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ABSTRACT. In this paper we study a boundary value problem for a discrete elliptic equation.
The focus will be on the structure of the spectrum of this problem and the existence of a positive
eigenvector corresponding to the smallest eigenvalue. Comparison results for the eigenvalues are also

established as the coeflicients of the problem changes.
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1. INTRODUCTION

We consider the Dirichlet boundary value problem for the elliptic differential
equation in the rectangle [0, m + 1] x [0,n + 1]

Ugy + Uy + Aa(z, y)u(z,y) = 0, 0<z<m+1,0<y<n+l, (1.1)

)

u(z,0) =u(x,n+1) = 0, 0<z<m+l1, (1.2
u(0,y)=u(m+1l,y) = 0, 0<y<n+l, (1.3)

where m,n > 1 are fixed integers. Define

u; = u(i,j), aj;=ua(i,j), 0<i<m+1, 0<j<n+1,
_ T

u = (Un""7Um17u127"'7Um27"'7U1m"'7Umn) )

A = di&g(alh"' y 1, A12, ", Am2, ", Qip, " 7amn)-

Then the system (1.1) with the boundary conditions (1.2)-(1.3) is discretized as

Du = NAu, (1.4)
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where D is an mn X mn matrix given by

L -I, 0 0 O 0 0 0
I, L -I, 0 O 0 0 0
0 -I, L —I, O 0 0 0
0o 0 —I, L O 0 0 0
D= ,
O 0 0 0 L -I, 0 0
O 0 0 0 I, L —I, 0
O 0 0 0 0 -I, L —I,
0 0 0 0 - 0o 0 -I, L

I, is the identity matrix of order m, and L is an m X m matrix given by

4 -1 0 --- 0 0 O
-1 4 -1 -- 0 0 O
o -1 4 --- 0 0 O
L=
0 0 O 4 -1 O
0 0 O -1 4 -1
0 0o -1 4

We also consider the Dirichlet boundary value problem for the elliptic differential

equation in the rectangle [0, m + 1] x [0, n + 1]

Uz + Uyy + Ab(2, y)u(z,

y) = 0, O0<axz<m+1,0<y<n+l,
u(z,0) =u(x,n+1) = 0, 0<z<m+1,
)

u(0,y) =u(m+1l,y) = 0, O0<y<n+l,

whose discretization is
Du = \Bu, (1.5)

where

B = diag(blh T 7bm17 b127 T 7bm27 T 7bln7 T 7bmn)
Throughout the paper, we assume that m and n are fixed integers and

(H) ai; and b;; are non-negative for 1 < i < m,1 < j < n with >, ;a;; > 0 and
>ijbij > 0.

If A is a number (maybe complex) such that the problem (1.4) has a nontrivial
solution {y;}7". then A is said to be an eigenvalue of the problem (1.4), and the
corresponding nontrivial solution {y; }™} is called an eigenvector of the problem (1.4)
corresponding to A. Similarly, if p is a number such that the problem (1.5) has a non-
trivial solution {y; }7%, then p is said to be an eigenvalue of the problem (1.5), and the
corresponding nontrivial solution {y; }™} is called an eigenvector of the problem (1.5)

corresponding to .
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The research on comparison of eigenvalues has been very active recently since the
earlier work of Travis [14]. A representative set of references for these works would be
Davis, Eloe, and Henderson [2], Diaz and Peterson [3], Hankerson and Henderson [4],
Hankerson and Peterson [5, 6, 7|, Henderson and Prasad [8], and Travis [14]. However,

in all the aforementioned papers, the focus has been on the smallest eigenvalue.

Recently, a new approach was introduced in [9] for the eigenvalue comparisons
of second-order discrete Sturm-Liouville problem. With this approach, we were able
to compare all eigenvalues of a larger class of problems which has never been studied
in the literature (see, for example, Atkinson [1], Jirari [10], Shi and Chen [12, 13]).
Along the same lines, in this paper we will establish the comparison theorems for all
the eigenvalues of the problems (1.4) and (1.5). We will also prove the existence of

positive eigenvector corresponding to the smallest eigenvalue of the problem (1.4).

