Dynamic Systems and Applications 17 (2008) 313-324

THREE POSITIVE SOLUTIONS FOR A GENERALIZED
STURM-LIOUVILLE MULTIPOINT BVP WITH
DEPENDENCE ON THE FIRST ORDER DERIVATIVE

YOU-WEI ZHANG AND HONG-RUI SUN

School of Mathematics and Statistics, Lanzhou University, Lanzhou, 730000,
Gansu, People’s Republic of China.
Department of Mathematics, Hexi University, Zhangye, 734000, Gansu, People’s
Republic of China.

ABSTRACT. In this paper, we are concerned with the following generalized Sturm-Liouville mul-

tipoint boundary value problem

W)+ h(t) f(tu®),u (#)=0,0<t<]1,

au —bu Zazufz cu ( —|—du Zbu{l

where 0 < & < -+ < &no <1 (mZ 3),a,b,c,d € [0,00), a;, b; € (0700) (i=1,2,...,m —2) are
constants satisfying some suitable conditions. Existence criteria for at least three positive solutions
are established by using the fixed point theorem of Avery and Peterson. The interesting point is the

nonlinear term f which is involved with the first order derivative explicitly.

AMS (MOS) Subject Classification. 34B15, 39A10.

1. INTRODUCTION

In this paper we are interested in the existence of three positive solutions for the

following generalized Sturm-Liouville multipoint boundary value problem (BVP)
(1.1) u'(t) +h(t) ftu(t),u (t)=0, 0<t<l,

-2

(12)  an(0) - w0) = Y au@),  eu(l) (1) = Y b,

1

3

i

where a,b,¢,d € [0,00), 0 < & < -+ < &na < 1(m>3), a;, by € (0,00) are
constants for i = 1,2,...,m — 2.

The study of multi-point boundary value problems for linear second order ordi-
nary differential equations was initiated by I1’in and Moiseev [7]. Since then, there
has been much attention paid on the study of nonlinear multipoint boundary value

problems, see [1, 3, 4, 6, 8, 9, 10] and the references therein.
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There are many papers dealing with the existence of positive solutions for multi-
point BVP, in which the nonlinear term f is independent of the first order derivative
with different boundary conditions. In particular, Ma [10] established some existence

results of positive solutions for the problem

(Lu) (t)+h(t) f(t,u(t) =0, O0<t<],

. 0) — bp(0) Zaz (€), eu (D) +dp(1/(1) = 3 buu(o),

where (Lu) (t) = (p(t)u’(t))'—q(t)u( ), the main tool is the well-known Guo-Krasnosel-
skii’s fixed point theorems [5].

In [4], by a new fixed point theorem, Guo and Ge gave sufficient conditions for
the existence of at least one solution to the following three point boundary value

problem

u' 4+ f(tu,u’) =0, 0 <t <1,
u(0) =0, u(l)=au(n).

Motivated by the works above, our purpose of this paper is to establish some
sufficient conditions for the existence of three positive solutions to the problem (1.1)
and (1.2).

The rest of the paper is organized as follows. In section 2, we provide some
lemmas which are useful later. An important lemma and criteria for the existence
of three positive solutions for the generalized Sturm-Liouville multipoint BVP (1.1)
and (1.2) are established in section 3. Finally, in section 4, we give an example to
illustrate our results.

For convenience, we list the following hypotheses:

(A)) p=ac+ad+be>0,a;,b; satisty a > S a;, ¢ > S0 b,

(Az) h € C([0,1],]0,00)) and there exists ty € [0,1 — o] such that h(ty) > 0,
where o € (0,1/2) is a constant, f € C([0,1] x [0,00) x (—00,00), [0, 00)).

2. PRELIMINARIES

In this section, we present some preliminaries and basic lemmas which are useful

later.

