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ABSTRACT. We state sufficient conditions for the existence of positive bounded, almost auto-

morphic or almost periodic solutions of the following nonlinear infinite delay integral equation:
t

x(t) = / a(t,t —s)f(s,z(s)) ds.

— 00
Then we apply these results to a finite delay integral equation when the delay is time-dependent

and for a delay differential equation.
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1. INTRODUCTION

For a continuous map f : R x R™ — R™, we consider the following nonlinear

integral equation:
t

(1) o) = [ altit =) f(s.0(5) ds,
where a : R x RT — R is a map such that a(t,.) is nonnegative integrable function
on R, for each ¢ € R. In this paper we give sufficient conditions for the existence of
positive bounded solutions of Equation (1.1). We also treat almost periodic solutions
and the almost automorphic solutions. Then we apply these results to the following

finite delay integral equation:

(1.2) £(t) = / F(s,(s)) ds,

—a(t)
when the delay is time-dependent. Also, we apply our results to the delay differential

equation:
(1.3) 2(t) + alt)z(t) = f(t,z(t — 1))
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where ¢ : R — R and 7 > 0.

Almost automorphic functions are an extension of almost periodic functions. The
notion of almost automorphy has been introduced in the literature by Bochner [8] and

more recently, it was developed by N’Guerekata [22].

Similar equations were considered, notably in connection with epidemic problems,
by Cooke and Kaplan [12], Nussbaum [23], Busenberg and Cooke [10], Kaplan, Sorg
and Yorke [19], Leggett and Williams [20, 21], Smith [24], Guo and Lakshmikantham
[18], Burton and Hatvani [9] and Ait Dads, Arino and Ezzinbi [1], all those authors are
considered the periodic case. The extensions of the periodic case were treated by Fink
and Gatica [17], Torrejon [26], Chen and Torrején [11], Ait Dads et al [2, 3, 4, 5, 6],
Ezzinbi and Hachimi [15], more recently by Xu and Yuan [27, 28]. All those works

are concerned with almost periodic type solutions.

Ait Dads and Ezzinbi [5] state sufficient conditions for the existence of positive
pseudo almost periodic solutions for the following infinite delay integral equation:

t

(1.4) x(t) = / b(t — s)f(s,x(s)) ds,

—00

that is a particular case of Equation (1.1). In this work it is assumed that the
function f(¢,.) is nondecreasing on R*. Then to avoid the hypothesis of monotony of
the function f(t,.), Xu and Yuan [28] construct a new fixed point theorem in a cone.
In [28], the authors state the existence of positive almost periodic type solutions of
equations (1.2) and (1.4). They do not assume that f(¢,.) is nondecreasing, but only
that f(t,z) = fi(t,x) + fa(t,z) where fi(t,.) (respectively fs(t,.)) is nondecreasing
(respectively nonincreasing). For Equation (1.2) when the delay is constant, Xu and

Yuan [27] established similar results.

The purpose of our work is to state a generalization of hypotheses on the function
f(t,.) done in Ait Dads and Ezzinbi [5|, Ezzinbi and Hachimi [15] and Xu and Yuan
28], and to extend theses results to Equation (1.1).

In the nonlinear case, Favard-type conditions ensure that an almost periodic
differential equation has an almost periodic solution as soon as it has a bounded
solution, under stability or Favard’s separation conditions [29]. However the Favard’s
approach cannot be applied for the existence of an almost periodic solution of the
nonlinear integral equation (1.1). The Favard’s approach is generalized to the compact
almost automorphic differential equation, but not to the almost automorphic case,
because the convergence uniform on any compact subset of R which appears in the
definition of the almost periodic or compact almost automorphic function, plays a
crucial role in this theory. In this paper, we do not use Favard-type conditions,
on the only result (Proposition 6.5) where it is applicable, because it is a corollary

of the study of the existence of almost periodic or almost automorphic solution of
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integral equation (1.1). Moreover hypotheses of Proposition 6.5 to get the existence
of bounded solution of the semilinear differential (1.3), permit us to state the almost

periodicity of the bounded solution without using Favard’s approach.

The paper is organized as follows: in Section 2 we recall some notations and
definitions on almost periodic and almost automorphic, then we recall the main no-
tions related on the Hilbert’s projective metric. In this section we give the list of
hypotheses which are used in this paper. In Section 3, we state results on the positive
bounded solutions for equations (1.1) and (1.2). We treat the almost automorphic
case in Section 4 and the almost periodic case in Section 5. We will compare some
results of Xu and Yuan in [28] on almost periodic solutions in Section 5. Section 6 is

concerned with application of these results to Equation (1.3).

2. NOTATION AND DEFINITIONS

2.1. Some results on almost periodic type functions. Let F and F' be two met-
ric sets, C(E, F) (respectively Cy(E, F')) denotes the space of continuous (respectively
continuous and bounded) functions defined on E with values in F. In the particular
case where I’ = R, we denote C'(E, R) (respectively Cy(E,R)) by C(FE) (respectively
Cy(E)). We denote by L*(R) the space of essentially bounded measurable functions
in R and L'(R") the Lebesgue space of order one in R*. Let (X,|.||) a Banach
space. Throughout the paper X will be R or L}(R™") with the norm

+o0
I 9llore) = / Lg(t) | dt.
0

Let g € C(R, X) (respectively C'(R x R")). Define the linear shift operator 7, for
some s € R by 7,9(t) = g(t + s) for each t € R, (respectively 75g(t,z) = g(t + s, )),
for each (t,z) € R x R™).

