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ABSTRACT. We study the existence of special solutions of second order Riccati type equations.
We apply these results to third order linear differential equations with almost constant coefficients.
We give new sufficient conditions to know the asymptotic behavior of the logarithmic derivative of a
solution y. We recover Poincaré and Perron’s results and other asymptotic formulae. Furthermore,

we obtain some weaker versions of Levinson and Hartman-Wintner type Theorems.
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1. INTRODUCTION

In this paper, using a Riccati type equation, [1, chap. 6] and [8, 19, 20], we study
the classical problem of Poincaré [22] and Perron [17] for a third order scalar linear

differential equation
(1.1) y" + (az +r2(0)y" + (a1 + r1(8)y" + (a0 + ro(t))y = 0,

where Aj, A2, \3 are the roots of the polynomial P(\) = A3 + aA? + ;A + ay,
ReA; > Re)y > ReAs and the locally integrable functions ry, £ = 0,1, 2 are assumed
small in some sense, obtaining an explicit and precise formula for the asymptotic

behavior of the solutions of type

yi(t) = exp ( /t : Ni(5) ds)

m

(1.2) A(t) = X+ )05(t) + i (t),  i=1,2,3,

j=1

and

where 0;; have explicit expressions in terms of the variable coefficients r, k = 0, 1,2
and the error function ;,,.1 satisfies an integral equation and it can be estimated
by known terms. We have given such a formula with m = 1 in Theorems 1, 2, 3 and

4. In Theorem 5, we show a formula (1.2) with m = 2. Usually in applications, the
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equations are transformed to equations of Perron-Poincaré type where our results can
be applied (see [4, 15, 16, 18, 21]).

The asymptotic theory of a linear differential equation asks for a representation
of a fundamental system of solutions in a vicinity of t = 4+o00. Its importance can
hardly be overestimated for several reasons. For its own sake and for the reason
that the asymptotic behavior of solution of nonlinear problems require quite often
asymptotic integration of a linearized problem. A comprehensive account of the
“nonanalytic theory” is given in the texts books [3, 4, 7, 14]. In [2], it is treated also
the “analytic theory” which has been largely studied. The others methods are based

in the reduction to a first order differential system and in several transformations.

An important feature is given by the fact that for the eigenvalue A which repre-
sents the asymptotic formulae (1.2) for the solutions begin always with the original
eigenvalue A\ of the unperturbed equation. In this way the original “physical mean-
ing” represented by A is preserved. In quantum mechanics, the physical meaning of
the eigenvalues A are of great importance since they are proportional to the energy

levels of a quantum mechanical system.

Given v € C with Rey > 0 define the operators

G0 = [ i) ds,

to

and for a > 0

(e e}

call(t) = + / e (t,5) |r(s)] ds,

to
where e (t, s) = 2™ if +(t—s) > 0 and eX(t, s) = 0 otherwise. These operators
satisfy the useful inequality

G5 [bG2a])| < £ L), 6 <

Our conditions are given in terms of the functions 7; = ro + A\;r1 + A2ra, 1y + 279,
i =1,2,3 and ry. In this way, Hartman’s results [12] are extended, for third order

equations, to G;[7;](t) — 0 as t — oo and for some explicit v € (0,1/2),

I£E I+ 2Xira]lloe + | £2[r2)ll oo < v,

where G;[r](t) = |Gi[r](¢)| + |Gi[r]' (¢)|, G; is a linear combination of G1’s, || - |leo is
the supremum norm on [ty,00) and 0 < f < v = min{Re(A; — A3), Re(Aa — A3)}.
The uniform smallness of £ [ry + 2)\;re] and L] [ro] should be valid in a vicinity of
t = +00. They need not tend to zero as t — +o0c. The terms 75, r1 + 2\;79 and ry are
not necessarily uniformly small. Moreover, it is possible that G;[r;](t) — 0 as t — oo
even when r; is not small. The used method is scalar [8, 19] and does not need a

reduction to a first order system, nor any transformation as the usual diagonalization
process [2, 4, 5, 6,7, 11, 18].
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Studying similar results for n-order differential equations, Hartman [12, 13] ex-
tends Perron’s result, assuming
sup(1+ s — t)_1/ |r(T)|dr — 0 ast — o0, k=0,1,2,
s>t t

which is equivalent to L [r](t) — 0 as t — oo, k =0, 1,2 (see Lemma 1) and also to
t+1
lim |ri(s)|ds =0, k=0,1,2.

t—oo t

Actually, our extension gives a formula for the solutions y of equation (1.1), which
allows several applications. Moreover, the famous theorems of Levinson and Hartman-
Wintner and others can be deduced as a by product of ours results. Furthermore,
equations with unbounded coefficients are usually reduced to equations (1.1). See
[18, 23] and [2, 3, 4, 7]. All the errors in the asymptotic approximation can be
estimated. Our results are suitable to deduce the number of linearly independent
L?-solutions, that is the deficiency index. See Gilbert [10] and [15, 16].

