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ABSTRACT. In this paper we develop the method of quasilinearization for fractional differential
equations when the right hand side function satisfies a condition weaker than convexity and also in

the situation when it is concave.
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1. INTRODUCTION

It has been realized recently that fractional differential equations are appropriate
models for studying and describing the memory and hereditary properties of various
materials and processes. This lead to a renewed surge of research activity in the area
and basic theoretical concepts like differential and integral inequalities [4], existence
and uniqueness results [2, 3, 5, 6, 10] were studied. The monotone iterative technique
and its generalization for IVPs and PBVPs has been developed in [8, 1] and [9, 11]

respectively.

The method of quasilinearization [7] is a very fruitful technique that guarantees
the quadratic convergence of a monotone sequence of solutions of linear equations,
which are constructed using the method of lower and upper solutions, to a unique
solution of the differential equation under certain conditions.

In this paper we develop this useful method of quasilinearization to fractional
differential equations which are excellent models for many physical phenomena. We
obtain results when the right hand side function of the fractional differential equation
satisfies a weaker hypothesis than convexity and also when the right hand side function

1S concave.

2. PRELIMINARIES

We start with the definitions of Caputo fractional differential equation, Riemann-

Liouville fractional differential equation and the relation between the two derivatives.
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The Caputo fractional differential equation is given by
°Dix = f(t,x), x(ty) = xo. (2.1)

and the corresponding Volterra fractional integral equation by

t

1 -1
z(t) = xo + @/ (t—s)17" f(s,2(s))ds. (2.2)

to
The Riemann-Liouville fractional differential equation is expressed as
Dz = f(t,x), (2.3)
w(t) = a” =x(t)(t —t0)' i, (2.4)

and the corresponding Volterra fractional integral equation is

t

=z +—1 —8)t f(s,x(s))ds
where
0 20(t — )77t
() = T

The relation between the Caputo fractional derivative and the Riemann-Liouville

fractional derivative is as follows:
°Dix(t) = D [z(t) — z(ty)]- (2.6)

We shall state the needed notation and the required results from [3, 4, 5], without
proof, for Riemann-Liouville fractional derivatives below. Let C,([to,T], R) = {u €
C((to,T], R) and (t —to)? u(t) € C([to,T], R)}.

Lemma 2.1. Let m € C,([to, T], R) be locally Holder continuous with exponent A > q
and for any t; € (to,T], we have

m(ty) =0 and m(t) <0 forty <t <t (2.7)
then
Dim(ty) > 0. (2.8)

Lemma 2.2. Let {x.(t)} be a family of continuous functions on [ty, T, for each e > 0,

where
DTz (t) = f(t,zc(t), af=z(t)(t —t0)' ety
and

|f(t,x(t)] < M fortg <t <T.

Then the family {x.(t)} is equicontinuous on [to, T).
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Theorem 2.3. Let v,w € Cy([to,T], R) be locally Holder continuous for an exponent
O<A<land A >gq, feC([ty,T] x R, R) and

(1) D(t) < f(t,v(t)),

(1) Dw(t) > f(t,w(t)), to <t <T, (29)
one of the inequalities (i) or (ii) being strict. Then
v’ < w’ (2.10)
where v° = v(t)(t — o) 7 s=sy, and w® = w(t)(t — to) "=, implies
v(t) <wl(t), to <t <T. (2.11)

We first show that Lemma 2.1 also holds for Caputo derivative.

Lemma 2.4. Let m € Cy([to, T], R) be locally Hélder continuous with exponent A > q
and for any t; € (to,T] we have

m(t1) =0 and m(t) <0 forty <t <t. (2.12)
Then it follows that
DT m(t,) > 0. (2.13)
Proof. In view of the relation (2.6), we have
°Dim(t) = DU m(t) — m(ty)].

m(to)(t — to)_q
I'(1—q)

Noting that DIm(ty) =
—qu(to) Z 0.
Hence we obtain *Dim(t) > D%m(t).

and m(tg) < 0 we get

Thus using Lemma 2.1, we conclude
Cqu(tl) Z D1 m(tl) Z 0.
0

We next claim that both the Lemma 2.2 and the Theorem 2.3 hold for Caputo

derivative also. The proofs being similar are omitted.

