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ABSTRACT. In this paper we discuss some existence results and the application of quasilin-
earization methods to the solution of second order nonlinear self adjoint elliptic partial differential
equation in R™ with Dirichlet boundary conditions. Under fairly general assumptions on the data of
the problem we show the existence of a solution that can be obtained as the limit of a quadratically
convergent nondecreasing sequence of approximate solutions. If the assumptions are strengthened,
we show that the solution can be quadratically bracketed between two monotone sequences of ap-

proximate solutions of certain related linear equations.
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1. INTRODUCTION

Recently, there has been a lot of activity related to the theory of upper and lower
solutions and quasilinearization (QSL) for nonlinear ordinary differential equations.
See, for example, [1, 6, 10, 15, 17, 25] and [3, 5, 12, 13, 16, 18, 19, 20, 21, 22, 23]
and the references therein. The current research activity on the QSL method involves
development and application. For a discussion of the method see the manuscript [15]
or the paper [21]. For an account on recent developments the reader is referred to [7]

and the references therein.

Encouraged by the positive indications concerning the applicability of the method
to various fields of mathematics and applied sciences, we treat in this article the

development of the QSL method to partial differential equations of the form
(1.1) lu = Fu,

where

"0 0
u(z) = — JZZI i (% () géf)) tap(z)ulz), € QCR"
with Dirichlet boundary conditions and F' is a nonlinear operator. In a sense, this

article is an application of the techniques developed for the general Hilbert space
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settings [7, 9] to the case where the operator involved is a partial differential operator.
We shall see that some of the main results here can be proved in exactly the same

way as in [7], whereas some of the other results have to be proved directly.

This paper consists of four sections in addition to the introduction. In Section
2 we present some preliminary material. In Section 3 we prove a general existence
theorem under a weak continuity assumption on F' and a certain coercivity condition.
The proof makes use of a Galerkin type argument. In Section 4 we combine the
Galerkin method with lower and upper solutions techniques to prove a basic existence
theorem when problem (1.1) has lower and upper solutions. In Section 5 we discuss the
application of the QSL method to generate sequences of solutions of certain perturbed
problems converging quadratically in an energy norm to a solution of the differential
equation (1.1).

2. PRELIMINARIES

Let Q C R" be a bounded open set with smooth boundary and let Hj (), L? (€2),
H7'(Q) and L* () denote the usual Sobolev and Lebesgue spaces. In general,
the notation (£,u) will mean the pairing between the elements ¢ € H~!(Q) and
w € H} (). If both £, u € L*(Q), then the pairing reduces to the inner product in
L2 (9).

Suppose ag, a;; € L> (), 1,7 =1,2,...,n. Define the formal operator ¢ by

lu(z) = — i aii (aij () agg)) +ag (2) u(z).

ij=1

= —div (A (z) Vu (z)) + ao (x) u (x), z € Q,
where A (z) = (a;; (z)). Now ¢ induces an operator L : H} (Q) — H~* (Q2) defined by
Lu=(u Yu€ Hy(Q).
Furthermore, define the bilinear form a : H} () x H} (2) — R by
a(u,v) = (AVu, Vv) + (agu, v) .

Lemma 2.1. For f € H 1 (Q), the following are equivalent

(i) uwe HY(Q), Lu= f,

(i) uw € Hy (), a(u,v) = (f,v) for allv e C° ().

Proof. See [2]. O
Corollary 2.2. The operator L : H} (Q) — H~'(Q) is bounded.

Proof. Since L is defined on all of H} (), we only need to show that it is closed. For

this assume that we have a sequence {u,,} C H} () converging to a u € H} () such
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that Lu,, — f in H'(Q). Then Vu, — Vu in L?(Q)" and u,, — u in L* (). For
any v € C§° (),

(f,v) = lim(Lu,,v) =lim (<Vun, AtVU> + (agun, U>)
= (Vu, A'Vv) + (agu,v) = a(u,v).

It follows from Lemma 2.1 that Lu = f. O

Observe that the operator L# defined on H} () by
L#u = (*u,
where (*u = —div (A'Vu) + agu satisfies
(Lu,v) = a(u,v) = {u, L¥v)
for all u,v € Hy (Q).
We consider the equation
(2.1) Lu = Fu,
where we make the following basic assumption on F.

