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1. INTRODUCTION

The investigation of stability and instability of nonlinear difference equations
with delays has attracted a lot of attention from many researchers [1-6, 10-15] and
references sited therein. In [8], Halanay proved an asymptotic formula for the solu-
tions of a differential inequality involving the “maximum” functional and applied it
in the stability theory of linear systems with delay. Such an inequality was called
Halanay inequality in several works [6, 9-12, 14-16], in which some generalizations
as well as new applications can be found. In particular, in [5, 12, 14, 16], the au-
thors considered discrete Halanay-type inequalities to study some discrete version of

functional differential equations.

In the following results of Liz and Ferreiro [11], authors showed that some discrete
versions of these (max) inequalities can be applied to study the global asymptotic

stability of generalized difference equations.
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Theorem A Let r > 0 be a natural number, and let {x,},>, be a sequence of real

numbers satisfying the inequality
Az, < —ax, + bmax{x,, Ty 1,...,Tp_r}, n >0, (1.1)

where Az, = Ty — . If 0 < b < a < 1, then there exists a constant \g € (0,1)
such that

z, <max{0,zp,z_1,...,x_,}N;, n >0,

Moreover, Ay can be chosen as the root in the interval (0,1) of the equation

A4 (a— 1A —b=0. (1.2)

By a simple use of Theorem A, authors also demonstrated the validity of the

following statement, viz. Theorem B.

Theorem B Assume that 0 < a < 1 and that there exists a positive constant b < a
such that

1, s )] <O (s - s T loos V(@ny - vy Tpy) € R7TL (1.3)
Then there exists Ao € (0,1) such that
|zn| < (max{|z[})AG, n >0,
for every solution {x,} of
Az, = —ax, + f(n,xp, xp 1, ..., Tpny), a>0, (1.4)

where \g can be calculated in the form established in Theorem A.

The main aim of the present paper is to establish some nonlinear retarded in-
equalities, which extend the foregoing Theorem A. We shall also derive new global

stability conditions for nonlinear difference equations.

2. HALANAY TYPE DISCRETE INEQUALITIES

Let R denote the set of all real numbers, R the set of positive real numbers,
R the set of nonnegative real numbers, Z the set of integers, Z* the set of positive
integers, and Z=" = {z € Z : z > —r}. Consider the following nonlinear difference

equation
Al’n = f(Han7xn—17"'7xn—7‘)7 n€Z+, (21)
where Ax, = T,11 — 2, and f : N x R™" — R. The equation (2.1) is a general-

ized difference equation (see [2; Section 21, 11]). The initial value problem for this

equation requires the knowledge of the initial data {x_,,x_,.1,...,20}. This vector
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is called the initial string in [5]. For every initial string, there exists a unique solution

{2y }n>z— of (2.1) that can be calculated using the explicit recurrence formula
Tptl = Tn + f(na TpyTp—1y--- >In—7’)7 ne ZO' (22)

In this section, we introduce new discrete inequalities which will be used to derive

global stability conditions in the next section.

Theorem 2.1. Let a;,q; € Ry, h; € Z°, i = 0,...,r — 1; a,,q, € RY, h, € ZT,
where 0 = hg < hy < -+ < h, and >_q; < >.i_qa; < 1. Also, let {x,}nez—n be a

sequence of real numbers satisfying the inequality
Az, < Z(qixﬁ_hi —a;zy), n€Zl, (2.3)
i=0

where p < 1 is a constant. Then there exists a constant\g € (0,1) such that
T, <max{1,20,T_p,,...,T_p N, ne€Z (2.4)

Moreover, Ay can be chosen as the root in the interval (0,1) of the equation

0<i<r

p—1
)\P(hr—n)—i—n—&-l + (CL o 1))\p(hr—n)+n . [ max{l, $—hi}:| Z qi)\p(hr—hi) _ 0’ (25)
=0

R
wheren € Z°,a =Y _, a;.

Proof. Let {y,} be a solution of the difference equation

T

Ay, = Z(qiyﬁ_hi —a;yn), n €7z’ (2.6)

i=0
Since (1 —>"7_ja;) > 0,¢; € RY, it is easy to prove that if {z,} satisfies (2.3) and
Tn < yp for n = —h,,...,0, then x, <y, for all n € Z°.