The explicit solution of the nonhomogeneous linear fractional differential equation
of Caputo’s type is used to prove the main result. Hence we present it here from [2].

The nonhomogeneous linear fractional differential equation of Caputo’s type is given
by
Diz) = Az + f(t), z(to) = o, (2.14)

where f € C,([to,T], R), is Holder continuous with exponent g¢.
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Using the method of successive approximations we get the unique solution of
(2.14) as

z(t) = 2o E (A (t — to)?) + /t(t — )1 B, (Nt — 8)D) f(s)ds, t € [to, T], (2.15)

to

where
EH)=y ——— =y ———

are Mittag-Lefller functions of one parameter and two parameters respectively.
The next result deals with nonstrict fractional differential inequalities for Caputo

derivative.

Theorem 2.5. Let v,w € Cy([to,T], R) be Hélder continuous for an exponent 0 <
A<land X>gq,feC(ty,T] % R,R) and

(1) “Dv(t) < f(t,0(t)),

(i) <Dt w(t) > (t, w(t). 210
Suppose further that the standard Lipschitz condition
flt,x)— f(t,y) < L(x —y),xr >y and L > 0, (2.17)
is satisfied. Then v(ty) < w(ty) implies
o(t) < w(t),to <t <T. (2.18)

Proof. We set
we(t) = w(t) + eA(t)
where
A(t) = E,(2L(t — t0)?).
Then
we(ty) = w(ty) + € > w(to)
as A(tg) = 1. Thus we get w(to) > w(ty) > v(ty) and w.(t) > w(t).
Further using the Lipschitz condition (2.17)
DT w(t) = “D%w(t)+ e “D? \(t)
f(t,w(t)) + 2Le A(t)
f(t, we(t)) — Le A(t) + 2Le \(t)
> f(t,we(t)), to<t<T.

>
>

Now applying Theorem 2.3 for Caputo differential inequalities to v(t),w(t) we get
v(t) < we(t), to <t < T for every € > 0. As e — 0 we get v(t) < w(t), to <t <T
and thus the proof is complete. O

Corollary 2.6. The function f(t,v) = o(t)v where o(t) < L is admissible in Theo-
rem 2.5 to yield v(t) <0 onty <t <T.
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3. QUASILINEARIZATION

The method of upper and lower solutions coupled with the monotone iterative
technique offers monotone sequences that converge to the extremal solutions of the
original nonlinear problem. When we employ the technique of lower and upper solu-
tions together with the method of quasilinearization, it is possible to construct mono-
tone sequences which converge quadratically to the solution of the original problem.
In this section, we shall extend the method of quasilinearization to the fractional

differential equation of Caputo type, namely,
‘Diz = f(t,z), z(ty) = o, (3.1)

where f € C([to,T] X R, R), °D? is Caputo’s fractional derivative and

t

1 -
x(t) = xo + () /(t —5)17 f(s,x(s))ds, t € [ty, T, (3.2)

to
is the equivalent Volterra fractional integral equation.

We shall prove the following simple result concerning quasilinearization, when f

satisfies weaker conditions then convexity.

Theorem 3.1. Assume that

(1) f € C([tO,T] X R, R), Oéo,ﬁo € Cq([tO,T],R) and CDqOé() < f(t,Oé()),
DBy > f(t, B0), ao(t) < Bo(t), t € [to, T, anlto) < w0 < Bolto);
(i) f(t,x) > f(t,y) + fo(t,y)(x —y), >y, fo(t,x) is assumed to exist and satisfy

| fo(t @) — fult,y)| < Llz —yl; (3.3)
(iii) f.(t,x) is nondecreasing in x for each t.