Definition 2.1. A function g € C'(R, X) (respectively C'(R x RT)) is called almost
periodic (respectively almost periodic in ¢ uniformly with respect to x € RT), if for
each € > 0 (respectively € > 0 and compact K C R™), there exists [ > 0 such that

every interval of length [, contains a number g with the property that
sup || 7,9(t) — g(t)] x <€
teR

(respectively sup | T.9(t,x) —g(t, x) |< €).
(t,x)eERX K

Denote AP(X) (respectively AP(R x R™)) the set of all such functions.
Every g € AP(X) possesses a mean value

L
M{g(t)}; == lim —/ g(t)dt.

r—+4o0 21 J_,
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For each w € R, a(g,w) := M{g(t)e"**}, is the Fourier-Bohr coefficient of g as-
sociated at w and A(g) := {w € R;a(g,w) # 0} is the set of ezponents of g. The
module of g denoted by mod(g), is the additive group generated by A(g). Similarly,
if g € AP(R x RT), the module of g, denoted also by mod(g), is the additive group
generated by

A(g) == Uper+ {w € R; M{g(t,x)e” ™"}, # 0}.

Theorem 2.2 (Bochner [7]). Let g € C(R, X). A function g € AP(X) if and only
if for any pair of sequences of real numbers (t)), and (s,)n, there exists a common
subsequence of (t),), and (s),),, denoted (t,), and (s,), such that

VieR, lim lim g(t+t,+sm) = lm g(t+t, + sn,).

m——+00 N—-+00 n—-+o0o

The limits above mean that for each t € R, h(t) = lim g(t +t,) is well-defined and

n—-+0o00
lir}ra gt +t, + sn) = lirJIrl h(t+ $m).

For some preliminary results on almost periodic functions, we refer to [13, 16, 29].

Definition 2.3. Let g € C(R, X) (respectively C'(R,R x R*)) is called almost auto-
morphic (respectively almost automorphic in ¢ uniformly with respect to z € RY) if
for any sequence of real numbers (t!),, there exists a subsequence of (¢)),, denoted
(tn)n such that for each t € R

lim lim g(t+t, —tn) = g(t)

m——+00 N—-+00

(respectively Vo € RT  lim  lim g(t +t, — t,, x) = g(t, 2)).

m——+00 N——+00
Denote AA(X) (respectively AA(R x R™)) the set of all such functions.

Remark 2.4. Because the convergence is point-wise, the function

g (t) = lim g(t+t,)

n—-4oo

is in L*>°(RR, X), but it is not necessarily continuous. It is also clear from the definition

above that almost periodic functions are almost automorphic.

For some details on almost automorphic functions, we refer to [22]. With these

definitions, we have the following inclusions:

AP(X)C AA(X) and AP(R x RY) C AA(R x RY).
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2.2. Hilbert’s projective metric. Let X be a real Banach space. A closed convex

set K in X is called a convex cone if the following conditions are satisfied:
(1) if z e K, then \v € K for A >0
(17) if ze€ Kand —x € K, then x = 0.
A cone K induces a partial ordering < in X by
r <y if and only if y—x e K.
A cone K is called normal if there exists a constant k such that
0<z<y implies that ||z ||[< k| v ||

where || . || is the norm on X. If K is now a general cone in a Banach space X and
x and y are elements of K* = K — {0}, we say that x and y are comparable if there

exist real numbers a > 0 and 5 > 0 such that
ar <y < B

This define an equivalence relation on K* and divides K* into disjoint subsets which

we call components of K. If x and y are comparable, we define the numbers m(y/x)
and M (y/z) by

(2.1) m(y/z) :=sup{a > 0;azr <y}

(2.2) M(y/x) :=1inf {5 > 0;y < Bz}.

We define a metric which was introduced by Thompson [25]. If x and y € K* are
comparable, define d(z,y) by

d(x,y) := max (log M (y/x),log M(x/y))

(2.3) = max(log(M(y/x), —logm(y/x)).

If C'is a component of K, one can easily prove (see [25]) that d gives a metric on C.

Moreover Thompson proves the following result.

Theorem 2.5 (Thompson [25]). Let K be a normal cone in a Banach space X and
let C' be a component of K. Then C is a complete metric space with respect to the

metric d.

Proposition 2.6 (Thompson [25]). Let K be a normal cone in a Banach space X

with nonempty interior K. Then K is a component of K.

It follows that if K is a normal cone with nonempty interior K, then K is a

complete metric space with respect to the metric d.
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Theorem 2.7 (Deimling [14]). Let E be a complete space with respect to the metric
d. If f be a mapping from E into E satisfying

d(f(x), f(y)) < ®(d(z,y)) for all x and y € E,

where ® is a positive nondecreasing function continuous on [0,4o00| and verifying
O(r) < r for every r >0, ®(0) =0, then [ has exactly one fized point in E.

Now we give a list of hypotheses which are used. From f : R x R — R* and

a:R xRt — RT, we formulate the following hypotheses.

(H1) f € C(R x R*,R") and there exists x1 > 0 such that f(.,z1) € Cp(R).

(H2) There exists a continuous map ¢ : (0,1) — R satisfying ¢(\) > X and for each
xandy>0,t€R and X € (0,1), one has

M <y <A lz= f(t,y) > o(\)f(t, ).

(H3) For eacht € R, a(t,.) € L*(RT) and there exists x5 > 0 such that

+oo
gﬂg/@ a(t,s)f(t —s,x9) ds > 0.
(H4) The function t — af(t,.) is in Cy(R, L*(RT)).

(H5) f: RxR" — R is an almost automorphic function in t uniformly with respect
tox € RT.

(H6) The function t — a(t,.) is in AA(L'(RT)).

(H7) f: R xR" — RT is an almost periodic function in t uniformly with respect to
x e RT.

(H8) The function t — af(t,.) is in AP(L'(RT)).

3. EXISTENCE OF POSITIVE BOUNDED SOLUTIONS

In this section, we state some results of existence and uniqueness of the continuous

and bounded solution with a positive infinimum.