Firstly, for convenience, we define
z(t) = at + b and y(t) = d+ c(1 —t) for t € [0, 1]

and denote

A — —meaa:(&) pP— Z 1az y (&)
p— S i (&) = by (&)
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Then it is easy to see that z(t) and y(¢) are the solution of the problems z”(t) =
0,2(0) =b,2' (0) = a and y"(t) = 0,y(1) = d,y’(1) = —c respectively.
Lemma 2.1. [10] Assume (A1) holds. If A # 0, then for g € C[0,1], the problem
(2.1) u'(t)+gt)=0, 0<t<l,

m—2 m—2

(2.2) au(0) — b/ (0) = Y au(&),  cu(l)+du'(1) =) bu(&)

i=1 i=1

has a unique solution

(2.3) / G (t,s)g(s)ds+z(t) A(g) +y (t) B(g),
where
1) (d+e(l—=t))(as+b), 0<s<t<1,
(2.4) G(t’s)_p{(at+b)(d+c(1—s)), 0<t<s<l,
_i :_12aif01G(€i>S)g(3)dS p— Z =1 azy(gz)
2o AT R S e s ods - S (e) |
L =Y (&) S 1 azfo &i,s) g(s)ds
(2.6) Blg) = % P IS b6 SR (LG (6 5) g(s)ds ‘

For the sake of convenience, we give the following hypothesis.
(A3) A <0, p= 37 ay (&) > 0, p = X717 b (&) > 0.

Lemma 2.2. If (Ay) and (As) hold, then for g € C[0,1] with g > 0, the unique
solution u of the problem (2.1) and (2.2) satisfies

(2.7) u(t) >0 fortel0,1] and <Itn<i{1_ w(t) > ||ull,,

where 71 = min{ y(yl(g)g), %} and ||ul, = maxo<i<1 |u (t)|.

Proof. From Lemma 2.1, we know that G(¢,s) > 0. From (A4s), (2.5) and (2.6),
A(g) > 0 and B(g) > 0. Thus by (2.3) we get that u(t) > 0 for t € [0, 1].

In view of (2.4), it is easy to see that G (t,s) = G (s, t), further
(2.8) G(t,s) <G (s,s), t,se€]l0,1].
For t € [0,1 — 0], s € [0, 1], we have

y®) y(1—0)

? < t? Y S t7

;g = { STy
)a —

QA
|
R N
» | »
~— | ~—
|
—N
&2@

H

That is

(2.9) G(t,s) > 1G(s, s).
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By Lemma 2.1 and (2.8), we have

|ull, = max u(t) = max (/0 G(t,s)g(s)ds+ z(t)A(g) + y(t)B(g))

0<t<1 0<t<1

(2.10) < / G (5,5) g (s) ds + (1) A(g) +y (0) B(g).

Hence, for t € [0,1 — o], combining (2.9) and (2.10) with the monotonicity of z and

y, we can conclude that

w(t) = / G (t.5) g (s)ds + (1) Alg) +y (t) B(g)
> / nG (s,5)g (s)ds + 2 (0) Ag) +y (1 — o) B(g)

1
> 7 [/ G (s,8)g(s)ds+x(1)A(g) +y(0)B(g)| > 7 |lull,-
0
The proof is complete. 0

Let v and 6 be nonnegative continuous convex functionals on a cone K, a be
a nonnegative continuous concave functional on K, 3 be a nonnegative continuous
functional on K, and mq, ms, ms, my be positive numbers, we define the following
convex sets
P(y,my) ={ue€ K:v(u) <my};
P(yv,a,mg,my) ={ue K :ms <a(u),y(u) <my};
P(v,0,a,mg,m3,my) ={u € K :mg < a(u),d(u) <ms, v(u) <my};

and a closed set
Q(,}/?ﬁvmlamﬁl) = {U € K: my S ﬁ(u)a’)’(U) S m4}-

To prove our main results, we need the following fixed point theorem due to

Avery and Peterson.

Lemma 2.3. [2] Let K be a cone in a real Banach space E. Let~y and 0 be nonnegative
continuous convex functionals on K, a be a nonnegative continuous concave functional
on K, and 8 be a nonnegative continuous functional on K satisfying B (Au) < A3 (u)

for 0 < X\ <1, such that for some positive numbers € and my,

a(u) < B w) and ||u|| < ey (u), for allu € P(vy,my).