2. PRELIMINARIES

We consider a new variable z = (y'/y) — A, where A € C is a root of P. We will
find such a function z with property z(t) — 0 as t — oco. Also, we want to express a

such z as sum of terms known. We will need the following results, see [1, 4, 12].

Lemma 2.1. Let v € C, o« = Rey > 0 and let r be a locally integrable function on
[to, 00). Consider the functions

t+1
@1 ) :/t Oldrand () =sup(l 5= 1) / in(7)] dr.
Then the following statements are equivalent: *(t) — 0 ast — oo, T(t) — 0
as t — oo, LY[r|(t) — 0ast — oo and L2[r|(t) — 0 ast — oo. Further-
more, GL[r](t) — 0 ast — oo holds if r is conditionally integrable in [ty,00). If
r € LP[tg, 00) for some p > 1, then LS[r](t) — 0 as t — oo and L[r] € LP[ty,00).

Note that given a locally integrable function in [ty,00), say r, if either
r(t) — 0ast — oo or r € LP[ty,00) then r*(t) — 0 as t — oo. Also, given v € C,
a = Rey > 0, we have |GL[r](t)| < LEL[r](t) for all ¢ € [tg, o0).

Lemma 2.2. Consider a > 0 and let € : [ty,00) — IR be a locally integrable function
such that either LY[E] or LY[E] is bounded in [tg,00). If r(t) — 0 ast — oo then
LE[Er](t) — 0 ast — oo.

Proof. It L1 [€] are bounded then £* is bounded for some M > 0. So, given ¢ > 0
there exists N such that |r(¢)| < e/M for all ¢ > N. Then

| kornas< e <e
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for all ¢ > N. Therefore, ({r)*(t) = fttﬂ |€(s)r(s)| ds — 0 as t — oo and the result
follows by the previous Lemma. O

We define £ as L§ = LS + L2. Note that LS [r](t) — 0 as t — oo if and only

if £§[r](t) — 0ast — oco. Let us see an interesting inequality satisfied by these
operators.

Lemma 2.3. If < « then
(2.2)
£ [beia]] (1) < £ BI(0)LE[al(t)  and L5 [bLG[a]](8) < 2£57°[b](£)Lolal (1).

Proof. First, we have

ci[bcﬁ[aﬂo—/ b [ o) ds

// (@=B)s BT (1) ||b(s)| ds dr
to J1
/ e |a(T) |/ (s)| ds dr = L5 [a] £7°[0)].

Similarly, £2 [b£%[a]] () < £L2P[b](t) L7 [a](t). Moreover,
L5 [vLolal] (t) = £ [0Lo[al] () + £2 [bLyTal] (1)
< 23 e[ 1) + £ 62 o] () + £2 b2 al] (1) + £ b2 ] )

Now, we have

L [bﬁﬁ [a]] (t) = / e~ =) |p(s)| /OO P a(7)| dr ds

t
to

t T
:e_at{/ 6_67|a(7‘)|/ e @03 |b(s)| ds dr
to to
o0 t
—I—/ 6_67|a(7‘)|/ e(o‘+5)8|b(s)|d8d7']
t to

t T
-~ / e]a(r)] e+ / e+ (5)| ds dr
to to

+e ™ /too e P\ a(T)| el tP! /tt e~ A=\ (s)| ds dr
= L% [al$TRI] (1) + L2 [a] () L5 b))
and also £ [bL[a]] (t) = £ [a L] () + L [a](t) L2 [](t). So,
L [bLolal] (t) < L5710 LE [a](8) + L5 [aLSTP 1] (1) + L2 [a) (8) L5 [] (2)
+ L2 [aL2TP 0] () + L3 1a) () L2l (1) + L277B](8) L7 [a) (2)
L 1a)(t) (L7 [0] + L2 [0)(1)) + £ ]a) (1) (L5 [0] + L2770 (1))
L8 [alS PP () + £ [al O[] (1)

+[a
[
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< Loal (L5 BI(t) + L3 [al(6) LS o)1) + L2 [a) () L2 b)(1)
<25 [a] (£)L5 BI(0).
Therefore (2.2) is proved. O

Lemma 2.4. Suppose that the roots A1, Ay and A3 of P are distinct. Then there are
three solutions y;, i = 1,2,3 of (1.1) such that

(2.3) yi(t) :exp</t[)\i+zi(s)] ds), i=1,2,3,

to

where z;, 1 = 1,2, 3 satisfy
2+ (BN + a2)2l + (BAF + 2a9\; + a1)zi + ro(t) + Niri(t) + Mira(t)
+ (r1(t) 4+ 2X\ira () 2 + ra(t) 2 + 322 + (BN + ag +7a(t))2] + 2] = 0.