Theorem 3.1. Suppose that (H1)—(H4) hold. Then Equation (1.1) has a unique

continuous and bounded solution on R with a positive infinimum.

An easy consequence of this last result for the finite delay integral Equation (1.2)

is the following result.

Corollary 3.2. Suppose that (H1) and (H2) hold. In addition, we assume that

i) o is a positive continuous and bounded function on R,
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ii) there exists x5 > 0 such that

(3.1) inf /t f(s,z2) ds > 0.

teR —o’(t)
Then Equation (1.2) has a unique continuous and bounded solution on R with a

positive infinimum.

Proof. We use Theorem 3.1 with the function a(t,s) := 1jg @) (s) (Where 1j s is
the function defined by 1jg »@(s) = 1if 0 < s < o(t) and 0 elsewhere). (H3) follows
from ii). By using || Ljo.ot) || 1@+)= o(t) and

(3.2) I o otter) = Loow l@n=l ot +7) —a(t) |,

we deduce that (H4) is satisfied. O

For the proof of Theorem 3.1, we use the following lemmas.
Lemma 3.3. Suppose that (H1) and (H2) hold. Then one has

i) Yo,y > 0, V¢t € R, f(t,y) > min (f, Q) f(t, ).

y' x
ii) For each |a,b] C|0,+o0], f is bounded on R X [a,b].

iii) For each [a,b] C]0,4o00], IL > 0, Vz,y € [a,b], Vt € R,

|f(t,x)—f(t,y)|§L|x—y|

Proof. Let x and y > 0. We can assume x # y, by taking A = min <§, g), we obtain
y x
Ar <y < A 'z, then

ii) By i) one has for x € [a, b,

f(t,21) > min (fl %) f(t,z) > min (fl “%) f(t.2),
the result is a consequence of (H1).

iii) For each ¢t € R and z,y € [a, b], with i) of this lemma and
. (93 y) _lz—y]
mn|(—=>)—-1=——"-"-
y max (z,y)

Fty) — ft) > — Y p .

max (z,y)

we deduce that

1
If we denote L := —sup sup f(t,z) < 400, then we obtain
Q teR a<z<b

f(tay)_f(t>z)2_L|$_y|'

By interchanging the roles of x and y, the result follows. O
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Lemma 3.4. Let (t,), be a sequence of real numbers. Let « and 3 : R x Rt — R
be such that a(t,.) and B(t,.) are in L*(RY) for each t € R. Let u and v € L*°(R).
We denote by h and k the functions defined by

h(t) ::/ aft,t —s)u(s) ds and k(t) ::/_ B(t, t — s)v(s) ds.

—0o0

If liIP u(t +t,) = v(t) and ligl | alt+tn,.) = Bt ) yg+) = 0 for each t € R,
then lim h(t+t,) = k(t) for each t € R.

n—-+o0o

Proof. The functions h and k are also equal to:
+00

h(t) = /0 OOoz(t, s)u(t —s) ds and k(t) = i B(t, s)v(t — s) ds.

From the following inequality

| h(t +t,) — k(1) |< /0+OO | a(t+t,,s)— 0t s) || ult+t,—s)]| ds

+oo
—i—/ | B(t,s) || u(t +t, —s) —v(t—s)| ds,
0
we obtain
Rt + 1) = B(E) 1<) ool @t + 0,) — B sy

(3.3) +/+00 F,.(t, s) ds,

where F,(t,s) :=| B(t,s) || u(t +t, —s) —v(t —s)|. Then lir}rﬂ F,(t,s) = 0 and

0< Fo(t,s) < (| ulloo + || v lloo) | B(t,s) | where B(t,.) € L'(RT), so by the Lebesgue
+o00o

dominated convergence theorem, we deduce that lim F,(t,s) ds = 0. By using

n—-+00 0

(3.3), we deduce the conclusion. O

Lemma 3.5. Let a : R x Rt — R be such that the function t — a(t,.) is in
Cy(R, LY(R™)). If f € Cy(R), then the function

h(t) = / a(t,t —s)f(s) ds

—00

18 also continuous and bounded on R.

Proof. The function h satisfies

+00
0O | [ alt.s) 5t = 5) ds |<I £l s0p [ alt, ) sny< 4o
0 S

since the function t — a(t,.) is bounded, therefore h is bounded.

Let (t,). be a sequence of real numbers such that lim ¢, = 0. By continuity of

n—-4o0o

the functions ¢ — a(t,.) and f, we have

lim | a(t+ tn) = alt, ) pgsy =0 and  lim f(t+1,) = f(2).

n—-4o0o n—-4o0o
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By using Lemma 3.4 with « = f = a and u = v = f, we obtain lim h(t+t,) = h(t),

n—-—+00
which proves that h is continuous, and this completes the proof. O

Lemma 3.6. Suppose that (H1), (H2) and (H4) hold. If x € Cy(R) and = has a

positive infinimum, then the function
t

F(t) = / a(t,t —s)f(s,x(s)) ds

— o0

18 also continuous and bounded on R.

Proof. Let x € Cy(R) such that inf,cg 2(t) > 0. Then there exist a and b € R such
that 0 < a < z(t) <b, for all t € R. By Lemma 3.3, we deduce that t — f(¢,z(¢)) is

continuous and bounded. The hypotheses of Lemma 3.5 are satisfied, then one has
F e Cb(R) O

Proof. Here, we prove Theorem 3.1. We apply the results of the preceding section in

order to prove the existence and uniqueness of the continuous and bounded solution

of Equation (1.1) with a positive infinimum. Let X = Cj(R) be the Banach space

of continuous and bounded functions endowed with the norm of convergence uniform

on R: || fll, = su]g | f(t) |. Let K be the cone of nonnegative functions in Cy(R).
te

Then K is a normal convex cone. Furthermore, one has
0<z<y = |[z]ls<lyl.