Now, if K > 1, A € (0, 1), the sequence {y,} defined by y, = KA" is a solution
of equation (2.6) if and only if X is a solution of (2.5). Define a function F' by

F(\) = \Plhr—n)+n+l (a — 1>/\p(hr—n)+n _ Kpr1 Z inp(hr—hi)’ (2.7)
i=0

where n € Z°, a =Y ;_,a;. F is continuous on (0,1], limy_o+ F(A) = —¢, K?~' <0,
and F(1) = a—KP~' Y77 | ¢; > 0. Hence, there exists \g € (0,1) such that F'(\g) = 0.

Thus, for this Ao, {KAj} is a solution of (2.6) for every K > 1. Finally, let
K = maxo<i<.{1,2_p,}. Clearly, z, <y, for all n = —h,,...,0. Hence, using the
first part of the proof, we can conclude that z,, <y, = {KAj} for all n € Z,. O

By the similar argument used in Theorem 2.1 we obtain the following result.
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Theorem 2.2. Let a;,q; € Ry, h; € Z°, i = 0,...,r — 1; a,,q, € RY, h, € ZT,
where 0 = hg < hy < -+ < h,. Let a;, 5; e R, 37 oy =1, and [(1 —0) [, 5 +
0> 0] < doiga; <1, where 0 < 6 <1 is a constant. Also, let {x,}pez—n be a

sequence of nonnegative real numbers satisfying the inequality
Az, < Z(&.Iﬂn—hi —a;xy) + (1 — Hﬁl T, neE Z0. (2.8)
i=0

Then there ezists a constant \g € (0,1) such that
z, <max{0,20,T_p,,...,T_p N, ne€Z (2.9)

Moreover, Ay can be chosen as the root in the interval (0,1) of the equation

A (a—1)— (H@))\ Yico@ihi _ 52% hi — (2.10)

where a =Y \_, a;.

Proof. Let {y,} be a solution of the difference equation

Ay = (0qiyn—n, — aiyn) + 1 =) [[ By, neZ’ (2.11)
i=0 =
Since (1 —>"7_ja;) > 0, ¢ € R%, 3; € RT, it is easy to prove that if {z,} satisfies
(2.8) and z,, <y, for n = —h,,...,0, then =, <y, for all n € Z°.

Now, if K >0, A € (0, 1), the sequence {y,} defined by y, = K\" is a solution
of equation (2.11) if and only if A is a solution of (2.10). Define a function F' by

FN)=A+(a—1)— (H@))\ im0 aihs 52% hs (2.12)

where a = )" a;. F is continuous on (0, 1],

lim F(A\)=a—1(1—¢ (Hﬂ) lim A\~ Xi=o®ifi _ 52% hmAhz<o

A—0t A—0t
and F(1) =a—[(1—0) ]y 3 + 9> i_yq] > 0. Hence, there exists \g € (0, 1) such

Thus, for this Ao, {KAj} is a solution of (2.11) for every K > 0. Finally, let
K = maxo<i<,{0,2_p,}. Clearly, z,, <y, for all n = —h,,...,0. Hence, using the
first part of the proof, we can conclude that z, <y, = {KAj} for all n € Zj. O

Remark 2.1. In [11], a discrete Halanay-type inequality was given as in Theorem 2.2

where the inequality (2.8) was replaced by
Az, < —ax, + qmax{T,, Tn_1,...,Tn_r}, n € Z° (2.13)

where 0 < ¢ < p < 1. Note that if a sequence {z,},cz-- of positive real numbers
satises (2.13), then it also satisfies (2.8). On the other hand, let r = 1; a = 6/7,
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(=@=q=1/Tag= =1 06y=2 p = %, then we might easily show that

the sequence {5 }nez-1 satisfies (2.8) but not (2.13). Indeed,

11 1
Aln = ood ~ 50 = “gurn
61 31 31 31
< ra 005t =

with (1 —0) [[1_oBi +0 g ai < 8. On the other hand,

1 61 1 11 41
Az, = — o omaxd = b= — 2.14
! R ST ax{ 2n 2n—1} 72n (2:14)

Therefore, in the case of positive sequences, the discrete inequality (2.8) is less con-

servative than the discrete Halanay-type inequality given by (2.13).

3. GLOBAL STABILITY OF DIFFERENCE EQUATIONS

We consider the generalized difference equation
Az, = —axy, + f(n,Tp, Ty pyy ooy Tnon,)s (3.1)

where n,h; € Z*,i=1,...,r,a > 0.