Then there exist monotone sequences {ay,},{6,} such that o, — p, B, — r uniformly
and monotonically to the unique solution p = r = x of IVP (3.1) on [ty,T] and

convergence is quadratic.

Proof. We consider the following sequences generated by linear fractional differential

equations,
Cann—l—l = f(t, an) + fm(ta an)<an+1 - Oén), an+1<t0) = Zo, (34)

CDqﬂn+1 = f(t, ﬁn) + fm(ta an)(ﬁn—l—l - ﬂn)v ﬁn—l—l(to) = o, (35)
and ag(tg) < zg < Fo(to). Since the right hand side satisfies a Lipschitz condition, it

is clear that unique solutions exist. Our aim is to show that
<o <L < B, << B < By on [to, T (3.6)
We shall first prove that

ag <oy < By < o on [to, T). (3.7)
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Set
pP=0o1 —
so that
Cqu =° DqOél — chOéQ Z f(t, Oéo) + fx(t, Oéo)(Oél — Oéo) — f(t, Oéo).

This implies *Dp > f.(t,ap)p and p(ty) > 0, which because of Corollary 2.6 yields
p(t) > 0 on [ty,T]. Thus we have agy < ay. Similarly, we can show () < ). To show
a1 < (1, we set p = 1 — a; so that

‘Dip = f(t, Bo) + fult, a0)(Br — Bo) — [f(t o) + falt, o) (a1 — o).

Using assumption (ii), we get

“Dip > fo(t, a0)[B1 — Bo — (a1 — @) + Bo — ] = fe(t, ao)p.
Since p(ty) = 0, we get p(t) > 0 on [tg, T], which implies 5 > a4
proving (3.7).
Suppose now that for some k > 1,

ap < ag_1 < ag < B < Br—1 < o onfty, T. (3.8)

and we show that
ag < agr1 < Brsr < By on [to, 1.

To prove this, we let p = a1 — g so that we have

‘Dip = f(t,ou) + folt, ar)(arrr — ax) — [t ar-1)
+ fu(t; ag—1) (, — 1)
> folt, 1) (o — ar) + fo(t, an)(Qnrn — ax)
—fu(t, 1) (o — 1)
= Jfa(t, ar)p, p(to) = 0.
Hence we get p(t) > 0 which yields agy1 > i on [ty,T]. Similarly we can show

Orr1 < Bg. To prove a1 < Bry1, we set p = [ry1 — agsq so that we obtain

‘Dip = f(t,5) + fu(t; ar)(Brs1 — Br)

—[f(t an) + fu(t, on) (i1 — )]

falty o) (B — an) — fult, an) (g1 — o)

+fu(t, ) (Brser — Br)

> folt,on)[Bre — an — aryr + an] + fu(t, ar) (Besr — Br)
= f:(t,ar)p and p(ty) = 0.

This proves that agy1 < f+1 on [to, T]. Hence by induction (3.8) is valid for all n.

v

Clearly the sequences are uniformly bounded because of (3.8), which shows that
{*D%a,},{°D?3,} are also uniformly bounded. By Lemma 2.2 we get the sequences
are equicontinuous on [tp, 7’| and therefore Ascoli-Arzela Theorem provides subse-

quences that converge uniformly on [to,T]. This together with (3.8) gives that the
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entire sequences {«, }, {3,} converge uniformly and monotonically to p, r respectively
as n — o0o. Using the corresponding Volterra fractional integrals of (3.4), (3.5), one
can easily show that p,r are solutions of IVP(3.1) and using the fact that f satisfies

a Lipschitz condition, since f,(¢,z) is bounded on the sector

[0, Bo] = [z ao(t) < < Bo(t)],
we find p = r = x is the unique solution of IVP (3.1).
To prove the quadratic convergence of {a,},{f.} to the unique solution, we
consider
Pl =T — Qpits Tng1l = Ppp1 —

so that p,41(to) = 0 and r,41(tg) = 0. We then have

‘Dippir = f(t,2) = [f(tan) + folt, an) (i1 — )]
= fx(t, an)pn - f:v(tv an) [pn - pn—l—l]