The interior of K is given by K= {z € C,(R) ; inﬂgx(t) > 0}. We denote by T the
€
operator associated with the right-hand side of Equation (1.1), namely
t

(3.4) (T@@y:/ a(t.t — 5)f(s,2(s)) ds.
Note that the solutions of Equation (1.1) defined on the whole line are fixed points
of T

Now, we prove that T" maps Io( into itself. Let x 6[0( . Then there exists ¢ > 0
such that € < x(t) < e, for each t € R. By Lemma 3.3, one has

(T2)(t) > /

—00

t x(s) mo

a@t—@mm<——,——)ﬂ&@)@

o x(8)

> emin (Ii,llfg) /t a(t,t — s)f(s,zs) ds.

2 —00

S0 1 +o0
(T'z)(t) > emin (—, :cg) inf/ a(t,s)f(t —s,z2) ds > 0.
0

) teR
Furthermore, by Lemma 3.6, Tx € Cy(R). Then Tz €K for all z K.

To have a fixed point of 7" in K , we use Theorem 2.7. We know that (IO( ,d) is a
complete metric space with d defined by (2.3), (c.f. Proposition 2.6). By (H3), there
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exists tg € R such that f(to, x2) > 0 and by (H2), one has f(ty, z2) > ¢(A) f(to, x2) and
d(A) > A for all A € (0,1), then limy_; ¢(A) = 1. Now we consider that the function
¢ is defined and continuous on ]0,1]. We can assume that ¢ is nondecreasing, for
that change ¢ by ¢1(A) = inf{p(p) ; A < p < 1}). Indeed ¢; is nondecreasing and
d1(A) < ¢(A). For A €]0,1], there exists p € [A, 1] such that ¢1(A) = ¢(u) and
by (H2), ¢(u) > p, therefore ¢1(A) > A. For the continuity of ¢, we consider a
sequence (A,), such that n1—1>I-iI-100 An = A If (A\,), is increasing, then one has A\, < A,
therefore n1—1>I-iI-100 61(An) < @1(X). Moreover ¢, is lower semi-continuous, then one has
1N < lrllr_r)lllgf ¢1(\,), we deduce that nEToo d1(An) = d1(N). If (A\n), is decreasing,
then A, > X\ and
i gu(\) = inf inf g(u) = inf_ o(n) = da(N).

n—+o0o nN A, <up<l A<u<ll

Consequently ¢; is continuous. Then ¢, satisfies (H2). Let x and y €K, X € (0,1)
such that Az <y < A7'z. By (H2), one has

VteR, f(t,y(t)) = (N f(t x(t)).

We also have Ay < 2 < A\~'y, then

vt € R, ¢(N)f(t,z(t) < f(t,y(1) < (6N) 7" f(t, (1)),

thus
d(NTz < Ty < (p(N) ™ Tz,

therefore

d(Tz,Ty) <In (ﬁ) |

For A\ = <max <M(%),M(§)>) , we have d(z,y) = In(\71). If we choose the
function ®(r) := —In(¢(e™")) for r > 0, we deduce that

d(Tz, Ty) < @ (d(x,y)).

Furthermore @ is a positive, continuous and nondecreasing function on [0, +00] sat-
isfying ®(r) < r for all » > 0 and ®(0) = 0, then T has exactly one fixed point
in K which is a continuous and bounded solution of Equation (1.1) with a positive

infinimum. This ends the proof of Theorem 3.1. O

Remark 3.7. We have proved Theorem 3.1 by a similar method which is done in
[5] and [15]. Notably, the same function: ®(r) := —In(¢(e™")) for r > 0 appeared in
[15]. We have adapted the proof to avoid the hypothesis about the monotonicity of
the function f(¢,.).
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4. THE ALMOST AUTOMORPHIC CASE

In this section, we state some results of existence and uniqueness of the almost

automorphic solution with a positive infinimum.

Theorem 4.1. Suppose that (H2), (H3), (H5) and (H6) hold. Then Equation (1.1)

has a unique almost automorphic solution with a positive infinimum.

An easy consequence of this last result for the finite delay integral Equation (1.2)

is the following result.
Corollary 4.2. Suppose that (H2) and (H5) hold. In addition, we assume that
i) o is a positive almost automorphic function,

ii) there exists xo > 0 such that (3.1) holds.

Then Equation (1.2) has a unique almost automorphic solution with a positive

mfinimum.

Proof. We use Theorem 4.1 with the function a(t, s) := 1j s (s). (H3) follows from

ii). For o7 and g5 € L>(R), we have

(4.1) | L0010 = Lo, lr@@ty=] 01(t) — 0a(t) | .

Let (t,)n, a sequence of real numbers. By help of (4.1), we obtain that the two

following assertions are equivalent:

lim Ul(t+tn) = O'Q(t)

n—-+00

nEToo || 1[0701(t+tn] - 1[0702(1‘/)} ||L1(R+): 0.

By using the equivalence above and the definition of an almost automorphic function,
we deduce that i) implies (H6). O

In the almost automorphic case, it is possible to improve (H3) for Equation (1.2)

(condition ii) of Corollary 4.2) by showing the existence of a threshold phenomenon.

Proposition 4.3. Suppose that (H2) and (H5) hold. In addition, we assume that f is
not the zero function. Then there exists o, > 0 such that for each almost automorphic

function o satisfying
(4.2) info(t) > o, ,

Equation (1.2) has a unique almost automorphic solution with a positive infinimum.

We state Theorem 4.1 before Proposition 4.3. For the proof of Theorem 4.1 we

use the following lemmas
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Lemma 4.4. Leta : RxRT — R such that the functiont — a(t,.) is in AA(L*(RT)).
If f € AA(R), then the function

h(t) = /_ a(t,t —s)f(s) ds

18 also almost automorphic.