Now, we will study equation (2.4), a second order non-linear Riccati type equa-
tion, to know the asymptotic behavior of the solutions of equation (1.1). So, we
need to study the non perturbed linear part of equation (2.4), namely, to know the

characteristic roots of equation
2"+ (BN + az)? + (3N + 2a2\ + a1)z = 0.

Lemma 2.5. If the roots of P, \;, © = 1,2,3 are distinct, then jp = X\j — X\;, i # J

satisfy the equation

,U2 + (3)\, + ag),u + 3)\? + 2&2)\i +a, = 0.

Consider the scalar differential equation
(2.5) 2+ b2+ bz =alt)+ f(t2,2),

where b; and by are constant, f : [tg,00) X C x C — IR for some ¢, € IR; a
and f(-,z,y) (for each z,y € C) are locally integrable functions on [ty,00). Let
Q(N\) = A2 + b1\ + by be the characteristic polynomial of associated homogeneous
equation, namely, " + bz’ + bpx = 0 and let ~,, &k = 1,2 be the roots of @), with
v1 # 72 and Revy, # 0, & = 1,2. Note, there are three situations, depending of
values of by and b;. These are: (i) Rey;,Reye < 0; (ii) Reyr < 0 < Revye and (iii)
Revy1, Reys > 0. For each one of them, we define the Green function by
eni(t—s) _ eVz(t—8)7 ift > s

(71— 72) g+ (t,5) = o when Revyy, Revys < 0,
0, otherwise

ent=s) ift >
(71 - 72) go(t, 8) = o when Rey; < 0 < Revys,
e”(t=5)  otherwise
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and

0, ift > s
(71— 2)9-(t,5) = , when Revi, Reys > 0.
er(t=s) _ em(t=s)  otherwise

Define, for n = &+, 0, the corresponding Green operators (G,, and the auxiliary opera-
tors G,, and L,, by

Glr](t) = /OO gn(t,s)r(s)ds,  Gulr](t) = [Gulr](t)] +|Gnlr] (1)l

to

md L0100 = [ (Il + | )| ) 1ol

where g, is the Green function of the equation =" + b1’ + bpx = 0. Note that, taking

a = min{|Rev1|, |Rey2|} we have the following estimates

[ ottt ds < —2— £z

to |f>/1 - 72|

= 99n
/t W(t’ s)

0

7] + 2]
r(s)|ds < Lor](t),
(o)l s < P g

and adding we obtain £,[r](t) <7 L£2[r](t), for n = £,0, where 7 = ZHthel

[71—72]

The following results are related to equation (2.5). Both apply to the three
mentioned situations above (so, we omit the index n of the Green functions g,,, Green

operators GG, and auxiliary operators G,, and L%, n = £,0).

Lemma 2.6. Suppose that in (2.5) there exists Gla] and Gla](t) — 0 ast — oo.
Moreover, assume that f(-,0,0) = 0 and for some constant M > 0 there exists
& i [to,00) — [0,00) such that for allt >ty and |xy| + |yx| < M, k=1,2

|f(t,z1,91) — f(t 22, 92)| < &) (|21 — 22| + Y1 — w2]).
If for all t > tg
24 |71| + |2l
|71 —72|

then for every ty such that |Gla](t)| < (1 —eo)M for all t > to, there is a solution
z of (2.5), on [ty,0), such that z(t),z'(t) — 0 ast — oo and satisfies the integral

equation

(2.6) YL M](t) < e < 1, N = , = min{|Reyy|, | Reye|}

(2.7) z=Gla+ f(-, 2 2]
Proof. Consider the space Cj defined by

Cy[to, o0) = {z : [ty, 00) — C | x, 2" are continuous and z(t),2'(t) — 0 as t — oo}.
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Observe that Cj is a Banach space with the norm ||z = sup,c(, o) {|2(t)| + 2/ (2)[}.

Define the operator T as

Tz(t) = /oog(t, s) [a(s) + f(s, 2(s), z’(s))} ds = Gla+ f(-, 2, 2)](t).

to
Note that if z € C} then we have Tz and (T'z)" are continuous. Indeed, we have
*0
(Tz)'(t) = a—i](t, s)[a(s) + f(s,2(5),7(s))] ds = Gla+ f(-, 2, 2)]'(1).
to
Let B={x € C} | ||z|| < M}. Thus, if z € B then |f(t,2,2")] < &u(t)(]z] + |2']).
Hence, for t > t,

T2(t)] < [Glal(®)] + / gt )| €ar(s) ([2()] + [Z(s)]) ds and

to

[e.9]

(T2)'(1)] SIG[G]’(t)H/t %(m) En(s) ([2(s)] +[2'(5)]) ds.