(A) The domain of definition Dp of F' is convex, H'(2) C Dp C L?*(Q2) and F :
Dr — H™'(Q) is a nonlinear weakly continuous (or continuous) operator with
respect to the norms of L? () and H~* (Q).

The weak continuity here means that if {u,} is a sequence in Dp such that
(U, v) — (u,v) for all v € L? () then (Fu,,v) — (Fu,v) Yo € H} (). Observe also

that our settings here allow the dependence of F' on u to include the gradient Vu.

3. EXISTENCE OF SOLUTIONS

In this section we prove an existence theorem under the Assumption (A) and a
coercivity condition that is required to hold on the surface of a ball of positive radius
in H} () (see equation (3.1) below). No other assumptions are made on the operator

L. For instance, it is not required here that L be bounded below.

Assume {w;};- is an orthonormal basis for Hy () (actually, {w;};-, can be se-
lected in C§° (2)).

Theorem 3.1. Assume (A) holds. Assume further that there exists a p > 0 such that

the following coercivity condition holds:
(3.1) (Lu — Fu,u) >0 (< 0)

for all u € span{w;};2, with HUHH(%(Q) = p. Then (2.1) has at least one solution.
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Proof. We first consider the case when the inequality in (3.1) is greater than zero.
Let

Vin = span {wy, wa, -, Wy, } .

Denote by B,, (0, p) the open ball centered at the origin and with radius p in H] (9).
Consider the problem: Find wu,, € V,, such that

(Pm) (L, v) = (Fup,v) Yv € V.

We show that (Pm) has a solution u,, € V,,. Define the operator T, : R™ — R™ as
follows. Associate with each element o = (aq, ag, ..., ay,) € R™, the element u € V,,,
where u = 32" auw;. Then |a|? = HU“H?I&(Q) and the association is an isometry
between R and V,,,. Define

Tna = (((L = F)u,w;))}Z, -

The weak continuity (or continuity) of F' and the finite dimensionality of R™ imply
that T, is continuous. Furthermore, for all v € dB,, (0, p),

Toa, &) Za]<L F)u,w}) = (L — F)u,u) > 0.

A consequence of Brouwer’s fixed point theorem (see, e.g. [11]) then gives us that T},

has a zero a,, such that the corresponding u,, € B,, (0, p).

Hence, we have a uniformly bounded sequence {u,,} ~_, (in Hg () and in L? (Q2))
such that

(Ltty, wi) = (Fup, w;) Vi < m.

Since {u,,},._, is weakly compact, we get a subsequence (denoted {um, },.,) and an
element u € Hj () such that u,,, — v in Hg (Q) and u,,, — w in L*(Q) (as H} (Q)
is compactly embedded in L*(Q)). Since L is continuous, Lu,, — Lu. Since F' is
weakly continuous (continuous), Fu,,, — Fu. (Fu,, — Fu)in H™'(Q). Fixing i

and taking the limit as k — oo gives

(3.2) (Lu,w;) = (Fu,w;) .
Since i is arbitrary, equation (3.2), holds also for all v € D = span {w;};,. Since D
is dense,
(Lu,v) = (Fu,v) Vv e Hy (Q).
Therefore,

Lu = Fu.

Finally note that if the inequality in (3.1) is less than zero then we let F = —F
and L = —L. In this case <Lu — Fu,u> = —(Lu — Fu,u) > 0. O
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4. EXISTENCE IN THE PRESENCE OF UPPER AND LOWER
SOLUTIONS

In this section we show that, if problem (2.1) has lower and upper solutions (see
[19] or the definitions below), then the coercivity condition (3.1) can be traded in
for a boundedness condition on the operator L. This condition is explicitly stated as

follows:
There exists a © € R such that
2
(4.1) a(u,u) > pllullp g
This assumption is satisfied if, e.g., the coefficients a;;,¢,7 = 1,2,...,n satisfy the

ellipticity condition

Z azy gzgj > Co |£| vg S an Ve e Q

2,7=1
for some ¢y € R.

In the following definition, we denote by ~y, the trace operator (see [2]) on H! ().