[fo(t, @) = fult, )] P+ folt, on) Puga

LIpn|® + fo(t, an) Prs1 < Lipald + Nppa,

where

|fm‘ < N7 ‘pn|0 = sup ‘pn(t)‘
[to, T

This inequality yields the estimate

Puna(t) < Llpal2 J( — )71 Eyg(N(t — s)9)ds

to

< Nolpa|d  where Ny = L% (T — ) E, (N(T —t9)7).

Thus we finally have the estimate which shows the quadratic convergence,
Pas1lo < Nolpalg.

A similar computation shows that
[Pns1lo < Nolrals.

The proof is therefore complete. O

4. QUASILINEARIZATION: FUNCTION IS CONCAVE

In this section, we obtain the quadratic convergence to the unique solution for
the IVP

°Dix = g(t,x), z(ty) = zo, (4.1)

where g € C[J x R, R] and J = [ty,T] is a concave function. The main result is

presented below. |,

Theorem 4.1. Assume that
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(1) ap, Bo € CUJ, R] such that fort e J
Diag < g(t, ap),c DGy > g(t, Bo) and ag(t) < Bo(t) with
ag(to) < o < Bolto)-
(ii) g € C[Q, R]. Assume g, exists and g, < 0 on Q where Q = {(t,x) : ap(t) <
z(t) < fo(t), t € J}.
Then there exists monotone sequences {cu,(t)}, {5.(t)} which converge uniformly

to the unique solution of the given IVP (4.1) and the convergence is quadratic.

Proof. Using the fact that g, exists, we get

for some L > 0 and ap(t) <y <z < Gy(t). Further g,, < 0 implies
g(t,z) > gt y) + g.(t,x)(xz —y), =>y. (4.3)

Consider the linear Caputo fractional differential equations,
‘Dicgir = g(t, ar) + g2 (t, Br)(rr — ax),  arti(to) = o (4.4)
“DBrr1 = g(t, Br) + g2 (t, Br) (Brerr — Br)s  Braa(to) = o (4.5)
Taking k = 0, we set p = ag — a1 and consider
‘Dip = “Dicg—," Dl
< g(t ao) = [9(t, o) + g2(t, Bo) (a1 — )]
= g.(t, B0) (0 — a1) = go(t, Bo)p.
Further p(ty) < 0. Thus using Corollary 2.6, we conclude p(t) < 0 for ¢ € J, that is
ap(t) <auft), te

In a similar manner we can prove that

Gi(t) < Bo(t), te
Now set p = oy — (31, then p(ty) = 0.
Also
Dip = °Dia, — DG,
= g(t, a0) + g2(t, o) (a1 — o) — [g((t; Bo) + g=(t, Bo)(Br — Bo)]-
Using relation (4.3) we arrive at,
‘Dip < g.(t, Bo)[(a1r — o) — (B — Bo) — (Bo — )] = g=(t, Bo)p-
Again Corollary 2.6 yields, p(t) < 0 on J which implies oy < 3y on J. Thus
ao(t) < on(t) < Bi(t) < fholt), 1 €] (46)

Suppose for k > 1,

ao(t) < ap1(t) < ap(t) < Bilt) < Broi(t) < Bolt) on J. (4.7)



QUASILINEARIZATION FOR FRACTIONAL DIFFERENTIAL EQUATIONS 415

We now show that

ai(t) < arpa(t) < Braa(t) < Bi(t) on J (4.8)

where a1 and [, are the solutions of the linear fractional differential equations
of Caputo’s type (4.4) and (4.5) respectively.