So, [T=(t)|+[(T2) ()] < Gla](t)+ LI (2] +12'DI(E) < Glal(t) +7 L7[Ear(|2]+[2'DI(E).
Therefore, using Lemma 2.2, we have L7[€y/(|2| +|2/])](t) — 0 as t — oo since L7[€p]
is bounded and we can conclude that lim; .., [T2(¢)| + [(T2)'(t)| = 0. Thus Tz € C}.

Similarly, for zq, 20 € B, we have

T2 (t) = T2a(t) + [(T21)'(t) — (T2) (1) < L[Eu] (@) [[21 — 22l <7 L7[Ear] (@) ][ 21 — 22l

Now, let o > 0 such that G[a](t) < (1 —eo)M for all t > t,. Consider z € B,
then for t > ¢,

Tz(t)] + [(T2) (t)] < Glal(t) + MLEM](E) < Gla](t) +7 ML [Sa](1).

Thus, ||[Tz|| < M. Therefore, T : B — B is a contractive operator, namely, for
21,22 € B we have ||[Tz; — Tz|| < gol|z1 — 22]|. So, there exists a unique z € B such
that Tz = z. Then, z is a solution of (2.5) such that z(t),2'(t{) = 0ast —oco. O

Note that if z is the solution given by the previous Lemma and f satisfies

f(t,z(t),2'(t)) — 0 as t — oo, then a(t) — 0 as t — oo implies z”(t) — 0 as t — oo.

Now, we can characterize better the solution given by Lemma 2.6. Indeed, using

Lemma 2.3 we can deduce an estimation for the solution of (2.5) given by Lemma 2.6.

Corollary 2.7. Consider the equation (2.5), under the same hypothesis of Lemma 2.6.
In addition, suppose that

— 1
2.8 L] oo < o 02l 1
> Ve el < sl e ~ %

where 0 < 3 < «. Then the solution z of (2.5) given by Lemma 2.6 satisfies z, 2/ =
O(LP[a)).
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Proof. Without loss of generality, suppose 71,72 € IR. For the contractive operator T’
defined in the proof of the Lemma 2.6, the sequence given by zg = 0 and 2,1 = Tz,
for n > 0 satisfies z,, — z asn — oo In Cé. Now, we will prove that for all ¢ > tq and
n e N

(2.9) [z ()] + |2,(O)] <7 N L%]a],

with K and N satisfying respectively ||£2P[¢x]]loo < K < % and 1 < N[1 —29K].
Observe that N > 0 since K < % The induction in (2.9) is clear for n = 0, 1.
Suppose that (2.9) is true for n = k. So, for n = k + 1, using Lemma 2.3 we have

2 a o /
< =l {L£a](t) + L7[(Jzr] + |2DEM] (@)}
2

Si
|71 —72|

|2+1(2)]

57, T+ D Lo Plen (0 L%
{0 + 22 il + hadelal02dm)

2 INK
. {1+ <z+m+m|>}cﬁ[a]<t>.
\71 - 72\ \71 - 72|

Now, for the derivative we have

) < 2l pa iy 1o+ Da )

el
+ 2NK
<hirhelfyy @+ bl + ) | a0
71— 72 71— 72l
So, |zk1(t)| + |21 (8)| <7 N LP[a](t), and the result follows. O

Note that inequality (2.8) implies the inequality in (2.6) and that this Corollary
implies z, 2’ € LP[ty, 00) if a € LP[ty, 00). Define

|’Yl - ’Y2|
(2.10) Vo 1=
224 || + |2l)

and note that vy < 1/2.

Remark 2.8. An interesting improvement to Lemma 2.6 and Corollary 1 is possible,
namely, if § = Gla] then u = z — 0 satisfies equation (2.7) with f(-,8,0’) instead of a
and f(-,u+0,u' +60") — f(-,0,0) instead of f(-, z,2’), that is to say,

~

U = G[f(> 97 9/) + f(a U, u,)]> f(a u, U,) = f(a u+ 97 u' + 9/) - f(> 97 9/)
Then, by Lemma 2.6 and Corollary 1 we have u = O(LP[f(-,0,0')]). Indeed, we

can use the same associated function &y;. This fact has several applications (see
Examples 1,2 and 3), as to obtain formula (1.2) and also Theorems 4-5. Furthermore,

it is possible to apply these results to the equation (2.5) with
ft,2,2) =b(t)z + c(t)2 + c122' + (co + h(t))2* + 22
and then to equation (2.4). In this particular case, we have

Ear(t) = [b(t)] + |c(t)] + 2M (|er| + |ea|) + 2M |h(t)] + 3M*>
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and taking ||£27P[b]|le + 1|1£%7P[c]]lc < w0, Where 1 is given by (2.10) and h a
bounded function, there exists M > 0 such that inequality (2.8) is true, since for all
t > to we have

AM 6>
a—p
o glaltle)+2M[L A o +7—.