Suppose T' : P (vy,my) — P (7y,my4) is completely continuous and there are positive

numbers my, mo and ms with my; < mo such that

(B1) {u € P(~,0,a,ma, m3,my) : a(u) >mo}t # 0, a(Tu) > my for u € P(v,0,q,
m27m37m4);

(B2) a(Tu) > my for u € P(y,a,ma,my) with 0 (Tu) > ms;

(B3) 0 & Q(v,8,m1,mq) and B (Tu) <my for u € Q (v, 3,m1,ma) with B (u) =my.
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Then T has at least three fixved points uy, us, uz € P (v, my4) such that

V(Ui)§m4f07”i:1,2,3, m2<OZ(U1);

my < 6 (Ug) with o (UQ> < My, ﬁ (Ug) < mj.

3. MAIN RESULTS

Let E be the Banach space C'[0,1] with the norm [u| = max {|jull,,|«],},

where [|u'||; = maxo<;<1 [t/(t)]. Set

K = {u € E : u is nonnegative, concave on [0, 1] and u satisfies (1.2),

(3.1) min_u(t) = 71 Juf,}.

telo,1—o]

Clearly, K is a cone of E. Now from Lemma 2.1, the problem (1.1) and (1.2) has a

solution w if and only if u is the fixed point of the operator equation

u(t)z/o G (t,s)h(s) f(s,u(s),u' (s))ds+z(t) A(hf) +y(t) B(hf):= (Tu)(t).

Assume that (A4;), (A2) and (As) hold. By Lemma 2.2, we know that 7T'u () > 0 and
(Tw)"(t) = —h(t)f (t,u(t), v (t)) <0 for u € K. Moreover, according to Lemma 2.2,
we can conclude that Tu € K. Applying Arzela-Ascoli lemma, it is easy to see that

T is completely continuous.

Now we give a lemma which is important in establishing the existence of triple

positive solutions of the problem (1.1) and (1.2).
For notational convenience, we denote
by, A+ hi(1-&)
il ES
Lemma 3.1. Assume (A1) holds, if u € K, then

Ay

(3.2) lully < 72 [lu'lly

where

T2 = max{rgl, 7'22} )

b o el
To1 = Inax a&—jn_—27A1 (1+M),A1 <1+ min ¢ a) ’
a—0 a a1é1 1<i<m—2  @;&;

_ { chy —d  (1-&)(chy — d) d+c—c5m_2}
Too = IMax .

min

1<ism-2b; (1= &) bz (1 —Ena)  c— S22,
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Proof. For u € K, we suppose ||ul|, = maxo<;<i1u (t) = v (§). If £ = 0, then by the
concavity of u and the condition (A;), we know that «/(0) < 0 and

m—2

au(0) — bu'(0) > au(0) > Z a;u(0) > Z_: a;u(&;),

i=1
which contradicts the assumption that u satisfies (1.2). Similarly, if £ = 1, then we
can get that

cu(l) +du'(1) > cu(l) > 2_: biu(l) > 2_: biu(&i),

which is a contradiction with the assumption that u satisfies (1.2). Thus |lul|, =
u(€),€ € (0,1). Furthermore

Jely = gmass Je (5] = max{[u' ()], o/ (1)}

In the following, we concentrate on the existence of constant 7.
First, we suppose that ||u'[|, = |u' (0)] =« (0).

By the concavity of u on [0, 1], we have v’ (0) > ( (&) —u(0)) /&, i=1,2,...,m—
2. Take into account that au (0) — bu'(0) = 3277 a;u(E,), it follows that

m—2 m—2 m—2 m—2
D w00 =) au (&) = > au(0) = au (0) — bu' (0) = Y azu(0),
i=1 i=1 i=1 i=1
hence
m—2
(3.3) u (0) < bt Zifnl_f iSi '(0) = Ay (0)
a— i a

From |Jullo = u(§), £ € (0,1), we know that there are three cases to be considered.

Case 1. € € (0,&]. The concavity of u implies w’ (0) > (u (§) — u(0)) /&, so
(3.4) au(€) — au(0) < aéu'(0).

Since u (&;) < u (&), we have

(3.5) au (0) — bu' (0) < mfau ().
From (3.4) and (3.5), we obtain B
#(O) < S 0) £ S 0,
that is
(3.6) Jull, < _‘g{_lb el
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Case 2. € € (&1, &mn—2]. According to the property of b, we get

u(0) = b’ (0) + Y 0w (6) = (&),

w(&)=u(0) - ul@—
&1 =

which combines with the inequality 7

a1&; a1
that is
@) full < s (1+ 222 )
Case 3. £ € (§,_2,1). There are au (0) — bu’ (0) > a;u (&),

G%.U(O)—H(O)>C%.U(0)—C%U’(0)—U() u () — ()>u(£)—u(0).