Proof. By Lemma 3.5, h is continuous and bounded. To check that h is in AA(R),
we have to prove that if (¢,), is any sequence of real numbers, then one can pick up

a subsequence of (t,), such that

(4.3) VteR, lm h(t+1,) = k(1),
(4.4) VteR,  lim k(t—t,) = h(t)

In fact by assumption, we can choose a subsequence of (¢,), such that
vVt € R, nETw | a(t +tn,.) = b(t,.) || Lreey= 0,
vVt € R, nkrfoo | b(t —tn,.) —a(t,.) ||[Lr@+)= 0,
vVt e R, nl_i)rf@f(fﬁ +t,) = g(t),

vVt € R, lir}ra g(t—t,) = f(t).

t
Let k(t) = / b(t,t — s)g(s) ds. By using Lemma 3.4 with a« = a, f =0, u = f

and v = g, we obtain (4.3) and we state (4.4) by using Lemma 3.4 with the sequence
(=tw)n, « =b, 6 =a,u=gand v = f. This ends the proof. O

Lemma 4.5. Suppose that (H2), (H5) and (H6) hold. If x is in AA(R) and = has a

positive infinimum, then the function

F(t) = / a(t,t —s)f(s,x(s)) ds

— 00

18 also almost automorphic.

Proof. There exist a and b € R such that 0 < a < z(t) < b, for all t € R. By Lemma
3.3, we obtain | f(t,z1) — f(t,22) |[< L | 2y — a9 | for all t € R, 2y and 5 € [a,].
Since © € AA(R) and f satisfies (H5), by composition theorem of almost automorphic
functions, we deduce that t — f(¢,z(t)) is almost automorphic ([22], Theorem 2.2.6,
p. 22). The hypotheses of Lemma 4.4 are satisfied, then F' € AA(R). O

Proof. The Proof of Theorem 4.1 is similar to the one given in Theorem 3.1, by
considering K the cone of nonnegative functions in the Banach space AA(R) endowed

with the norm defined by || f||,, =sup | f(¢) |. Lemma 4.5 permits us to state that
teR
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the operator 17" defined by (3.4) on K= {z € AAR) ; %glgx(t) > 0} maps K into
itself. O

For the proof of Proposition 4.3, we use the following lemmas.

Lemma 4.6. Lett, € R. If p € AA(X) then

(4.5) ¢([t; +00]) = o(R).
In particular, if € AA(R), then tigtf o(t) = %gﬂggb( ).

Proof. Consider the sequence of natural numbers (n),. Then there exists a subse-

quence (ng)x of (n), such that
VEER,  lim o(t+m) = ¥(b),

—4-00

Vi€ R, kgglmw@ — ) = o(1).

Obviously, one has ¢(R) = ¢(R). Let t € R. Since klirf t + ng = 400, there exists
ko € N such that ¢ + ny > t, for each k > ky. With khT o(t 4+ ng) = (t), it yields

$(R) C ([ts, +ool)
and with m (R), we deduce that (4.5) holds. Obviously, if ¢ € AA(R), one
has inf ¢(t) = gb( ). O

t>1s

Lemma 4.7. Let ¢ € AA(R) such that ¢ > 0. If

(4.6) Vr >0, inf t o(s) ds =

teR J,

then ¢ 1is the zero function.

¢
Proof. Let ®.(t) := ¢(s) ds. Applying Lemma 4.4 with a(t,s) := 1jo,(s), we
t—r

deduce that @, is almost automorphic. Assume that (4.6) holds: inﬂg ,.(t) = 0.
S
By Lemma 4.6, we obtain that %g(f] ®,.(t) = 0 for all » > 0, then there exists a

t
nondecreasing sequence (r,,), with positive terms such that gl(f) / ¢(s) ds = 0 for
= t—rn

each n € N and
(4.7) liIJlra rn = +00.

We deduce the existence of a sequence (t,), such that t, > 0 and

tn 1
Vn € N, og/ ¢(s)ds§n+1,

tn—"n

therefore

(4.8) lim o(s) ds = 0.
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Since ¢ is almost automorphic, there exists a subsequence of (¢,), such that

(4.9 VEER,  lim g(t+t) = V(o)
(4.10) VEER,  lim y(t—ta) = (1)

Let k € N* =N — {0}. By using (4.8), we deduce that
tn

0
(4.11) lim / d(s+t,) ds= lim o(s) ds=0

n——+00 n—-—+o0o TR——

since ¢ > 0 and the sequence (7,), is nondecreasing. By using the Lebesgue dom-

inated convergence theorem applied to the function ¢ — ¢(t + t,) on [—ry, 0], with

0
(4.9) and (4.11), we obtain ¥(s) ds = 0, therefore ¥(t) = 0 a.e. on [—ry, 0]

because ¢ > 0. With (4.7), we obtain
(4.12) P(t)=0 ae. onR".

With t,, > 0, (4.10) and (4.12), we deduce that ¢(t) = 0 for all ¢ < 0, then by almost
automorphicity, ¢ is the zero function ([22], Theorem 2.1.8, p. 17). a

Proof. Here, we prove Proposition 4.3. We use Corollary 4.2. It suffices to prove that
Hypothesis ii) is satisfied. Since f is not the zero function, there exists x5 > 0 such

that f(.,z2) is not the zero function. By using Lemma 4.7 with ¢(t) = f(t,z5), we
t

deduce that Jo, > 0, such that ¢ := litnﬂg f(s,x9) ds > 0. Consequently for each
€ t—o

o such that litnﬂg o(t) > o, (3.1) holds, therefore Hypothesis ii) is satisfied. O
S

5. THE ALMOST PERIODIC CASE

In this section, we state some results of existence and uniqueness of the almost

periodic solution with a positive infinimum.