This shows us a condition in terms of coefficients of f in order to satisfy condition
(2.8).

L7PEn](8) < 1L Bllloo+ L2 el ll oo+

3. MAIN RESULTS

In this section, we present the results for the equation (1.1). We use the previous
results for the Riccati-type equation. First, denote By, the vectorial space of the
bounded variation functions on [ty, 00), B the vectorial space of the bounded functions
on [tg, 00) and for a,e > 0, By/® defined by By,* = {r € By | [|[£§[r]|l < €}. Moreover,

(3.1) / fl(s>G1[fz](s)ds=i% / f1<s>f2<s>ds¢§ / F() (G (5) ds.

Now, we will prove a generalization of Perron’s theorem [17] for a third order
equation. Consider the equation (1.1), where ry, 1 and ry are locally integrable
functions defined on [0,00). We will suppose ReA; > Rely > Rels, where \;, i =
1,2,3 are the roots of P(A\) = A3 + auA? + a1\ + ag. We denote v, = A\ — Ao,
Y2 = A1 — A3z, 73 = A2 — A3, @ = min{Rey;, Reys} and N(i) = {1,2,3} \ {i}. Note
that Rey, > 0, £ = 1,2,3 and by Lemma 2.5 we have that the Green operators

associated to homogenous linear part of equations (2.4) are
Gi=(12—m) (G} =GF), Gr=—(n+) (G} - GT)

and Gg = (’}/2 - 73)_1(G12 - GZS)

Following (2.10), these vx, k = 1,2, 3 allows us to define
(3.2)

Vy = 11— el o= 71+ sl e — sl ‘
22+ Il + el) 22+ Inl+ |l (24 2| + |sl)
Denote 7; = ro + \ir1 + Are. Recall, for i = 1,2,3, G;[r](t) = |Gi[r](t)| + |Gi[r] (t)].

And define n(1) =+, n(2) = 0 and n(3) = —.

and vz := 5

Theorem 3.1. Assume that for all i = 1,2,3, it is satisfied G;[r;](t) — 0 as t — oo,
H[,z(_i)ﬁ[rl + 22\;72] |00 + H[,z(_l)ﬁ[rg]ﬂoo < v, where v; >0, i =1,2,3 are given by (3.2)

and 0 < 8 < a. Then there is a fundamental system of solutions y;, i = 1,2,3 of the
equation (1.1) such that

Vi
_ N, and lim 2O A2,

i)
(3.3) lim Jim S



468 P. FIGUEROA AND M. PINTO

Furthermore, ast — oo
(3.4)

t ~
yi(t) = (L+o(1)M ™ exp | = T] (4 - Az’)_l/ [Fi(s) + fils, 2i(s), zi(s))] ds | ,
JEN(D) fo
where fi(t, z,2') = (r1(t) +2\ra(t))z +12(£) 2" + (3N + as +12()) 22+ 23, the functions
zi(t), zl(t) = 0 as t — o0, i = 1,2,3, satisfy (2.4) and

(3.5) 5,4 =0(Ly, 7)),  i=1,23.
Moreover, the Wronskian of {y;}i—123 satisfies

Wiyt y2, 3] = —1172713 v192y3(1 +0(1))  as ¢ — oo.

In the particular case, ri(t) — 0 ast — oo, k =0,1,2 even we have
n
t
(3.6) lim Y0 _ =\, i=1,2,3
t—o0 yz(t)

Proof. We apply Lemma 2.6 to the equations (2.4), since we have G;[;](t) — 0 as
t — 00, Ear(t) = |r1(t) + 22 (t) | + |ra(t )|+2M(3+|3)\-+a2|)+2M|r2( )|+ 3M? and
[V [7“1 + 2M\i72] |00 + ||£a 5[7’2]”00 < y;, i =1,2,3. Thus, there are three solutions

n(7) >

z; such that z(t), 2;(t) — 0 as t — oo, i = 1,2,3. So, the equation (1.1) have three

»

solutions in the form (2.3). Therefore, (3.3) holds since

yi(t) yi (t)
A+ z(t) = and i + 2 + zi(t
O30 Aty =
Hence, (3.4) follows from (3.1) and the integral equations for z;,
(3.7) = —Gi[Fi + fi(, 2, 21)],

where f;(t,z,2') = ﬁ(t,z, 2') + 322" and z;2} is conditionally integrable i = 1,2, 3.
By Corollary 1, we have (3.5). Now, {y;}i=123 is a fundamental system of solutions
since, by (3.3)

lim

t—o0

/ "o n ./ / Vi / " ",/

[@% %%+ﬂﬁ_&%+%£_ﬂﬁhw
Y2 Y3 Y2UYs Y1Ys Y1Ys  Y3Y2 Y1 Y2

and the Wronskian of {y;}i—1 23 satisfies

= —77273 # 0

!/ " n .,/ n .,/ / " / n n ./
Wly1, Y2, Y] = y192y3 {@y_g Bk N N BB ﬂ@} :
Y2 Y3 Y2 Y3 Y1 Y3 Y1 Y3 Y3 Y2 Y1 Y2