Definition 4.1. A function o € H' () is called a lower solution of (2.1) if o < Fa
and v < 0 almost everywhere on 9Q. A function 3 € H'(Q) is called an upper
solution of (2.1) if {8 > F3 and 7o > 0.

Define the operator Ty on Cg° (€2) by
(4.2) Top () = max {¢ () ,0} .
Lemma 4.2. The operator Ty defined by (4.2) extends to a continuous operator from
H} (Q) into itself.
Proof. First, we observe that, for ¢ € C5°(Q), |p| € H} (Q2). To see this, let ¢ €
Cg° (2) and set
t={zeQ:p(z)>0},
Q" ={zeQ:p(x) <0}

and
P ={reQ: o) =0}.
Then, QF, Q= are open, Q° is closed and

oo e
81’, 01', 7 51'1'

¢ ax, w

—/Q@Dg,

axz
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where,
dp(x)
gxi , xeQf
glo)=q -2 e
0 otherwise.

Hence, |¢| has an L? () weak derivative. Therefore, |p| € H} (). Now, since
Top = (l¢| + ©) /2, Tow € H} (). Furthermore,
Toor = Togalyay < 3 llor = o2l + (01 = o2l e
0 2 0
< ler = @2l -

Finally, since the inclusion C§° (Q) C Hj (Q2) is dense, Ty extends to all of H (Q). O

Observe that if, for ¢ € H} (), we set ¢ = Ty and QF, Q7. Qg as in the proof

of the above theorem, then

Vo(z), 1eQtu)
V¢($):{ O() xeQ” 0

where € is the interior of Qy. Since Qy = 9Q U QT U Q™ it has measure zero.

Therefore,

fwvera = [ vk
= [ ve@Pdo= [ 9ol ds
[ 19e@l ds

IA

Hence ||T090||H3(Q) < ||90||H3(Q)-

Lemma 4.3. For every u € H} (), (Lu, Tou) > p ||T0u||2Lz(Q).

Proof. Let p € C5° (Q). Let QT ={z € Q: ¢ (x) > 0}. Since Top € H} (),
(Lo, Top) = (=div(AVe) + aop, Top) = (AVe, VIop) + (aop, Tow)

_ / AV - Vo +/ app® = a (Top, Tow) > 1 ||T080||§{3(Q)'
O+ Qt

Next, given u € H} (), let {¢,} be a sequence in C§° () converging to u in H} (£2).

Since L is bounded, Ly, — Lu. Then, since T} is also continuous
(Lu, Tou) = lim (Lepy, Topp) > plim ||T0<Pn||i13(9) = ||TOUH§{3(Q) :
]

If we start with the definition of T, on C*° (ﬁ), we can, similarly, show that it

extends to a continuous linear operator on H* (Q) into itself.
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Given v € H' (Q), we can then define the operators T, and TV on H' (Q) by

Two = v+Th(p—v),
T = v—=TH(v—¢).

For a, 3 € H' () such that a < 3 we let [a, 8] = {u€ L? () :a <u < 3} and
define the operator Q : H' () —H* (Q) by

B (x) if u(z) > B (),
Qu(z) =T Tyu(r) = u(x) if a(z) <u(r)<p(x),
a(x) if u(z) <a(rx).

Then, by Lemma 4.2 @ is continuous on H* (2). However, it is not weakly continuous

(see [26]). For this reason we need to strenghten Assumption (A) to:

(A’) The domain of definition Dy of F is convex, H'(Q) C Dp C L*(Q) and
F : Dp — H™'(Q) is a nonlinear weakly continuous and continuous operator with
respect to the norms of L? () and H~! (Q).

Theorem 4.4. Suppose (A’) holds and that problem (2.1) has a lower solution o and
an upper solution [ such that o < 3. Assume further that inequality (4.1) holds with
> 0. Then (2.1) has a solution u such that o < u < 3.

Proof. Choose A > p and consider the modified problem
(4.3) Lu+ \u = F*u,

where F* := (F + \) Q. Note that Q (H'(€)) is weakly pre-compact in L? () since
it is bounded. Since the operator F'+ X is weakly continuous, F** is bounded (say by
M) on L?*(Q). Furthermore, for u € H} ()

(Lu+ M — Fruu) = a(u,w) + Mull* 2 (0 + A |ull72g) — M ull 2q) > 0.