“O) and (3.3), we have

w(€) < (1+ 75(“_6‘1)) w(0) < A, (1+—§m‘2 (“_al)) ' (0),

.., m—2, 80

&i - & &i - 3
It follows that

w(€) < min <1+M)u(0)§ min <1+“_ai)u(0),

1<i<m—2 a;&; 1<ism—2 a;&;
combining with (3.3), we obtain that
(3.8) lully = w(€) < Av (14 min == ) |Ju/|
: ully =u(§) <A ,Juin E u'l]y -

Consequently, from (3.6), (3.7) and (3.8), we have

(3.9) lully < 72 [lu'lly

Secondly, suppose that ||u'||, = |« (1)|. Again, by the concavity of u on [0, 1], we

have

u' (1) < % i=1,2,...,m—2,
and by the condition cu (1) + du/(1) = S7"7% bu(&;), we know that
—Zb, (1-&)u 2m2bzu (&) — mibm (1) + du/ (1) — mz_:zbiu(l),
therefore h B B
(3.10) W)y TEEEBO =8 ) g,

¢ — ZZ” 12 bs
Similarly, we have the following discussion.

Case 1. £ € (0,&]. There are “(52:71“1) “(52 uld) for j =1,2,.

get
bi (& — &)
1-¢

bi (1 —¢&)

cu(1) 4+ du'(1) > bu (&) > 1—¢

u(l)+ u(§),

thus
bi (1 -¢&)

¢ uw(§) <cu(l)+du'(1).

m — 2, SO we
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By (Ay), it is easy to check that cAy — d > 0, and in view of (3.10), we have
CA2 —d

w(E@) < S22 ) fori=1,2, ..., m—2.
© < S (1)
That is
. CA2 —d

. < _ .

(.11) full < min, {20l
Case 2. £ € (&1,&n—2]. The concavity of u implies that “(52; 22) 11‘(1) < u(fg:;‘(l).

So

cu(1) + du (1) > byt (Enz) > by (f—fmju@ n %um) ,

by (3.10) and c¢Ay — d > 0, it follows that

(=Oh—d), ,  _(1-&)ch—d),
u(§) < b2l — ) (—u' (1)) < s (1 —60) (—u' (1)),
that is
(1-&)(cAy—d)
(3.12) Jull < G = .
Case 3. & € (&,-2,1). Again, by the concavity of u we have v’ (1) < %,
thus
cu(§) + cu(l = EHu'(1) < cu(l).
In view of u € K, we get cu (1) + du’ (1) < 327 biu (€), and
cu(§) + cu(l —Eu' (1) + du' ( Zbu
therefore
d—i—c(l—f) , d+c— C§m2 /
3.13 —u(¢ 1) < £ %m=2 .
313l =) < T (0 (1) < T )
By (3.11), (3.12) and (3.13), we obtain
(3.14) lully < 7oz [l -
So from (3.9) and (3.14), we get [ju||, < max{7o1, Too} |||, = 72 [|2|],- O

We are now ready to apply Avery-Peterson’s fixed point theorem to the operator
T to give the sufficient conditions for the existence of at least three positive solutions
to the problem (1.1) and (1.2).

Let the nonnegative continuous concave functional «, the nonnegative continuous
convex functionals § and v, and the nonnegative continuous functional 6 be defined

on the cone K by

_ _ /
ow) = min u(®), ()= max [ (1)
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O(u) = f(u) = max u (t) for u € K.

0<t<1

Now for convenience we introduce the following notations. Let

S = max{

20 [ Ty hs)ds 42 O AW+ O B(h)' ,

v [ %x<s>h<s>ds+x'<1>z4<h>+y'<1>B<h>'},

M o= min{/o G (0,5)h (s)ds +x (o) A (h) +y (o) B (),

/0 G(l—a,s)h(s)ds+x(1—a)A(h)+y(1—o)B(h)}
and

N = max (/01 G (t,s)h(s)ds + z(t)A(h) + y(t)B (h)) .