Finally, if 7(t) — 0 as t — oo, k =0, 1,2 then G;[r;](t) — 0 as t — oo and
H[,n(l (71 4+ 2A;72] || o + ||£3(_Z)5[7’2]H00 <, i =1,2,3, for t; big enough. So, we have

(3.3), (3.4), (3.5) and 2/(t) — 0 as t — o0, i = 1,2,3. Therefore, (3.6) follows from

. 2 3 ) . Z/- Z(/ y;”(t)
(N 4 2:(8)7 + 3N + zi()) 2 (t) + 2/ (t) = )
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Theorem 3.1 is a generalization, for third order, of Perron’s and Hartman’s
theorems. Observe that Gi[r](t) — 0ast — oo if and only if GJ'[r](t) and
GP7[r](t) — 0ast — oo. Analogous statements can be obtained for Gy[rs] and
Gs[rs]. Although, 7; ¢ LP[ty,00), Ti(t) does not necessarily tend to zero as t — +o0,
nor for ¢y big enough 7; is uniformly small, the function G;[r;] could be L?[ty, c0) for
some p > 1 (see Example 1, Section 4). Furthermore, if 7 € By then the term ry2’
disappears in the asymptotic formula (3.4). If, in addition 1 + 2A\;r9 € By, then the
first linear term in fis simplified since by (3.1)

/ [11(8)+2Nira(s)]2i(s) ds

to

as t — oo, where ¢ is a constant. So, in (3.4) it will appear only the last integral (see
Ths. 2-5 and example 3).

Remark 3.2. Formulae (3.3) and (3.6) have the following error bounds:
y® = [Af +0 (52@ [ﬁ-])] v k=1,2,

y = X2+ O(R]) + O(|ry + 2\ira| + |ra|) L0 71+ O(En(Z 7 ])] Yi,
where 7; = 1o + A\iry + MNoro, i = 1,2, 3.
Formula (3.4) can be largely used. In the following results, we take v = min{y; |
i =1,2,3} and denote
(38) 92 = —Gz[ﬁ], ‘/9\1 =T +2)\Z7’2—|—¢9@[2(3)\2—|—CL2+7’2)+392]+3(92+92), 1= 1, 2, 3.
Theorem 3.3. Assume for some i € {1,2,3}, 7; € L'[ty, ), Hﬁn(z 71+ 2\i7a] || o +
Lo ﬁ[rg]Hoo < v, where v; > 0, i = 1,2,3 are given by (3.2). Then equation (1.1)

n(z)

has a solution y such that

y(t) = (1 +&i(t)) exp Ait,

() =0 (exp ( /t NGO ds) _ 1) |

Proof. Applying the same ideas that in the previous result, we know that there exists
a solution in the form (2.3), where z;, 2} = O(Eg(i) [7]). Since 7; € L'[to, ), we have

z; € L'[tg, 00),
y(t) =c {1 + exp (—/ zi(s) ds) - 1] exp Ait,
t

and the result follows. O

where



470 P. FIGUEROA AND M. PINTO

Theorem 3.4. Assume for somei € {1,2,3}, 7, r14+2X\12 € L*[tg, 00) andry € By
Then equation (1.1) has a solution y such that

t
y(t) = (14 o(1))et=t) exp [ — H (A — )\i)_l/ ri(s)ds
JEN (i) fo
Proof. Since 7;,71 + 2\iry € L*[ty, 00) and ro € Bj/” we have that the hypothesis of
Theorem 1 are satisfied. So, there exists a solution satisfying formula (3.4). Moreover,

since z;, 2, = O(LP

n@(Ti]), by Lemma 2.1, 2;, 2] € L?[ty,0). Hence, using that ry is

a bounded variation function we can conclude ft'; fi(s,2i(s), 2.(s)) ds = ¢ + o(1), and
the result follows. O

Recall,
fit, 2, 2) = (r1(t) + 2\ (1)) 2z + ro(t)2' 4+ 322" + (3N + ag + ra(t))2* + 2°
= fit, 2, 2) + 322"

Theorem 3.5. Assume that fi(-,0;,0:) € L'[ty,00) and for alli =1,2,3,
H[,Z(_i)ﬁ[rl +2)\ir2]]|oo+||£§(_i)ﬁ[r2]]|oo < v;, where vy, i = 1,2,3 are given by (3.2). Then

there exists a fundamental system of solutions y;, 1 = 1,2,3 such that

yi(t) = (14 o(1))eM"") exp | — H (A=)t /tﬂ(s) ds

FEN(3) to

Proof. We omit the index i. If 6 := f(-,0,0') and z satisfies (3.7), then u = z — 0
satisfies