Although for every initial string {z_,,,x_p,+1,..., %o}, the solution {z,} of (3.1)
can be explicitly calculated by a recurrence formula similar to (2.2), it is in general
difficult to investigate the asymptotic behavior of the solutions using that formula.
The next result gives an asymptotic estimate by a simple use of the discrete Halanay

inequality:.

Theorem 3.1. Let 0 < a < 1 and there exist ¢; € RS, hy € Z°, i = 0,...,r — 1;
¢ €RT, h, € ZT, where 0 =ho < hy <--- < h, and > ;_,q < a <1 such that

T
I SN | ) N H M (3.2)
=0

for all (N, p, Tp_nyy - Tn_n,) € Z° x R™TL. Then there exists g € (0,1) such that,
for every solution {x,} of the equation (3.1),

2] < ( max {1, mg)xg, nez’ (3.3)

—hp<i<
where A\ can be calculated in the form established in Theorem 2.1. As a consequence,

the trivial solution of the equation (3.1) is globally asymptotically stable.

Proof. Let {z,} be a solution of the equation (3.1). From [2, Section 11],we know
that

—_

T, =201 —a)"+ > (1—a)" " fi,zi,Tin,,. .., Tip,), n€Z° (3.4)

7

Il
=)
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Thus, using the inequality (3.2), we obtain

n—1 r
|zn| < Jxo|(1 —a)" + (1—a)" " 'glzin, P, neZl (3.5)
i=0 =0
Denote v, = |z,| for n = —h,,...,0, and
n—1 r
o = o) (L= a)" + > (1= a)"" gl [P, neZt. (3.6)
i=0 j=0

Then we have |z,| < v, and hence,

Av, = —av, + Z Gilzn—n,|" < av, + Z C.Iﬂﬁ—hi, nez’ (3.7)
i=0 i=0

Consequently, Theorem 2.1 ensures the validity of the following inequality

anl <o < (Cmax {(Lud)A; = ((max {1lzl})N, nez’,  (38)

~hp<i<0 —hr<

where )\ is chosen as in Theorem 2.1. This completes the proof of the theorem. [

Similarly, by using Theorem 2.2 instead of Theorem 2.1, we obtain the following

result.

Theorem 3.2. Assume that 0 < a < 1. Let ¢ € Ry, h; € Z°, i = 0,...,r — 1;
ar,qr € RT, h, € ZT, where 0 = hg < hy < ... < h,. Let a;,3; e RT, Y7 ja; =1
and [(1=0)[[_yBi+0>_ya] <a <1, where 0 <6 <1 is a constant. If

|f(TL, TnyTp—hyy--- axn—hr)| < Z 5q:|xn—hl| + (1 - 5) Hﬁi|zn—hi|aia (39)
i=0 1=0
for all (n,@p, Tp_pyy- o Tnn,) € Z° x R™L then there exists \g € (0,1) such that,

for every solution {x,} of equation (3.1),

2] g( max {|xi\})xg, nez’ (3.10)

—hyr<i<0

where A\ can be calculated in the form established in Theorem 2.2. As a consequence,

the trivial solution of the equation (3.1) is globally asymptotically stable.

Remark 3.2. The equation (3.1) covers a variety of difference equations. For in-

stance, we can mention the equation
Az, = —ax, + f(xp—g), a>0 (3.11)

investigated recently in [7, 11]. Theorem 3.2 ensures that if there exists ¢, 3 € RT,0 <
d <1 such that |f(x)| < (d¢|lz| + (1 — 0)B|x|) for all z, and [0g + (1 —0)F] < a < 1,

then all solutions of (3.11) converge to zero.



DISCRETE HALANAY INEQUALITIES 89

On the other hand, the condition (3.9) is satisfied by some linear and nonlinear
generalized difference equations. We can mention the equation

Tnpr = Y g+ (1=0) [ B, @i eR (3.12)

t=n—r t=n—r

for which Theorem 3.2 gives the global asymptotic stability of the equilibrium if

sup( i dgi| + (1 =9) ﬁ |ﬂl|) <1, (3.13)

neN \ .
1=n—r =n—r

since the equation (3.12) can be rewritten in the form
Axy =—xp+ f(Tp, o Ty, (3.14)

with f(Zn, ..oy Tney) = D op, L 0Gxi+(1=0) T, _, Bixi?. For example, if p > r+1,

then the inequality (3.13) is satisfied by the equation x,,1 = (1/p)(zp, + -+ + Tp_y)
with 6 = 1.

For more general results on the asymptotic behavior of generalized difference

systems, refer [2, Section 9.
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