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ABSTRACT. In this paper, we deal with the existence of positive periodic solutions of the func-
tional difference system z(n + 1) = A(n)z(n) + F(n,x,). Moreover we characterize the eigenvalue
intervals for z(n 4+ 1) = A(n)z(n) + AH (n)G(z,). The technique is based on a fixed point theorem

in conical shells.
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1. INTRODUCTION

Let R denote the real numbers, Z the integers, and Z* the nonnegative integers,
respectively. In this paper, we study the existence of positive periodic solutions of

the following nonlinear functional difference system
z(n+1)=AMn)x(n) + F(n,z,). (1.1)

Here x = [x1,2o,..., 7|7 (T stands for the transpose), F = [fi, fo, ..., fr]’ and
A(n) = diaglai(n), as(n), ..., ax(n)]. For j € {1,2,...,k}, a; is w—periodic, f;(n,x) :
Z x R*¥ — R is continuous in = and fi(n, x) is w—periodic in n and =, whenever z is
w—periodic, w > 1 is an integer. Let X denote the class of w—periodic, continuous
functions z : Z — R* with the norm ||z = 1r£1]a<xk|xj|0 for x = (21, 29,...,21), here
|zjlo = maxgez |x;(0)|. Then X is a Banach space. If x € X, then z, € X for any
n € Z is defined by x,(0) = x(n + 0) for § € Z. We also denote {a,a +1,...,b} by
la,b] for a,b € Z and a < b.

The system (1.1) has been proposed as a model for a variety of population dy-
namics. In fact, we can obtain (1.1) if we consider the multiple-species ecological
model and take into account the time delay effect. Recently, the existence of pos-

itive periodic solutions for nonlinear functional difference equations and functional
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difference systems have been studied by many authors; see, for example, [4, 12, 14].

Moreover, many authors have considered the continuous case of system (1.1), i.e.,
2 (t) = A@t)z(t) + F(t, zy) (1.2)

in the literature [6, 11, 13]. The existence, multiplicity and nonexistence of positive
periodic solutions for the general scalar nonlinear nonautonomous delayed differential

equation

2'(t) = a(t)g(x(t))x(t) — Ab(t) f(t, (t — 7(1)))
has been studied in [15].

In some of the papers mentioned above, the main technique is based on Kras-
noselskii fixed point theorem on compression and expansion of cones. In fact, this
fixed point theorem have been extensively employed in studying the existence of posi-
tive solutions to many kinds of boundary value problems (see for example, [2, 3, 5, 7]).
The main results in this paper are proved by employing another fixed point theorem
(see Theorem 2.1 in section 2) for compact maps in conical shells. To do this, we
extend the ideas introduced by Lan and Webb in [9, 10] to the discrete case, see

Lemma 3.1.

We will prove a general existence result for system (1.1) in section 3. As an

application, in section 4, we study the following eigenvalue problem
z(n+1)=An)x(n) + AH(n)G(z,). (1.3)

Here H(n) = diag[hi(n), ha(n), ..., hi(n)], G(z) = [¢*(x), ¢*(x), ..., ¢*(z)]" and A >
0 is a positive parameter. We prove that (1.3) has at least one positive periodic
solution for each A\ in an explicit eigenvalue interval. Recently, several eigenvalue
characterizations for different kinds of boundary value problems have appeared and

we refer the readers to [1, 2, 3.

Throughout this paper, we assume the following two conditions on A(n) and
F(n, ).

(Hy) 0 <aj(n) <1lforallne€ [0,w—1], fj(n,z,) >0foralln € Z and z: Z — R",
i=1,2,... .k

(Hp) For any L > 0 and € > 0, there exists 6 > 0 such that [z, y € X, ||z| <
L, |yl <L, [lx =yl <6, 0<s<w] imply

|F(s,2,) — F(s,y5)| < e.

2. PRELIMINARIES

In this section, we state some preliminary results, which are essential to the proofs

of our main results in section 3.
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First we recall that a completely continuous operator means a continuous operator
which transforms every bounded set into a relatively compact set. If D is a subset
X, we write Dg = DN K and 0k D = (0D) N K.

Theorem 2.1 ([8]). Let X be a Banach space and K a cone in X. Assume Q' Q2
are open bounded subsets of X with Qk # 0, QMg C Q2. Let

T:02r > K
be a continuous and compact operator such that
() |Tz|| < ||| for x € O, and
(ii) there exists e € K\{0} such that v # Tz + e for all x € 0% and all X > 0.