To prove the relation (4.8) we set p = ay — ay41, S0 that p(tg) = 0 and

‘Dip = g(t, 1)+ gu(t, Be—1)(ar — 1)

—lg(t, an) + gu(t, Br) (k1 — )]

—92(t, Br—1) (o — ap_1)

+90(t, Bre—1)(ar — ag—1) + go(t, Br)(ar — gy1)
= 9a(t, Be)p.

IA

Applying Corollary 2.6 we obtain ay(t) < ayy1(t) on J.

Similarly we can show fj.1(t) < Bk(t),t € J. Finally consider p = ag1 — i1

“Dip g(t, an) + g2 (t, Br)(arsr — aw) — [g(t, Br) + 9o (t, Br) (Brr1-Ok)]
9x(t, Bi) (o — Br) + 92(t, Br) (g1 — ) — gu(t, Br) (Brs1 — Br)
9x(t, Be) (o — Br) = (Br1 — Br)] + 92(t, Br) (g1 — o)

9x(t, Br)p.

VANRVAN

Also p(ty) = 0. Again using Corollary 2.6 we conclude that agy1(t) < Grr1(t) on J.

Thus using the principle of mathematical induction, we infer that
ala <ol <, <G, <G << B <Gy on J (4.9)

From (4.9) we observe that the sequences are uniformly bounded which also yields
that {°D%,},{°D?3,} are uniformly bounded.

By Lemma 2.2 we can conclude that the sequences {«,} and {3,} are equicon-
tinuous on J and therefore Ascoli Arzela Theorem provides subsequences that con-
verge uniformly on J. This together with (4.9) guarantees that the entire sequences
{an},{Bn} converge uniformly and monotonically to p and r respectively as n — oo.

Using the corresponding Volterra fractional integrals of

‘Dicg = g(t, ap—1) + gull, Bo-1) (o — ax—1), ar(to) = xo
DBy = g(t, Br—1) + gu(t, Bu—1)(Br — Br—-1), Br(to) = xo

one can easily show that p and r are solutions of IVP (4.1). Since g satisfies Lipschitz
condition we find p = r = x is the unique solution of IVP (4.1).
To prove the quadratic convergence of {a,}, {3,} to the unique solution we con-

sider pny1 = & — g1, ug1 = Ppg1 — . Clearly p,11(to) = 0 and gn41(to) = 0. Using
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the relation (4.4) and the mean value theorem successively we get

‘Dip,y1 = g(t,x)— [g(t, ) + 9o (t, Bn)(Qng1 — an)]
g(t,x) — g(t, an) — gu(t, Bu)(Qnyr — an)
9ot )Pn — G (t, B)Pn + 92 (t, Br)Pns1
[9:(t, n) — g (t, Ba)lpn + g (t, Bu)Pns1

~ 922 (t, €)(Bn — n)Pn + G2 (t; Bn)Pnia

~ e (t, §)@nDn — Gua(t, )05 + 2 (t, Bn)Pnia

where o, <n < ;0 < & < [y
Note that g,, < 0.

I VAN

Let
|g22(t, )| < My, |g(t,2) < L, (t,x) € Q.
Hence
Cqun—l—l S Ml [ann +pgz] + Lpn—l—l
< M3p2 + 2] + Lpni1 with puia(to) = 0.
Thus Iy
c 1
qun-i-l S 7 [3|pn|(2) + |Qn|g] + Lpn+1~
where

|Pnlo = sup |pn(t)], [gnlo = sup |ga(t)].
teJ teJ

This inequality gives the estimate

t

pnt) < 5 Bl o] [ (6= 07 Eyy(Lit - 5)ds

to

N

M
where Ly = 2—1 (T —t0)? Eyq( L(T —t0)7).
q

Thus we have the estimate |[p,i1]lo < Lo[3|pnlZ + |¢a]3], which implies the quadratic
convergence of the sequence. A similar computation slows that

|gnr1lo < Lo[|pn|? + 3|gn|2]. The proof is complete. O
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