~ ~ ~

(3.9) uw=-GO+ f(-,u,u)], f(,u,u)=f(,u+6,u+6) )

Thus
Flu, ') = Ou+ rou + 3un’ + [BA 4 ag + o + 30]u® + o

and from Lemma 2.6 and Corollary 1 there exists u satisfying (3.9) with u,u’ =
O(£P[0]). Then, u,u’ € L'[ty,00) by Lemma 2.1 since 6 € L[y, 00). Using (3.1) and
2z = 6 + u the result follows. O

If r, € B, ri(t) - 0ast — oo, k = 0,1,2, where r; is given by (2.1) and
0; € L[tg,00), for all i = 1,2,3 then f(-,6;,0.) € L'[ty, 00), for all i = 1,2,3 and
||£z(_i)ﬁ[r1 + 2\ira] || 0o + ||£z(_z)ﬁ[r2]||oo < v;, where v;, i = 1,2,3 are given by (3.2),

for ty big enough. Therefore, conditions of Theorem 3.5 are satisfied. Note that
the same result is true if for all i = 1,2,3, fi(-,0;,[0:]") € L'[ty, 00), ylﬁa_f[@]lloo +

||£Z(_Z)ﬁ[r2]||oo < v;, where v;, i = 1,2,3 are given by (3.2) and L;,, [0;] € B holds.
Now, studying equation (3.9) we can deduce the following result which mixes

different type of conditions.
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Theorem 3.6. Assume that for all i = 1,2,3, fi(-,0;,0)) € LP[ty,o0) for some
p € (1,2], 0, € L ty,00), ro € L®[ty,00) U By for some q1,q2 € [1,q] and
0; € BU LP'[ty,00), where % + % =1 and p’ > 1. Then there exists a fundamen-
tal system of solutions y;, i = 1,2,3 of equation (1.1) such that

(3.10)

yi(t) = (Lro() M exp | = TT Oy =A™ / 7i(s) + Fils.0:(5).04(5)) | ds
JEN (i) fo

Proof. Again we omit the index i. Using the same ideas and notations in the pre-

vious result, from (3.9) we have now u,u = O(LP[A]). Then, u,u’ € LP[ty,00) by
Lemma 2.1, since 0 e LP[ty, 00). So, by (3.1) and z =0 — G[g—l— f(-,u,u’)], the result
follows. [

For example, Theorem 5 is satisfied if one of the following conditions holds
(a) 1,79 € B, 6,0, € L[tg, ), 0, € L*[ty,00) and 15 € By
(b) fi(-, 6:,0)) € L?[tg, 00), 0; € L'[tg, o), 6; € B and ry € L2[ty, 50).

All the errors functions can be estimated. The method can be iterated to obtain

an expansion as (1.2).

4. EXAMPLES

Now, we will show some examples of the above results. Consider the equation
(4.1) y" + 1)y — (L=r1(t)y" + ro(t)y = 0.
Here, we have \y =1, Ay =0, A\3 = =1, 1y = 73 = 1, 75 = 2. We begin showing two
cases where the known results (see Eastham [4]) cannot be applied.

Denote Cy = {z : [ty,00) — C | = are continuous and z(t) — 0 as t — oo}.

Example 1. Let 7, = 0, 71 = 0 and r¢(t) = cos(t’). Note that rq ¢ LP for
all p > 1 and its derivatives does not improve its integrable character. Also, note
that if 8 > 1 then ry is conditionally integrable, so for any v € C with Rey > 0,
G1[ro](t) — 0 as t — oo. Furthermore, given p > 1if § > 14 1/p then for any v € C
with Rey > 0, G1[rg] € LP. So, for any 3 > 1, using Remark 2, we can say

zi = —Gilro] + O(L[fi(-, —Gi[ro], —Gilro])]), 0<a<l1

where f;(t,z,2') = 322’ + 3\;2% + 23. Using formula (3.4) we have that there exists a

fundamental system of solutions of equation (4.1) such that

i) = (o) Wexp (= TT Oy =207 [ feos(s?) + s s, (6] s |

JEN (i) to

where fi(t, z, /) = 3M\2% + 2. For example:
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1. If /6 > 2 then Gi[’l“()],Gi[’f’o]/ e L'n Cy and fl(, —Gi[’f’o], —Gi[’f’o]/) e L'n Cy for
all 7 = 1,2,3. Thus, we have z;, 2/ € L' N Cy. Then, there exists a fundamental

system of solutions {y; };=123 of equation (4.1) such that

(4.2) yi(t) = (1 +0 {exp ( /t h L8 [ro) ()] ds) - 1]) Milt=to),

2.If 3 € (2,2] then for any v € C with Rey > 0, GL[r] € L* N Cy. So,
Gilro], Gi[ro) € L* N Cy and fi(-, —Gy[ro], —Gi[ro]’) € L* NCy for all i = 1,2, 3.
Thus, by Theorem 5 we have z;, 2/ € L? N Cy and there exists a fundamental

system of solutions {y; }i—1 23 of equation (4.1) satistying
(4.3) yi(t) = (1 + 0(1))6)‘i(t_t0)

since ry is conditionally integrable. Notice the similarity between (4.2) and (4.3).

