,t),n=1,2...,N — 1.

An approximation for d,ul’“(z,t) can be obtained from the linear system of

integral equations

N-1
OpulC(x,t) = Opu(x,t) — /CUanUwqﬁuxs) —Cy(t—s)
r=1
t
/ U;@q[j?“q(8 -0 U)82 ( ) _CQ(t_S)dS — amU(LU,O)e_th

t
" / U”quqe_Cq(t_s)(frH(S) — fr1(8))ds, n=1,...,N—-1 (38)

Lnl lnl)
nl

The stress o,; at bead n is given by = . Adding contributions to the stress

from all the beads we have

(1 + Opu, 1+ 9,ul©)
Z“’“_Z 1+ 0,ul)

~ Adyu+ Y B0, A>0, B,>0. (39)

Then, from momentum balance we write
pa2 — Ad%u Z Pulc = (40)
ot?
Using (38) and (40) we have
u 2 2 L (t—3)
P — AdTu— Boju + Z BnUnp, Z U, 0%u(z, s) —q  (41)
Next we proceed to get some understanding of the qualitative behaviour of (41).

Consider the Sturm-Liouville problem

y(a) — hoy'(a) =0, hy >0
y(b) + hyy (b) =0, hy >0

We know that there is a sequence of eigenvalues 0 < A\j < A < - <\, < -+ 00

and corresponding orthonormal eigenfunctions vy, vs, ..., ¥,, .. ..
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Consider a solution of (41) in the form

u(t,z) =Y ua(t)in(2). (42)
Writing

gt 2) = gu(t)tn()
we have

At Bu)  AnCyUng By
p p

t
/ Uy (5)e 1179 ds = dm (43)
0 P

s 2,
. — (44)
ugﬂ _)\m(12+B) u71n + Amcqgan" fOt um(s)€_cq(t—8)d8 + qu
Taking Laplace transform in (44) we have
Gy, =, (0) =y,
Am(A+ B AnCoUngBn 1 m
i, —ut(0) = —2lEE D) AeClhn +o
p p C(+Cq p
Let
7= ZnUnan
We need to investigate the roots of the equation
1 1
G4+ ;Am(A + B) + ;Am[(A + B)C, — Cim] =0 (45)

By Routh-Hurwitz Theorem the roots of (45) all have negative real parts provided
ACY 4 C1(B — 71) > 0. Further, the roots will be to the left half a vertical line given
by x = —M,M > 0. Let

Vg = ZnUann
Dy = Z Cq%ecq(t_s)
q=2
F(p7 Cla )\rm T, C) = Pcz(c + Cl) + )\m(A + B)(C + Cl) - )\m0171
r

Hilo, G A 1O = e

Hy(p, C1y A 715 €) = (1, (0)€ + 1 (0)) Hy

O(t) = Y Dye !
q=2



VISCOELASTICITY OF A RUBBER ROD

Then,

)\m A ~

Taking inverse Laplace transform H; and H, are given by

3
= Z /imiec’"it
=1
3
H2 — anieC'nLit
=1

Then,

t 3 oo 3
IiiD X _ s .
wm(t)Z/ wm(S)ZZ)\,jL T (emi(t —s) — e DN ds + Y " pgetmit (47)
0 , i

)

The integral equation (47) can be solved uniquely and
Wi (8)] < Lype™ "t

We also have

) = 1) = [ ) = 0(5) 30 3 0 (e

i=1 q=2

+— me/ e (t — ) (5)ds

i=1

If g, is white noise the second integral in (48) is a Wiener integral. Then,

Elum(t) — wn(t)] = 0

Thus,
Elum(t)] = wm(t)
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Let R(t, s) be the resolvent kernel for the integral equation for (47). Then,

U (1) — me/ (= 5)qm(s)ds
/ (t, s) me/ (s = 1) g (r)dr
= /0 t G (1) / tR(t, s)% ;Km,.ew(s —r)ds dr (49)

The inner integral in (49) is bounded by a constant of the form
1 Re(Cni)t 1 ,Re(Cmi
dm_ |"€mz| (6 e(sz) + e e(sz)T’)
p

Now we see that

E(lum(t) — wn(t)]*) < Ant

E(lum(t)]*) < lwn(t)]* + At

5. NONLINEAR PROBLEM
To obtain higher order terms set

en(x,t) = OpulC (1)

n

and from (37) and (39) we have

pat2 GZanlﬁu&‘l,..., )—q,

En — (atzxu)gn - 8t2xu — CqUnq(sqaxu(ZE, t)
t
+ / CgUnqdqaxu(l', S)dS
0
t
-+ / CqUanrq(gr(5> - 8;{(1;({1}', S))aszmu(x, S)>€_Cq(t_8)d5
0

+ fuia(s) = fuls) = /0 ¢~ IO UngUrg(fraa(s) = fr(s))ds

where 0, =) U,, and

(1 + Opu, 1+ ¢,)
(1+¢,) '

anl(&vu, Elye - ,€n) = Z
n
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