Then T has a fived point in Q2 \ Qk. The same conclusion remains valid if (i) holds
on O Q? and (ii) holds on 0.

Lemma 2.2 ([14]). Assume (H;) holds. Then xj(n) € X is a solution of
zj(n+1) =aj(n)x;j(n) + f;(n, x,), j=12 ...k,

if and only if
n+w—1
zj(n) = Z Gj(n,u) fij(u, z,), j=1,2,...,k,
where
n+w—1

H a;(s)

Gj(n,u) = s:::_l , ueEnnt+w—1], j=12,... k. (2.1)

1= ] a9

Remark 2.3. It is clear that, for j =1,2,... k,

Gj(n,u) =Gj(n+w,u+w), for all (n,u) € Z*.

To define the desired cone, we observe that

I:Iaj(s) ﬂa]-_l(s)
o < Gj(n,u) < —S— (2.2)
1= ]I ) 1= I )

for all w € [n,n+w — 1].
w—1
For all (n,s) € Z*> and j = 1,2,...,k, let o; = (H a;(s))? then o; € (0,1), j =
s=0
1,2,...,k. Now we define

K={reX: z(n) >0, n€Zand z;(n) > ojlzjlo, Vj=1,2,...,k}.  (2.3)
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One can easily verify that K is a cone in X. Moreover, let T': K — X be a map
with components (77, ...,T%), where T7,j = 1,2, ..., k, is defined by

n4+w—1

(Tix)(n) = > Gi(n,u)fi(u,z,), j=1,2,.. .k (2.4)

here G(n,u) is given as (2.1).

Lemma 2.4. Assume that (Hy) and (Hy) hold. Then T is well defined and maps K

into K. Moreover, T is continuous and completely continuous.

Proof Since (Hs) holds, using a standard argument, one can show that 7" is continu-
ous and completely continuous. Moreover, the periodicity properties of the functions
F and A(n) guarantee that (T;z)(n) = (Tjz)(n+w) forall j =1,2,... k.

Next, to show that 7' maps K into K. Let x € K, so we have
(Tyx(n)) >0, j=1,2,... k.
By using (2.4), (2.2), we see that

Ma'® s
(Tjr)(n) < S:no+w_1 Z fi(u, zy),

1— H aj(s) “"

and this implies that

w—1
Ha'j_l(s) n+w—1
Tl = max |(T)(n)] < —oo— D filwz).
1= [[ as) ™

Therefore,

ol ..
T = 3 Gylmu)fywr) > —0 S pu,)

L e

w—1
> ([T ()1 Tlo = 05|T5 -
s=0

That is, T(K) C K. O
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3. MAIN RESULTS

In this section we establish the existence of positive periodic solutions for system
(1.1) and characterize the eigenvalue intervals for system (1.3). First we extend the
ideas introduced by Lan and Webb in [9, 10] to the discrete case.

For r > 0, we define the open sets

Q' ={reX: %ﬂnux]—(n) <ojrforall j=12,... k},
ne|0,w—

B"={ze X :|z| <r}.

Lemma 3.1. )", B" defined above have the following properties:
(a) Q% and B} are open relative to K.
(b) BY C Q) C By, here 0 =min{o;, j=1,2,...,k}.

(c) x € Ok if and only if v € K and I[glin . xi(n) = o;r for some i €
ne|0,w—

{1,2,...,k} and ner[glidn_l} zj(n) < o;r for each j € {1,2,... k}.

(d) If x € OSY", then oyr < z;(n) <7, n € [0,w — 1] for some i € {1,2,...,k}
and 0 < zj(n) <r, n€[0,w—1] for each j € {1,2,...,k}. Moreover, |z;|lo <.

(e) For each § > r, the following relations hold:

Q% = (QT N BJ)K and WK = (QT N BJ)K.

Proof (a) is true since I[nin ]xj (n) is continuous (discrete topology) for each j €
nel0,w—1

{1,2,...,k}. (c) is clear. Let x € 0x€", so we have from (c) that there exists
i€{1,2,...,k} such that
oilzilo < min  xz;(n) = or.
n€(0,w—1]
Thus |z;|o < r and o;r < z;(n) <7, n € [0,w —1]. In addition notice for each

Jj€{1,2,... k} that oj|z;|p < r[glin 1]:Ej(n) < o;r, 80 |zilo < rand 0 < zj(n) <7
ne|0,w—

for n € [0,w — 1], i.e., (d) holds.