3.If 3 € (5,3] then for any v € C with Rey > 0, GL[r] € L* N Co. So,
Gilro), Gilro) € L¥ N Co and fi(-, —Gilro], —Gilro]’) € L2 NCo for all i = 1,2, 3.
Thus, we have f;(-, u;, 1)) € L', where u; = 2z — Gi[ro]. Then, by Theorem 5,
there exists a fundamental system of solutions {y;};—123 of equation (4.1) such
that

yl(t) = (1 + O(1>>€)\i(t—t0) exp — H ()\J — >\i)_1/ ﬁ(S, Gi[ro](S), Gi[’f’o]/(S» ds

JEN(3) to

Although, Gy[ro] € LP[ty, 00), linear transformations as

y=ew (- / Glrl(s)s) 7

does not simplify the study of equation (4.1). In example 1, the integrals 6; of the
bad perturbations 7o help to improve the successive approximations in (1.2). This is

not the case in example 2.

Example 2. Let ro = r; = 0 and 7¢(t) = sint/logt. Note that ry(t) — 0 as
t — oo, for any p > 1, ry ¢ L? and rjy ¢ L'. Moreover, for any p > 1, 6; = —G[ro] ¢
L?, but ; are conditionally integrable for every i = 1,2,3. Again, we cannot apply
the known results (see [4, 7]). However, Perron’s formulae for the solutions are valid

and (3.4) can be used to obtain an asymptotic expression

[T =2 /t

jEN to

() — Ai(t—to) _
yi(t) = (1 +o(1))e exp ( og 5

and z;, 2, = O <£g(i) [r0]>, i=1,2,3and 0 < a < 1. Note that

+ysint — cost
G t) =
:I:[TO]( ) (1 +’Y2) lOgt

+ ¢+ (1),
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where ¢ € L', which shows that the integrals cannot improve. The successive terms
0; 1 in (1.2), neither. So, we will obtain a series which must approach the characteristic

roots Xl(t) of the corresponding variable characteristic polynomial, see [3, 7, 9, 21].

Example 3. Let ro(t) = 2%/9 ri(t) = ﬁ and 79 = ry. We know r; ¢ L2,
[ =0,1,2 but 73,7 + 2379 € L2, where 75 = ry — 11 + 19, 71 + 2X\379 = 11 — 215. So,
for ¢ = 3, the hypothesis of Theorem 3 are satisfied and there exists a solution y3 of

equation (4.1) such that

o(t) = (1+ o(1))e~ - exp (—% / {% - J%} ds)

and we have the formula
ys(t) = (1+o(1))e  exp (VEFT - V).

On the other hand, note that 7; € L? for all p > 2, ¢ = 1,2. Hence, for i = 1,2,
0; = G;[r;) € LP forallp > 2, f(-,6;,[6;]') € LT forall ¢; > 1 and @ € L2 for all go > 2
in (3.8). Thus, the hypothesis of Theorem 5 are satisfied and we conclude that there
exists a solution for each ¢ = 1, 2 satisfying (3.10). Moreover, since rq[6;]*> + [6;]* € L*
and r3[0;] + 36;[0;]' is conditionally integrable, we have
1(t) =(1+ o(1))e "0

er(4] [ s one] ).

nlt) = (1 oyess ([ [z + <20u] as)

Finally, integrating by parts this formula (see (3.1)), we deduce the following asymp-

and

totic solutions

—1/4
yi(t) = (1 +o(1)t~ V8t +1)71/8 (t + % + t(t + 1)) e! exp (—ﬂ —Vt+ 1)
and
1 1/2
y2(t) = (1 + o(1)) (t +to+ Vit + 1)) eVt

Since in this case r, € L3 N By, reducing equation (4.1) to a first order system, and
using matrix transformations, the L3-Hartman-Wintner’s or Levinson’s theorems can
be applied. So, it is possible to approximate eigenvalues up to L' perturbation by a
simple iteration [1, 2, 7, 10, 18]. Doing this yields asymptotic formulae with simpler

calculations and more compact form. In fact, it is possible to obtain

() = (14 o(1))t~1/2e=2V2, ya(t) = (14 o(1))t /e

and  y3(t) = (1 +o(1))e™.
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This asymptotic formulae are compatible with the previous ones. In fact our formulae
can be simplified to obtain the last ones.
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