By Theorem 3.1, (4.3) has a solution v € Hj (©). We claim that o < u < 3. If
not, then either Tgu > B or T%u < a. If Tu > [ let 2 = u — 3. Observe that,
since 708 > 0 and you = 0, 79z < 0. Therefore, voTpz = 0 and Tyz € H} (Q2). Also
1T0z| 2() > 0 since Tz # 0. Now, using Lemma 4.3 and the assumption that > 0,

0

IA

<L27T02;> — <F*u — >\U — L67T02>
< =Xz, Thz) = =\ HTOzHi?(Q) <0,

a contradiction. We get a similar contradiction if T%u,, < « holds. O
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5. THE QUASILINEARIZATION METHOD

In this section we discuss the QSL method for (2.1). Let X CH"' (Q2) be the cone
of nonnegative functions. For £&,n € H~! () we will say that £ < 7 if

(€,2) < (n,2) Vzek.

A similar meaning is given to the relation & = n. If £, € L?(Q) then the notions
¢ X nand ¢ < ncoincide. We start with the following definition of p-convex operators.

Definition 5.1. Suppose C' C L? () is a convex set and J : C — H~' (Q). We will
say that J is p-convex if

(5.1) J(1=0)u+60v)=(1-0)Ju+0Jv.

forall 0 € [0,1], u,v e C .

We can easily show that (see also [4], Theorem 4.3.16) an operator J : C' —

H=1(Q) with Gateaux derivative J’ is p-convex if and only if
Ju = Jv+ Ju(v—u)
for all u,v € C.

From this point on we will assume that (2.1) has a lower solution apand an upper
solution 3y such that ag < fy. Let C = [, Bo] and let J : Dp — L? () be weakly
continuous, p-convex on C' and has two weakly continuous Fréchet derivatives J', J”.
(For example, J could be of the form Ju = v ((u,uo))* wy, where wy > 0,7 > 0.)
Observe that, considered as an operator on H' (Q) into H~' (), J is still weakly
continuous and with two weakly continuous Fréchet derivatives. Define the weakly
continuous operators ® : Dp — H~' (Q) and G : DpxDp — H™' (Q) by

du = Ju — Fu,
and
G (u,v) = Fo+ Jv(u—v) — [du— D).
Suppose that, for a given v € Dp, u is a solution of
Lu =G (u,v).

Then it is straightforward to check that w is a lower solution of (2.1). On the other
hand, if 3 is an upper solution of (2.1) then it is also an upper solution of the above

equation. Consider the differential equation
(5.2) Lu = G (u,ap) .

Since «ayg, fp are lower and upper solutions of (5.2), respectively, Theorem 4.4 tells us
that (5.2) has a solution a; € C. Repeating the process with aq replaced by «; and

so on we obtain a sequence ay, € Cy, := [ay_1, Fo] N HE (Q), k=1,2,....
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Theorem 5.2. Assume (A) holds. Assume further that (4.1) holds with pn > 0 and
that o, By € H (Q) are lower and upper solutions , respectively of (2.1) such that

ao < By. Then the sequence {ay} generated as discussed above converges in L* () to
a solution of (2.1).

Moreover, if F is monotone decreasing, with range in L* (), then

(a): {ax} converges in H} (Q) and
(b): the convergence in L? () is quadratic.

Proof. The sequence {ay} converges in L? () to a function a € C. For any v €
H; (),

w{Vag, Vu) < al(ag,v) = (Lag,v) = (G (ag, ap_1),0) .
Since G is bounded on C, {a;} is bounded in H} (©2). Therefore, (a subsequence)
ap — € H} (Q). Furthermore, the compact embedding of H] () in L? () implies
that (a subsequence) aj — 3 in L?(2). By uniqueness of the limit, 3 = a. By
Corollary 2.2, (a subsequence) Lay — La. Hence, for any v € H} (Q2),

(Lo, v) = lim (Lag, v) = lim (G (ag; a—1) ,v) = (Fa,v) .

Thus, La = Fa.