Now we prove (b). Let z € B, then for each j € {1,2,...,k}, we have |z;|p <

or, so r[nin }xj(n) < or < ojrand v € Q. If v € Qf, then for each j €
nel0,w—1

{1,2,...,k}, we have ner[éljun—l} z;(n) < o;r and x;(n) > 0|z, for n € [0,w —1]. This
implies |z;]o <1, i.e., Q) C Bj. Hence (b) holds.

Finally we prove (e). The first equality follows immediately from (b). For the
second let x € Q7 g, then from (c), we have that

ojlzjlo < min zj(n) <o <o, j=1,2,... k.
ne(0,w—1]
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Thus |zjlo < 3, j =1,2,...,k, and this implies that z € (2" N B°) N K. Now, since
Q" and B° are open sets we have Q" N B> C Q"N B%. Thus z € (" N B%)k, and

therefore Q7 C (" N B%) k. The reverse inclusion is trivial. O

Remark 3.2. It is clear that the sets 2" are unbounded sets for each r > 0, so we
cannot use Theorem 2.1 with Q" directly. However we will be able to apply Theorem
2.1 with Q7 since (e) holds.

Theorem 3.3. Assume that (Hy) and (Hs) hold. Furthermore, it is assumed that the
following two hypotheses hold:

(Dy) For each j =1,2,...,k, there exist a constant « > 0 and a continuous function
Y;  Z — (0,00) such that

filn,x) > o;apj(n), forallne0,w—1], 0<z, <a (le€{l,2,....k}\{j})

and oja < z; < a; and

n4+w—1

(Dy) For each j =1,2,...,k, there exist a constant 3 > 0 and a continuous function
Xj : [0,w—1] = (0,00) such that

fi(n,z) < Bx;(n) forallne[0,w—1], 0<z; <f

and
n+w-—1

G;(n, i(n) < 1.
| dmax Z i(n, w)x;(n) <
Then, the following results hold:

(a) if B < oa, then problem (1.1) has at least one positive periodic solution x

satisfying

< = ; < q;
fllall = max =~ max |r;(n)] < e;

() if a < 3, then problem (1.1) has at least one positive periodic solution x
satisfying
oo < Jlzf| < 6.
Proof As was indicated in the introduction, the proof is based on Theorem 2.1. We
show that :

(i) [|Tz|| < ||z|| for x € Ox B®, and
(ii) there exists e € K\{0} such that = # Tz + Xe, for all z € 9xQ* and all A > 0.
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We start with (i). Now for any x € dx B?, we have |z;|o < 3 for each j € {1,...,k}.
Fix j € {1,...,k}. Then from (Ds) we obtain, for each n € [0,w — 1],

n+w—1 n+w—1
(Tjz)(n)= Y Gji(n,u)fj(u,z,) < 3 Z (n, u)x;(w)
<f max HZ:;L Gj(n, u)x;(u) < 6.

Hence, |Tjz|y < ||z|| for each j € {1,...,k}. This implies that (i) holds.

Next we consider part (ii). Let e(t) = 1, so e € K \ {0}. Next, suppose that
there exists © € JxQ* and A > 0 such that x = Tx + Ae. Since x € 0, then from
Lemma 3.1 (d) there exists i € {1,2,...,k} with o,a < x;(n) < a, n € [0,w — 1],
and 0 < z;(n) <aforn € [0,w—1]and j € {1,2,...,k}\{i}.

From (D7) we have, for n € [0,w — 1], that

wi(n) = (L)) + A = > Galn,w)fiw, ) + A

n+w—1

> 000 Z J(n,w)i(u) + A

n+w—1
2o min Gi(n,u)y(u) + X > oo+ A
_Uane[o,}u—u HZ:;L (m, w) s (u) > o«

Hence I[nin ]xz(n) > o;a+ A > o, contradicting the statement of Lemma 3.1 (c).
nel0,w—1

This contradiction proves part (ii) above.
Now suppose that 8 < ca. Then one has from Lemma 3.1 that B8, C B C

Q% and therefore it follows from Theorem 2.1 that 7" has at least one fixed point

z € Q% \ By.. Hence ||z| > 8 and 0,0 < I[gun 1]x](n) < oo, j€{1,2,... k}.

On the other hand, oj|z;|p < I[nm ’ zj(n) < o;a and therefore |z;|p < o for each
j€{1,2,...,k}. This implies that ||z| < a.