Theorem 5.1. Suppose that (H2), (H3), (H7) and (H8) hold. Then Equation (1.1)
has a unique almost periodic solution x with a positive infinimum. Furthermore, we

have
(5.1) mod(xz) C mod(f) + mod(a),

where a denotes the function defined by a(t) := a(t,.).

Remark. In the periodic case, namely the functions t — f(¢,.) and t — af(t,.) are
T-periodic, by the module containment formula , we deduce that the almost periodic

solution is T-periodic.

An easy consequence of this last result for the finite delay integral Equation (1.2)

is the following result.



POSITIVE ALMOST AUTOMORPHIC SOLUTIONS 529

Corollary 5.2. Suppose that (H2) and (H7) hold. In addition, we assume that
i) o is a positive almost periodic function,
ii) there exists xo > 0 such that (3.1) holds.

Then Equation (1.2) has a unique almost periodic solution with a positive infini-

mum. Furthermore, we have
(5.2) mod(z) C mod(f) + mod(c).

Proof. We use Theorem 5.1 with the function a(t,s) := 1l uy(s). (H3) follows
from ii). By using (3.2) we deduce that (H8) holds. For the module containment
formula (5.2), it remains to show that mod(1jy()) C mod(c), for that we use ([16],
Theorem 4.5, p. 61), which can easily be seen to be true for almost periodic functions
with values in a Banach space. Assume that lim o(t +t,) = o.(t) for each t € R.

n——+

By using (4.1) we deduce that liIJIrl | Lio,0¢t442)] — Lo, |21 @+)= 0 for each ¢ € R,

so the inclusion mod(1j()) C mod(c) is established. This completes the proof. [

In the almost periodic case, it is possible to improve (H3) for Equation (1.2)

(condition ii) of Corollary 5.2) by showing the existence of a threshold phenomenon.

Proposition 5.3. Suppose that (H2) and (H7) hold. In addition, we assume that f
s not the zero function. Then there exists o, > 0 such that for each almost periodic
function o satisfying (4.2), Equation (1.2) has a unique almost periodic solution with

a positive infinimum. Furthermore, the module containment formula (5.2) holds.

Proof. Since an almost periodic function is almost automorphic, Hypothesis ii) is

satisfied, see proof of Proposition 4.3. O

Before to start the proof of Theorem 5.1, we compare our result (Corollary 5.2)

with a result on almost periodic solutions of Xu and Yuan [28].

Remark. Here we explain how Corollary 5.2 improves on Theorem 2 of Xu and Yuan
[28]. Let us first recall their result. For that we complete the list of hypotheses on
[ R xRt — RT where f(t,z) := fi(t,z) + fo(t,z) with f; : R x Rt — R* and
fo : R xRt — R*.

(A1) The function x — fi(t,x) is nondecreasing and the function x +— fy(t,x) is

nonincreasing, for each t € R.

(A2) There exists a continuous map ¢ : (0,1) — R satisfying ¢(\) > X\ and for each
x>0,teR and X € (0,1), one has

At A2) 2 6N filtw) and - fo(t, D) = (N falt. ).

€R

t
(A3) There exists x5 > 0 such that %nf/ fi(s,z2) ds > 0.
t—o(t)
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The result of Xu and Yuan ([28], Theorem 2) is as follow: suppose that fi and
fa are almost periodic in t uniformly with respect to x € R and fi, fo > 0. If
the conditions (A1)—(A3) and i) (of Corollary 5.2) hold, then Equation (1.2) has a
unique almost periodic solution with a positive infinimum and the module containment
formula (5.2) holds.

Hypotheses (A1) and (A2) imply (H2), Hypothesis (A3) and f, > 0 imply ii) (of
Corollary 5.2), then our Corollary 5.2 gives the same result of ([28], Theorem 2).

If we consider o to be an almost periodic function with a positive infinimum and
the function f defined on R x R by

(5.3) Ft,2) = p(t) (1[0,1] (£)Va + 1}1,+oo[<x>%) ,

where p is the almost periodic function defined by
(5.4) p(t) = cos®t + cos® t,

then the hypotheses of Corollary 5.2 hold with ¢(\) = v/A, therefore our result
permits us to conclude the existence of almost periodic solutions while theirs is not
appropriate, because (A1) is not satisfied. In fact (Al) and fi, fo > 0 imply that
f(t,.) is nondecreasing if f(t,0) = 0, (because sglg fa(t,z) = fa(t,0) < f(t,0)) and

f(t,.) is nonincreasing if lir}rﬂ f(t,x) =0, because

sup fl(t>z) = xl_l)r_ir_loofl(t’x) < lim f(t,l’)

z>0 r——+00

In conclusion, Corollary 5.2 provides an improvement on ([28], Theorem 2).

For the proof of Theorem 5.1, we use the following lemmas.

Lemma 5.4. Let a : R x Rt — R be such that the function t — a(t,.) is in
AP(L*(RY)). If f € AP(R), then the function

t

h(t) = / a(t,t —s)f(s) ds

—00

18 also almost periodic.

Proof. By Lemma 3.5, h is continuous and bounded. To check that h is in AP(R),
we have to prove that if (¢,), and (s,), is a pair of sequences of real numbers, then

one can pick up a common subsequence of (¢,), and (s,), such that for each ¢t € R,

(5.5) lim lim A(t+t,+ sy,) = lm h(t+t, + s,).

=00 m—>400 ———
In fact by assumption, we can choose a common subsequence of (t,), and (s,), such
that for each t € R

lim  lim a(t+t, + Sm,.) = lim a(t+t, +s,,.) in L'(R"),

n—-+00 m—-+o0o n—-4o0o
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lim lim f(t+t, + sm) = lirf flE+tn+ sn).

n—-4o0o0 m—-+400

The proof of Lemma 5.4 is similar to the one given in Lemma 4.4, by using three

times Lemma 3.4. O

Lemma 5.5. Suppose that (H7) and (H8) hold. If x € AP(R) and x has a positive

infinimum, then the function

18 also almost periodic.