To show (a), observe first that if F' has its range in L? (), then the same is true
for G and both functions are still norm bounded, say by M, on C'. Now

w{Var, —Va,Vap —Va) < a(Vap —Va,Va, — Va)

<L(ak—(1’),ak_a>
= <G (O(k; Oék_l) - FOé, ap — Oé>

< 2M |l — ol 2 -

This shows that ay — « in H} (Q).
To show (b), observe first that J has the representation

Ju = JU+J'v(u—v)+/01(1—T)J”(v+7'(u—v))(u—v)2d7'
for all u,v € Dp. Using this representation for J, the operator GG can be written as
G (u,v) :FU—/Ol(l—T) J" (047 (u—0)) (u—0v)’dr.
Let ¢, = a — ;. Then

Lek =Fa-G (Oék, Oék_l)

1
=Fa— Fay, + / (1—7)J" (a1 + 7 (ax — ag_1)) (ag — ak_1)2 dr.
0
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Therefore, using the monotonicity assumption on F', we get

1
(Le, ex) < /0 (1= 7)* " (a1 + 7 (= a1l — @t 2 llenll ey d7

1 2
< gmax 7 (W)l llaw — ar-1llzaq) lewl z2o)

1

2
S max 77 (@) lex1l32qo) lerl 0, -

On the other hand, using the Poincaré inequality, we have

IA

A
2 2
||€k||L2(Q) < A||€k||H3(Q) < ﬁa(ekaek)

A 2
= ﬁ (Lek, ex) < Ay Hek—lHLZ(Q) ||€k||L2(Q) :
This establishes the quadratic convergence of the iterates. O

We strengthen the assumptions on F' to:

(B): In addition to (A), assume further that F' has two weakly continuous Fréchet
derivatives on C' and F’ < 0.

Let B be the set
B={uek:|ul|=1}.

Lemma 5.3. There exists an operator J : Dp — L? () such that J"uvw > 0 and
F'uvvw — J"uvw 20 for allu € C and v,w € K.

Proof. Let S be a linear, finite rank and positive [14] operator on H' (Q) (for example,
S could be an orthogonal projection in the direction of a positive function uy €
H'(€)). Assume that the cone SK lies strictly on one side of a supporting hyperplane
M in SH. Since SB is compact and M is closed, d (SB, M) = § > 0. Let z; be a
unit vector in SH! () that is normal to the hyperplane M. Then

M={z€SH" (Q):(z1,2) =0}.

Since SKC lies on one side of M we may assume that (z1,z) > 0 for all z € SK. For
any u € B,
0<d6<d(Su,M)=(Su,z).
Define the operator J : Dp — L? (Q) by
Ju =y ((Su, 21))* S*z.
Then J'uv = 2y (Su, z1) (Sv, z1) S*z1 and J"uvw = 2y (Sw, z1) (Sv, z1) S*z1. Now
for v,w,z € B and u € C,
(F"uvvw — J"uvw, z) < M — 2y (Sw, z1) (Sv, 21) (21, Sz)
<M —2v5° <0



QUASILINEARIZATION FOR ELLIPTIC PDES 455

for sufficiently large . For general nonzero vectors v, w, z € IC, the result follows by

writing

F// _J// — 2 2 F// LL_J// Lﬂ i )
(v = Jruvw,2) = ol 1= o = ol ol T2

O

Assume now that (B) holds and choose an operator J : Dr — L?(Q) with the
properties stated in Lemma 5.3. Let ® = F' — J. Then the inequalities J"u > 0
and ®” (u) < 0 easily give Ju = Jv + J'v (u —v) and Pu < Pv + ®'v (u — v), which

in turn give
(5.3) Fu» Fv+ [J'v+ ®'u] (u —v)
for all u,v € C. For given «, 3 € Dp consider the linear problems

(D) Lu =G (u;a,3),

(IT) Lu =D (u;a, 3)

where G (u; a, ) = Fa+[J'a + @3] (u — a) and D (u; o, §) = FB+[J'a+ @[] (u — 3).
Let us verify that a solution u of (I) is a lower solution of (II). Using (5.3) repeatedly,

and that @’ is decreasing and J' is increasing on C' with respect to the relation <, we

have
Lu = Fa+[Ja+®'6](u—«)
= PuzFB—[Ju+ @Bl (8 —u)
< FB-[Ja+®B](8-u)=D(uwa,f),

Similarly, we can show that a solution u of (IT) is an upper solution of (I). Also, ag, B
are lower and upper solutions, respectively, of both (I) and (II). Theorem 4.4 then
tells us that the equation