2. EIGENVALUE COMPARISONS

In this section, we denote by x* the conjugate transpose of a vector x. A hermitian
matrix C' is said to be positive semidefinite if z*C'x > 0 for any x. It is said to be
positive definite if x*Cz > 0 for any nonzero z. In what follows, we will write X > Y if

X and Y are hermitian matrices of the same order and X —Y is positive semidefinite.

First, we establish a few technical results.

Lemma 2.1. D is positive definite.

Proof. Obviously, both L and D are real symmetric. For any y = (y1,...,ym) € R™,

TLy—4Zyz —QZyzym =y +2Zyz +ym+z —yi1)’ > 2"y . (2.1)

Let x be a vector in R™", being partitioned according to the block matrix D, i.e.,
v= (ol 2l .. 20) and ;€ R™, 1<i<n.

rrn

In view of (2.1), we have

n n—1 n n—1
' Dxr = Z :E;TFLii -2 Z :B;Tpa:iﬂ > 2 Z :L’;f:lf, —2 Z I?$i+1
1 i=1 i=1 i=1
= 2l + Z = xi) T (2 — i) Fxla, >0 (2.2)
Whenever 27 Dx = 0, the equation (2.2) indicates that x; = 0,2; — 2,1, = 0,1 < i <

n—1,and x, = 0, i.e., z = 0. Thus, we have 27Dz > 0 for x # 0. The proof is
complete. O
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Next, we will focus on the study of the elements of the inverse matrix of D. To
this end, in what follows we will write X = (x;;) > Y = (y;5) if x;; > y;; for all 4, j,
and write X = (z;;) > Y = (y;;) if z;; > v;; for all ¢, j. A matrix is said to be positive
if each element of the matrix is positive. We also need to employ the properties of
the Kronecker product A ® B = (a;;B) € RP™*9" of two matrices A = (a;;) € RP*?
and B € R™ ™. Let us first collect a few properties of A ® B.

Lemma 2.2. There hold the following statements:

(1) Iy ® Iy = L.
(2) IfA>0and B> C, then AQ B> A®C.

(3) If AC and BD exist, then (A® B)(C ® D) = AC ® BD.
(4)

4) If A and B are nonsingular, then A ® B is also nonsingular and (A ® B)™! =

Al BT
(5) Let A be an m x m matriz with eigenvalues A\, X, ..., Ny, and let B be a p X p
matriz with eigenvalues (i1, fig, ..., itp,. Then the mp eigenvalues of A ® B are

The first four results of Lemma 2.2 can be derived immediately from the definition
of Kronecker product. The proof of the last part of the lemma and many other

interesting properties of the Kronecker product can be found in [11, page 28].

Denote by .J,,, the m x m matrix of the form

0 1 0
0 0 1 .- 0 0 O
0 0 0
Im =
0 0
0 0 0 0 0 1
0 0
It is easy to see that
L+ (Jm+J5) + (S + (JL)?) + -+ (I + (I = epel, (2.3)
where e, = (1,1,...,1)T € R™, a vector of all ones. We note that L = 4([,, — F)
where F' = 1(J,,, +J%) and that the spectral radius p(F') satisfies p(F) < [[F||o = 3.
Thus, we have
1 1 o~
Lt'="(l,-F)'=>)% ", 2.4
=P =7 2 (2.4)
It is easily seen from J,, > 0 that
, 1 : 1 . .
Fi = E(Jm + JE) > yo (Ji + (JL)), fori>1. (2.5)

Combining (2.3), (2.4), and (2.5), we have
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-1 1 1 Ti 1 - i Ti
Lt o> <Im+;@(<]m+(<]m))> > (Im+;(Jm+(Jm))>
1

= 4—m6m6 >0. (2.6)

In view of (2.6), we have

i—1

(LY > TZZm emel = Tiemel >0, fori>1, (2.7)
where 7, = m®~1 /4™ 1t is seen from (2.1) that y* Ly > 2yTy for y # 0. Therefore, we
have min \;(L) = min{y” Ly/y"y : y # 0} > 2 which implies p(L™') < 1/2. Define
G=(J,+J')® L. Tt is obvious from (2.6) that G > 0. Also, in view of part (5)
of Lemma 2.2, together with |\;(J,, + J1)| < 2 and p(L™1) < 1/2, we have p(G) < 1.