Proof. Since x € AP(R) and f satisfies (H7), ¢t — f(t,2(t)) is almost periodic (]29],
Theorem 2.7, p. 16). The hypotheses of Lemma 5.4 are satisfied, then F' € AP(R). O

Proof. Here, we prove Theorem 5.1. The proof of the existence and uniqueness of
the almost periodic solution with a positive infinimum, is similar to the one given
in Theorem 4.1, by considering the Banach space AP(R) instead of AA(R) endowed

with the same norm.

Now we prove the formula of the modules. Let (¢,), be a numerical sequence
such that for all compact K of R

(5.6) flt+tn,x) — g(t,z) as n— +o0
uniformly on R x K and
(5.7) | a(t +tn,.) = b(t, ) pigsy — 0 as n— +o0

uniformly on R where b € AP(L*(R")). To state the module containment formula,
it suffices to prove that the sequence (z(. + t,)), converges uniformly on R (]29],
Theorem 2.8, p. 18). By using Lemma 3.4 with a« = a, § = b, u = f(.,23) and
v =g(.,x2), we deduce that
+o0 +00
lim a(t +t,,s)f(t+t, —s,22) ds = / b(t,s)g(t — s,x2) ds,
0

n—-+o00 0

therefore b and g satisfy all hypotheses of Theorem 5.1, then Equation
t

(5.8) y(t) = / bt,t — )g(s,y(s)) ds,

has a unique almost periodic solution y with a positive infinimum. Let a subsequence
of (z(. +t,)), which we denote by the similar manner. Since this last subsequence is

with values in AP(R), it has a cluster point z, in AP(R), so we have:
(5.9) x(t+1t,) — x.(t) as n— +oo
uniformly on R. From (5.6) and (5.9), we deduce that

(5.10) VteR, lim f(t+tn,x(t+1t,)) = g(t, z.(t)).

n—-4oo
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On the other hand, by using (5.7), (5.10) and Lemma 3.4 with o = a, § = b,
u(t) = f(t,z(t)) and v(t) = g(t, z.(t)), we obtain
t
VieR, lim z(s+t,) = / b(t,t — s)g(s, z.(s)) ds,

n—-1+0oo
+ —00

thus with (5.9), we deduce that x, is an almost periodic solution of Equation (5.8)
with a positive infinimum. By uniqueness of this last solution, we have x, = y. We
deduce that (z(t+t,)), converges uniformly on R. In conclusion, we have the desired
result. O

6. APPLICATION TO A DIFFERENTIAL EQUATION

In this section, we apply our results for the existence of the almost automorphic
and almost periodic solutions with a positive infinimum to the following first order
semilinear differential Equation (1.3). Let a € Cy(R) and 7 > 0. Recall that the

homogeneous linear equation
(6.1) ' (t) + a(t)x(t) =0

has an exponential dichotomy if there exist & and ¢ > 0 such that

(6.2) exp (— /ta(g) dg) < ]{;e—c(t—S)’ Vit > s.

If Equation (6.1) has an exponential dichotomy, then for any p € Cy(R), the linear

equation
'(t) + a(t)x(t) = p(t)

has a unique bounded solution which is given by

)= [ e (= [ ate) de)pto) as

Similarly, if Equation (6.1) has an exponential dichotomy and if f is bounded on
every R x K where K is a compact subset of RT, then z is a bounded solution of

Equation (1.3) if and only if z is a bounded solution of

(6.3) z(t) = /t exp (— /ta(g) dﬁ) f(s,x(s —71)) ds.

By making the change of variables of s to s + 7, one can rewrite Equation (6.3) as
60 o= [ e (= [ al©)d) (e~ )15+ ials) s

To start, we give a result on the exponential dichotomy of Equation (6.1) in the

almost automorphic case.
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Lemma 6.1. Let a € Cy(R).
i) If there exists ro > 0 such that
t
(6.5) inf/ a(§) d§ >0,
t

teR J,_ .

then Equation (6.1) has an exponential dichotomy.

ii) In particular if « € AA(R), o > 0 and « is not the zero function, then

Equation (6.1) has an exponential dichotomy.

Remark. In fact Equation (6.1) has an exponential dichotomy if and only if there
exists 79 > 0 such that (6.5) holds.

Proof. i) Denote by

dp := inf /t a(&) d€ > 0.

teR J;_

Let s > 0. Then there exists ng € N such that ngrg < s < (ng + 1)ro. By using the

following inequalities

/ a(§) d§ > ngdy > (i — 1) do
t—noro To

and
t—noro
[ @ Il all
t—s

we deduce that

t
)
Ws > 0, / a(€) dg = L5 = (8 + 70 | al0),
t—s 0

J
therefore (6.2) holds with k = exp(dp + 70 || o) and ¢ = =,
To

ii) By using Lemma 4.7, we can assert that there exists 7o > 0 such that (6.5)
holds. The first sentence of this lemma permits us to conclude. This ends the proof.
U

Proposition 6.2. We assume that f satisfies (H2), (H5) and f is not the zero func-
tion. In addition we suppose that « € AA(R) and there ezists ro > 0 such that (6.5)
holds. Then Equation (1.3) has a unique almost automorphic solution with a positive

mfinimum.

Remark. In Proposition 6.2, we can replace hypotheses on o by a € AA(R) such

that @ > 0 and « is not the zero function (see Lemma 6.1).

For the proof of Proposition 6.2, we use the following lemmas.
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Lemma 6.3. Let ¢ > 0 and let ¢ € AA(R) such that ¢ > 0. If

teR

+oo
(6.6) inf/ e “o(t—s) ds =0,
0
then ¢ 1is the zero function.