Lu = G (u; o, o)
has a solution ay € [ag, 5] N H} () and that the equation

Lu = D (u;ay, f)

has a solution 3, € [aq, 5] N H} (). Repeating this process with ag, 3y replaced by
a1, 41 and so on, we obtain two sequences {ax}, {3} in H} () of solutions of (the

appropriate adjustments of) (I), (II), respectively, with

ap <o < Lo < B <--- < By < By k.
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Theorem 5.4. Assume (B) holds. Assume also that (4.1) holds with p > 0 and
ap, B0 € HY () are lower and upper solutions, respectively, of (2.1) such that cy <
Bo. Then the sequences {ay},{Bx} generated as discussed above converge in L* (Q)
to a solution of (2.1).

Moreover, if F has its range in L* (Q), then
1. {aw}, {Be} converge in H} (Q);

2. the convergence in L*(Q) is quadratic.

Proof. The Lebesgue dominated convergence theorem gives o, — « and Gy — [ in
L?(€). Asin the proof of Theorem 5.2, we can show that o, 3 € Hj (Q), La = Fa and
Lp = Fp. Tt follows from the strong positivity of L and assumption (B) that o = f3.
To show the quadratic rate of convergence, define the error functions e;, = o — oy, and
re = P — a. Then

Fa — G (ag; ag_1,fk-1) = Fa — {Fay_1 + [J a1 + @' B_1] (o — 1) }
= {JOé — JOék_l — J/Oék_l (Oz — Oék_l)} + {(I)Oé — (I)ak_l — (I)/ﬂk_l (Oé — Oék_l)}
+ [J/Ozk_l + @/ﬁk_l] (Oé — CYk) + [J,Oék_l + (I),Ozk_l] €L.

Now
1
Ja—Jag_1 — Jap_y (a—ap_1) = / (1—7)J" (g1 +Tep_1) e;_,dr
0
and
1
Pa — Py — V1 (@ —agp_q) = / (1—7)®" (g_1 + Tep_1) e5_,dr
0
—{ P B — P a1}t er1 < —{P'Br_1 — P'ag_1} ep—1.
Therefore,

1
Fa— G (ag;ap_1, Br1) < / (1—7)J" (g1 +Tep_1) e;_,dr
0

—{ V' By—1 — P g1} ep—1 + [ ag_1+ P'ag_1] ex
1
= / (1 — 7') J// (Oék_1 + Tek_l) 62_1617'
0
1
- / (1= 1) 8" (s + 7 (Ber — 1) (Brr — r) eprdr
0
+ F/ozk_lek

1
< / (1=7){J" (ap—1 + Ter—1) 1,
0

—®" (a1 + 7 (Br—1 — ar—1)) (er—1 + Tr-1) ex—1} dT.
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Since e;, > 0, using the boundedness of J”, ®” on C, we have

1
(Ley, ey) < / (1 =7)(J" (a1 + Ter—1) €5,
0

— O (a1 + 7 (Bt — ar—1)) (er—1 + Th—1) €51, €k>dT
< M (llex—al* + llex—all lIre—ll) llex]
<M (lexl* + llre—a]1®) llexll -
Since L is bounded below by pu,

— 2 2
lexll < = M ([lex—al” + Irall”) -

Similarly,
-1 2 2
Irell < i M (llex ™ + el -
This establishes the quadratic convergence of the iterates. O
REFERENCES
[1] B. Ahmad, J. Nieto and N. Shahzad, Generalized Quasilinearization Method for Mixed Bound-

ary Value Problems, Appl. Math. Comp., 133:423-429, 2002 .

R. Adams, Sobolev Spaces, Academic Press Inc., 1978.

B. Ahmad, J.J. Nieto and N. Shahzad, The Bellman-Kalaba-Lakshmikantham Quasilineariza-
tion Method for Neumann Problems, J. Math. Anal. Appl. 257:356-363, 2001.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis Framework,
Texts in Applied Mathematics, 39, : Springer, New York, 2001.