Observe that the matrix D can be written as
D=1,L—(J,+J))®IL,= (I, ®L)(In, —G) .

Therefore, together with (2.6) and the fact that G > 0 and I,, ® L' > 0, we have

D' = (I —G)'(U, Z G( -
> (ni GH(I, (nz w I L‘l)i> (I,® L)
= (i(Jn + ) @ (L 1)“) (2:8)

Lemma 2.3. D! is a positive matriz.

Proof. Define 7 = min;<;<,, 7; = m"~! /4", Tt is seen from (2.7) that

(LY >7eel 0<i<n—1. (2.9)
Combining (2.3), (2.8), and (2.9), with the help of part (2) of Lemma 2.2, we have
n—1 n—1
D! > (Z(‘]" +JN Teme%;> > 7 (In + Z (1) + (JZ“)Z’)) ® emer,
i=0 i=1
= Tenel @epnel = Tepnel >0 (2.10)
Note that the identity given in (2.3) is used here for J, instead of J,,. O

Lemma 2.4. If X is an eigenvalue of the problem (1.4) and y is a corresponding
eigenvector, then

(a) y*Ay > 0.

(b) A is real and positive.
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(c) If p is an eigenvalue of the problem (1.4) which is different from A\ and = is a

corresponding eigenvector, then we have x* Ay = 0.

Proof. (a) The assumption (H) indicates that y*Ay > 0. Assume to the contrary that
y*Ay = 0. Obviously, we have /Ay = 0 where

\/Z = diag(\/ 115" 5V Am1, VA12, " 3/ Gm2, " 5/ Qln, * 0 5/ amn)-
Then, we have Dy = My = AW AV Ay = 0, which, together with Lemma 2.1, implies

y = 0. This is a contradiction.

(b) We can write
Ay Ay = y*(My) = y*Dy = y*D*y = (Dy)*y = (A\Ay)*y = Ay*A*y = Ay* Ay,

which, together with (a), implies that A = ), i.e., ) is real. Finally, the relations
above indicate that A = y*Dy/(y*Ay) > 0 thanks to Lemma 2.1 and the first part of

this lemma.

Part (c) follows from
(A — p)at Ay = AT Ay — pa” Ay = 27 (A Ay) — (pAx)Ty = 27 Dy — (Dx)Ty = 0.
The proof is complete. 0

Lemma 2.5. The eigenvalues of the problem (1.4) are related to those of the matriz
D=2 AD"% as follows.

(a) If X\ is an eigenvalue of the problem (1.4), then 1/X is an eigenvalue of the matriz
D 3AD" 5.

(b) If « is a positive eigenvalue of D 2AD"z, then 1/« is an eigenvalue of the
problem (1.4).

Proof. (a) If A is an eigenvalue of the problem (1.4), and y is a corresponding eigen-

vector, then we have AAy = Dy with A > 0 due to Lemma 2.4. Thus, we have
MMy = D%D%y, and D_%AD_%(D%y) = —(D%y).
The result in (b) can be proved similarly. The proof is complete. O
Next, we state the well-known Perron-Frobenius Theorem [15, page 30].

Theorem 2.6 (Perron-Frobenius). Let C be a real square matriz. If C' is also a non-
negative irreducible matriz, then the spectral radius p(C) of C' is a simple eigenvalue

of C, associated with a positive eigenvector. Moreover, p(C') > 0.

Theorem 2.7. If \; > 0 is the smallest eigenvalue of the problem (1.4), then Ay is a

simple eigenvalue, and there exists a positive eigenvector y > 0 corresponding to A;.
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Proof. We note that DAy = (1/A;)y. Thus, 1/\; is the maximum eigenvalue of

D7'A and y is an eigenvector corresponding to 1/);.

In the case where a;; > 0 for all 1 <¢ < m and 1 < j < n, we obtain that the
matrix D' A is positive (therefore irreducible) in view of Lemma 2.3. Therefore, the

result follows immediately from Theorem 2.6.