0<t<1

Theorem 3.2. Suppose (A1) —(As) hold and f (t,0,0) # 0 fort € [0, 1]. If there exist
positive numbers my, mo and my with my; < ms such that the following conditions
are satisfied:

(Cy) f(t,pu,v) <my/S for (t,u,v) € [0,1] x [0, 7amy] X [—my, ma] ;
(02) f(t,,LL, V) > m2/M fOT (t7u7 V) € [07 1- U] X [m27m2/7-1] X [_m47m4] ;
(C3) f(t,pu,v) <my/N for (t,pu,v) € [0,1] x [0,m1] X [—my, my].

Then the problem (1.1) and (1.2) has at least three positive solutions uq, us, and
us satisfying

/ . . 3 .
(315> 32%}(1 |uz (t)‘ S my fOT = 17 27 37 mo < USIFSI{I—U Uy (t> )
(3.16) my < max us (t) with ,Jnin u (t) < meo; max us (t) < my.

Proof. By the definition of operator T" and its properties, it suffices to show that the
conditions of Lemma 2.3 hold with respect to T

We first show that if (C) is satisfied, then

(3.17) T : P(y,mq) — P (v, my).

In fact, for u € P(y,m4), there is v(u) = maxo<i<i [t/ (t)] < my. With
Lemma 3.1, there is ||ul|, < 7 [|/]|, < T9m4, and assumption (C1) implies f(t, u(?),

uw'(t)) < my/S for t € [0,1]. On the other hand, for u € K, there is Tu € K, then Tu
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, (Tu)/(l)‘} , SO

is concave on [0,1], and maxo<<1 |(Tu)’ ()| = max {|(T'u)’ (0)

v(Tu) = max |[(Tw) (t)]

N / ¢ 1 !

= max |y / i (s)h) (5. ). w(5)) s
+2'(t) /t %y(s)h(s)f(s, u(s),u'(s))ds + x'(t) A(hf) + Z/(t)B(hf)‘
my ’ t1 / /

< ?max{ x (0)/0 ;y (s)h(s)ds+ 2 (0)A(h) +y'(0)B (h)|,
y'(1)/0 %a; () h (s)ds + 2(1)A (h) + /(1) B (h)'} — ..

Therefore, (3.17) is satisfied.
We choose u (t) = my/m for 0 <t < 1. It is easy to see that
u(t) =mao/m € P(7,0,a,ma, ma/T1,my) and « (u) > ma.
Hence
{P (7,0, a,mg,ma/T1,m4) : o (u) >ma} # 0.

For u € P (7,0, o, ma, ma/T1, my), there is mo < u(s) < my/m and |u' (s)| < my for
s € [0,1 —0o]. Hence by condition (C5), one has that f(t,u(t),u'(t)) > mo/M for
t € 0,1 — o). So by the definition of the functional o we see that

a(Tu) = Ugrglgi{l_g Tu(t) =min{(Tu) (o), (Tu) (1 —0)}

= min {/0 G(o,s)h(s)f(s,u(s),u'(s))ds + x(a)A(hf) + y(o)B(hf),

/0 G(1 —o0,s)h(s)f(s,u(s),u'(s))ds + z(1 — o) A(hf) + y(1 — O')B(hf)}

v

"2 i { /0 (o, 5)h(s)ds + =(0) A(R) + y(o) B(h),
/0 G(l—o,s)h(s)ds+z(1—0)Ah)+y(1 —O‘)B(h)} = ma.

Therefore, we get a(T'u) > b for u € P (7,0, , ma, my/7,my) and condition (Bj) in

Lemma 2.3 is satisfied.

We now prove that (Bs) in Lemma 2.3 holds. In fact, if u € P (v, 0, ma, my)
with 6 (T'u) > mo /71, then

a(Tu) = i Tu(t) >m max Tu(t) = 16 (Tu) > mo.

Finally, we assert that (Bj3) in Lemma 2.3 also holds.
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Since £(0) =0 < mq,s0 0 & Q (v, 5, m1,my). Assume that u € Q (v, 3, my1, my)
with §(u) = myq, then, by the condition (C3) we obtain that

B(Tu) = max Tu(t)

0<t<1

= max/ G (t,s)h(s) f(s,u(s),u'(s))ds + x(t)A(hf) + y(t)B(hf)

0<t<1

< W&lﬁé[/ G(t,s)h(s)ds+x(t)A(h)+y(t)B(h)| =my.