A. Cabada, J.J. Nieto and R. Pita-da-Veiga, A note on rapid convergence of approximate
solutions for an ordinary Dirichlet problem, Dynam. Contin. Discrete Impuls. Systems 4#1:23—
30, 1998.

M. El-Gebeily and D. O’'Regan, A Generalized quasilinearization method for second order non-
linear differential equations with nonlinear boundary conditions, J. Comp Appl. Math, 192#2:
270-281, 2006.

M. El-Gebeily and D. O’'Regan, A quasilinearization method for a class of second order singular
nonlinear differential equations with nonlinear boundary conditions, J. Nonlin. Anal. RWA,
8:174— 186, 2007.

M. El-Gebeily and D. O’Regan, Existence and Quasilinearization Methods in Hilbert Spaces,
J. Math. Anal. Appl., 324:344-357, 2006.

M. A. El-Gebeily and D. O’Regan, Existence and Quasilinearization in Hilbert Spaces Revisited,
Appl. Anal., 864#4:411-419, 2007.

D. Franco and D. O’Regan, A new Upper and Lower Solutions Approach For Second Order
Problems With Nonlinear Boundary conditions, Arch. Ineq. App., 1:423-430, 2003.

A. Granas and J. Dugundji, Fized point theory, Springer Verlag, 2003.

T. Jankowski, Quadratic approximation of solutions for differential equations with nonlinear
boundary conditions, Comp. Math. Appl. 47:1619-1626, 2004,

R.A. Khan, J.J. Nieto, and A. Torres, Approximation and rapid convergence of solutions for
periodic nonlinear problems with an application to a nonlinear biomathematical model of blood

flow in intracranial aneurysms, (preprint).



458

[14]
[15]
[16]

[17]

M. A. EL-GEBEILY AND D. O’REGAN

M. A. Krasnosel’skij, J. A. Lifshits and A. V. Sobolev, Positive Linear Systems-The Method of
Positive Operators-, Sigma Series of Applied Mathematics(5), Heldermann Verlag, Berlin, 1989.
V. Lakshmikantham, A. Vatsala, Generalized Quasilinearization for Nonlinear Problems, MIA,
Kluwer, Dordrecht, Boston, London, 1998.

V. Lakshmikantham and A. Vatsala, Generalized quasilinearization versus Newtons method,
Appl. Math. Comput. 164:523-530, 2005.

J. W. Lee and D. O’Regan, Existence Principles for Differential Equations and Systems of
Equations, Proc. Topological Methods in Differential Equations and Inclusions, NATO ASI
Series C. Kluwer Academic Pub., Dordrecht, (Ed. Granas y M. Frigon), 239-289, 1995.

V. B. Mandelzweig and F. Tabakin, Quasilinearization approach to nonlinear problems in
physics with application to nonlinear ODEs, Computer Physics Comm. 141: (2001), 268-281.
D. Mitovié and D. Zubrini¢, Fundamentals of Applied Functional Analysis, Pitman Monographs
and Surveys in Pure and Applied Mathematics, 91, Addison Wesley Longman Ltd 1998.

J.J. Nieto, Generalized quasilinearization method for a second order ordinary differential equa-
tion with Dirichlet boundary conditions, Proc. Amer. Math. Soc. 125:2599-2604, 1997.

J.J. Nieto, Quadratic approximation of solutions for ordinary differential equations, Bull. Aus-
tral. Math. Soc., 55:161-168, 1997.

J.J. Nieto and A. Torres, A nonlinear biomathematical model for the study of intracranial
aneurysms, J. Neurological Science, 177:18-23, 2000.

J.J. Nieto and A. Torres, Approximation of solutions for nonlinear problems with an application
to the study of aneurysms of the circle of Willis, Nonlinear Anal., 40:513-521, 2000.

S. Nikolov, S. Stoytchev, A. Torres and J.J. Nieto, Biomathematical modeling and analysis of
blood flow in an intracranial aneurysm, Neurological Research, 25: 497-504, 2003.

D. O’Regan, Existence Theory for Nonresonant Singular Boundary Value Problems, Proc. Ed-
inburgh Math Soc., 38:431-447, 1995.

D. O’'Regan and M. El-Gebeily, Existence, Upper and Lower Solutions and Quasilinearization
for Singular Differential Equations, submitted.