In the case where some of the a;;’s are zero, there exists a permutation matrix P

such that
VA
PTAP = 0 ,
0 0

where Z = diag(ay, ...,a;), and ay, ..., a; are the positive elements in the set
{alla"' SO, @12, 3 A2yt s (g, * * ’amn}_
Then, (1.4) becomes
%PTU =pP'D7'P <§ g) Plu. (2.11)

A
Note that PTD=1P 0 8) is in the form (I[/[// 8 , where W is nonsingular and

both W and V are positive matrices in view of Lemma 2.3. If A\; is the smallest
eigenvalue of (1.4), then 1/); is the largest eigenvalue of WW. Therefore, A is simple.

Lemma 2.6 indicates that there exists a positive eigenvector u; of W corresponding

to 1/A;. Finally, we see that
y=P~P u > 0
)\1V’U1

is a positive eigenvector of (1.4) corresponding to A;. This completes the proof. [
Lemma 2.8. Let N > 1 be the number of positive elements in the set

{a'lla"' s Am1, A12, *° , Qm2,* , Alp, * * >amn}-
Then there are N eigenvalues A\; (i = 1,2,...,N) of the problem (1.4) and «; =
1/Ai (i=1,2...,N) are the only positive eigenvalues of D 2AD:.

Proof. The assumption (H) implies N > 1. Suppose that a; > ay > -+ > qup > 0
are all eigenvalues of D=2 AD~2. The fact that D=2 AD~2 is real and symmetric

indicates that there exists an orthogonal matrix () such that
QTD_%AD_%Q = diag(ay, ag, . .., Qunn)- (2.12)
Therefore, we have
rank(A) = rank (QTD_%AD_%Q> = rank (diag(ay, a9, . . ., Qmn))

indicating that the number of positive ¢; is the same as that of positive a;; in A,

which is equal to V.
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Thus, in view of Lemma 2.5, we see that {\; = 1/a; : 1 = 1,2..., N} gives the

complete set of eigenvalues of the problem (1.4). The proof is complete. O

Theorem 2.9. Assume that hypothesis (H) holds. Let N be the number of positive

elements in the set

{CL117"' y Am1, A12, ", Am2, " ", Qip, " 7amn}

and M be the number of positive elements in the set

{b117”' 7bm176127”' 7bm27“' 7bln7“' 7bmn}

Let {\1 < Xy < -+ < Ay} be the set of all eigenvalues of the problem (1.4) and

{r < po < -+ < up} be the set of all eigenvalues of the problem (1.5). If a;; > b;j
for1<i<mand1l<j<mn, then \; < pu; for1 <i< M.

Proof. In view of Lemma 2.8, it is easily seen that

1 1 1
O(II—ZOKQI_ZZO{N:_>O7 and aN+1:...:amn:0 (213)
)\1 )\2 >\N
and
1 1 1
Bi=—>fh=—>>0y=—>0 and By =-=Fu=0 (214)
H 2 HM

are the eigenvalues of D 2AD% and D_%BD_%, respectively. If a;; > b;; for all
1<i<m,1<j<n,then A > B, implying

D 2AD™? = D":BD" 2. (2.15)
By Weyl’s inequality and (2.15), we have
a; > 3; >0, 1<i<mn. (2.16)

The desired result follows immediately from (2.13), (2.14), and (2.16). O

Finally, we remark that the smallest eigenvalue of the problem (1.4) is simple as
indicated in Theorem 2.7. But the other eigenvalues of the problem, in general, may

not be simple as is illustrated by the following example.

Example 2.10. Consider the simple case where m = n =2 and a(z,y) = 1 in (1.1).

Then we have Du = AAu where u = (u1y, a1, U2, uge)?, A = diag(1,1,1,1), and

4 -1 -1 0
-1 4 0 -1
D=
-1 0 4 -1
0 -1 -1 4

A simple calculation leads to A\ = 2,y = A3 = 4, A4, = 6. In this example, A\; is
simple, and Ay = A3 has multiplicity 2.
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