To sum up, (By)—(B3) hold. Thus from 2.3 and the assumption that f(¢,0,0) # 0
on [0,1], the BVP (1.1) and (1.2) has at least three positive solutions uy, us, ug such
that (3.15) and (3.16) hold. The proof is complete. O

4. EXAMPLE

In this section, we give an example to illustrate our results.
Let h(t)=landm =4, a=c=4,b=d=2,&& =1/4, & =1/2, a1 = ay =
by = by = 1/2. We consider the following BVP

(4.1) W)+ f (), d (1) =0, 0<t<1

(4.2)  4u(0) =2 (0) =u(1/4) +u(1/2), 4u (1) +2u' (1) = u (1/4) +u(1/2),

where
Ly Lid+ (&), te 0,1] e (— 004} € (—00, 00);
ft,p,v) = %t+1_7()(5_ w1+ (%) t€[0,1],u € (4,5),v € (—o0, 00);

Y L=+ (%), telo, 1], € (5,5.5),v € (—00, 00);
+ B4 (& )3, te[0,1],u € (5.5,00),v € (—o0, 00).

It is easy to see that z(t) = 4t + 2, y(t) = —4t + 6 and the conditions (A;) — (A4s)
hold and f(¢,0,0) # 0 on [0,1]. By some calculations, we have p = 32, A = —512,
n=1/2, » =3/2and S = 1/2, M = 45/64, N = 47/64. If we choose o = 1/4,
my = 1, mg = 2 and my = 30, then f (¢, u,v) satisfies

ft u,v) <60=my/S for (t,u,v) € [0,1] x [0,45] x [—30, 30];
f(t,p,v)>128/45 = mo/M for (t,pu,v) € [1/4,3/4] x [2,4] x [—30, 30];
[t pv) <64/47=my/N  for (t,u,v) € [0,1] x [0, 1] x [—30, 30].

Then all assumptions of Theorem 3.2 hold. Thus by Theorem 3.2, the problem (4.1)

and (4.2) has at least three positive solutions u, us, us such that

max |u; (£)] <30 fori=1,2,3; 2< min wu(f);
0<t<1 1/4<t<3/4

1 < max ug (t) with min ws(t) <2; maxus(t) < 1.
0<t<1 1/4<t<3/4 0<t<1



324 Y-W. ZHANG AND H-R. SUN

5. ACKNOWLEDGEMENT

This research was Supported by the NNSF of China (10571078), the Fundamental
Research Fund for Physics and Mathematic of Lanzhou University(Lzu05003) and
China Postdoctoral Science Foundation(2005038486).

The authors are grateful to the anonymous referees for very valuable comments

and suggestions.

REFERENCES

[1] R.P. Agarwal, D. O’Regan, P.J.Y. Wong, Positive Solutions of Differential, Difference and
Integral Equations, Kluwer Academic Publishers. Dordrecht. 1999.

[2] R.I. Avery, A.C. Peterson, Three positive fixed points of nonlinear operators on ordered Banach
spaces, Computers Math. Appl. 42(2001) 313-322.

[3] Z. Bai, Z. Du, Positive solutions for some second-order four-point boundary value problems,
J. Math. Anal. Appl. 330(2007) 34-50.

[4] Y. Guo, W. Ge, Positive solutions for three-point boundary value problems with depedence
on the first order derivative, J. Math. Anal. Appl. 290(2004) 291-301.

[5] D. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press,
New York, 1988.

[6] C.P. Gupta, A generalized multi-point boundary value problem for second order ordinary
differential equations, Appl. Math. Comput. 89 (1998) 133-146.

[7] V.A. I1’in, E.I. Moiseev, Nonlocal boundary value problem of the second kind for a Sturm-
Liouville operator, Differential Equations. 23(1987) 979-987.

[8] L. Kong, Q. Kong, Multi-point boundary value problem of second order differential equations
(I), Nonlinear Anal. 58(2004), 909-931.

[9] N. Kosmatov, Symmetric solutions of a multi-point boundary value problem, J. Math. Anal.
Appl. 309(2005) 25-36.

[10] R. Ma, Multiple positive solutions for nonlinear m-point boundary value problem, Appl. Math.

Comput. 148(2004) 249-262.