Finally, if & < 3 one has Q% C Bf(, and then Theorem 2.1 guarantees the
existence of at least one fixed point ¥ € BBk \ Q% of T. Hence we obtain the

inequality ca < [|z|| < §. O

4. EIGENVALUE INTERVALS OF (1.3)

In this section, we employ Theorem 3.3 to characterize the eigenvalue intervals of
the system (1.3). First we establish one existence result for the following functional
difference system

z(n+1)=A(n)x(n) + H(n)G(x,), (4.1)

here H(n) = diag[hi(n), ha(n), ..., he(n)], G(x) = [g*(z), ¢*(2), . .., g (z)]T.



242 J. CHU AND D. O’'REGAN
For each j =1,2,...,k, we assume that:

(H;) ¢/ : RY — Ry is continuous with ¢/(z) > 0 for ||z|| > 0.
n4+w—1

(H4) hj(n):Z — R, is continuous and Z (n,u)h;(u) > 0.

uU=n

Theorem 4.1. Suppose that conditions (Hy), (H3) and (Hy) hold. Then problem (4.1)
has at least one positive periodic solution x with x(n) £ 0 for n € [0,w — 1] if one of

the following conditions holds.
(hy) 0< g <Aj_1 cmdBj_1 <gl.<oo, j=1,2,...k;
(hs) 0< gl < A7* and Bi' < gj < o0, j=1,2,...,k;

here 90 hm+ % g/, = lim gh(:]) J=12 ...,k and
z—0 T—00
ntw—1 ntw—1
A; = ner[%i}iu Z Gj(n,u)hj(u), Bj= ner[glgl_l] Z Gj(n,u)h;(u).

Proof To see this, we will apply Theorem 3.3 with f;(n,z) = h;(n)¢’(z), j =
1,2,..., k. We assume that (hy) holds. The case when (hs) holds is similar.

From the first part of (hy), there exists # > 0 such that g/(z) < A;'S for
0 < [|z]| < 3. Choose x;(n) = A;'h;(n) for j =1,2,... k. Fix j € {1,...,k}. Then

fi(n, ) = hj(n)g’(z) < Aj_lﬂhj(n) =p0x;(n) i nell,w—1and 0<z; <f

and
ntw—1 ntw—1
> G =4S G0
n+w—1
Gy( 1.
N S

Thus hypothesis (Dy) holds.

From the second part of (h;), there exists o > 0 such that o;a > § and ¢/(z) >
Bj_laja for x; > o0, j=1,2,... k.

Thus ¢/ (z) > Bj_laja for x; > oja, 7 =1,2,..., k. Choose ¢;(n) = Bj_lhj(n),
then

fi(n,x) = hj(n)g’(z) > Bj_lajozhj(n) =o,aj(n), if n € [0,w —1], z; > 0ja,

(so in particular for ojo0 < z; < ) and

ntw—1 ntw—1
S Gyn,u)ey(u)=B;! Z (u)

n+w—1

min ZGnu (u) = 1.

nE[Ow 1]
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This implies that hypothesis (D) holds. The result now follows from Theo-

rem 3.3. ]

Theorem 4.2. Suppose that conditions (Hy), (H3) and (Hy) hold. Then problem (1.3)
has at least one positive periodic solution for each

1 1
)\E(B _min {g } A max {go}) (4.2)

777 7,,

1 1
B _min {goo} A max {go}

777 7,7

. The same result remains valid for each

1 1
A E 4.3
(B min {go} A max {goo}) (43)
] 1727 7 17 ’” 7
1 1
if Here
B 11n21n {g)} S jnax {gl.}

A=max{A;,j=1,2,...,k}, B=min{B;,j=12,...,k}

and we write 1/g? = 0 if g, = 0o and 1/g%, = oo if g2, = 0, where a = 0, 0.

Proof We consider the case (4.2). The case (4.3) is similar. If A satisfies (4.2), then

1 1
< — < — | = .
)‘gO )\ I{}%X7 {go} A = Aj’ J 1a 27 71{:7
and
g’ >>\ mln {g } > i x j=1,2,... k.
1,2,...k B ~ By’
Thus Theorem 4.1 apphes dlrectly. O

Remark 4.3. Our results improve those in [12] when n = 1.

Remark 4.4. In this paper, if condition (H;) is replaced by

(Hy)* Ifaj(n) > lforalln € [0,w—1], then fj(n,x,) < Oforalln € Zand z : Z — R%,
J=12.. .k

Then we can obtain the similar results as we present in Theorem 3.3 and Theorem 4.2.
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