Proof. Let r > 0, by following inequalities

(s) ds < e et (s) ds = e e e=G(t — 5) ds
. . J

and by (6.6) we deduce that

t
Vr >0, inf o(s) ds =

ter J,

Thank to Lemma 4.7, we obtain the result. O

Lemma 6.4. Let (t,), be a sequence of real numbers. Let u and v € L*(R). We
denote by A and B the functions defined by

Aty =ep (= [ ule) de) L),

t+7—s

Bit.s) = exp (= [ 0(6) d€) L)

t+717—s
We assume that there exist k and ¢ > 0 such that

(6.7) exp (— /t u(§) df) < ke, Vs> 0.

If for each t € R

(6.8) nl_i)riloou(t +t,) = v(t),

then

(6.9) exp (— /t v(€) df) <ke ™™ Vs>0
t—s

and

(6.10) ngrfoo | A(t + tn,.) — B(t,.) ||or @)= 0.

Proof. By Lebesgue dominated convergence theorem and by (6.8), we obtain

d—i—tn
(6.11) Ve,d €R, lim £) de = /

n—-+00
Forn € N, t € R and s > 0, we denote Fn(t, s) = A(t + t,,s). The function F,
satisfies 0 < F,(t,5) < ke=**~7) and

(6.12) lim F,(t,s) = B(t,s).

n—-4oo
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By using Lebesgue theorem, we obtain

+o0o
lim | F.(t,s) — B(t,s)| ds =0,

n—-400 0

so (6.10) is fulfilled. Obviously (6.9) follows from (6.7) and (6.11). This ends the
proof. O

Proof. Here, we prove Proposition 6.2. By Lemma 6.1, Equation (6.1) admits an
exponential dichotomy, then an almost automorphic function x is a solution of Equa-
tion (1.3) if and only if x is a solution of Equation (6.4). To state Proposition 6.2,
we use Theorem 4.1 with the functions
t

(6.13) attes)i=exp (= [ a(©) d6) 1),

t+17—s5
and

(6.14) (t,x) — f(t+ T, 2).

It suffices to prove that hypotheses (H3) and (H6) are satisfied. First we state (H3).
Since f is not the zero function, there exists x5 > 0 such that f(¢,x2) is not the
zero function. Moreover || «f > 0, because « is not the zero function. By using
Lemma 6.3, we obtain

+0o0
0:= inf/ e~slollee f(+ — 5, 225) ds > 0,
0

teR
then (H3) is fulfilled because
“+oo
inf/ a(t,s)f(t+71—s,x9) ds >0 > 0.
ter J,

For Hypothesis (H6), we use Lemma 6.4. Remark that, for each ¢ € R, the function
s+ a(t,s) € L'(R") because Equation (6.1) admits an exponential dichotomy. To
check that the function ¢ — af(t,.) is in AA(L*(R™)), we have to prove that if (¢,),, is

any sequence of real numbers, then one can pick up a subsequence of (¢,),, such that

(6.15) VteR,  lm | a(t+tn,) = b(t,) [a@n=0,
(6.16) VteR,  lm [ b(t—tu,) —alt,) fpen=0,

In fact by assumption, we can choose a subsequence of (t,), such that
vVt € R, lirf a(t +t,) = B(t),

VieR, lim [(t—t,) = at).

n—-+o0o

t

Let b(t, s) = exp <—/ B€) d§> L 400((5). By using Lemma 6.4 with © = o and
t+7—5

v = [3, we obtain (6.15) and we state (6.16) by using Lemma 6.4 with the sequence

—ty)n, u = and v = . This ends the proof. a
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Proposition 6.5. We assume that f satisfies (H2), (H7) and f is not the zero func-
tion. In addition we suppose that « € AP(R) such that M{«(t)}; > 0. Then Equa-
tion (1.3) has a unique almost periodic solution with a positive infinimum. Further-

more, we have
(6.17) mod(z) C mod(f) + mod(a).

Proof. Since a € AP(R) such that M{«a(t)}; > 0, then

lmEZ)M@@:MM@h>O

r—-4oo 1 _r

uniformly with respect to ¢ € R. Consequently, there exist L > 0 and ry > 0 such
that

1 t
Vr > rg, Vt €R, —/ a(s) ds > L,
T Jt

therefore (6.5) holds. By Lemma 6.1, we can assert that Equation (6.1) has an expo-
nential dichotomy. To state Proposition 6.5, we use Theorem 5.1 with the functions
(6.13) and (6.14). Since an almost periodic function is almost automorphic, Hypoth-
esis (H3) is satisfied. It remains to prove that hypotheses (HS8) is fulfilled. Remark
that, for each ¢ € R, the function s — a(t, s) € L'(RT) because Equation (6.1) admits
an exponential dichotomy. To check that t — af(t,.) is in AP(L'(RT)), we have to
prove that if (¢,), and (s,), is a pair of sequences of real numbers, then one can pick
up a common subsequence of (t,), and (s,), such that for each t € R,

lim  lim a(t+t, + Sm,.) = lim a(t+t, +s,,.) in L'R").

n—-+00 m—-+o0o n—-4o0o

In fact by assumption, we can choose a common subsequence of (t,),, and (s,), such
that for each t € R

lim lim o(t+t,+s,) = lim a(t+1t,+ s,).
n—-—+00 m—-+00 n—-—+00
The proof of Proposition 6.5 is similar to the one given in Proposition 6.2, by using
three times Lemma 6.4. For the module containment formula (6.17), it remains to

show that
(6.18) mod(a) C mod(w),

where @ = a(t,.). Assume that lir}rﬂ a(t +t,) = a.(t) for each t € R. By using

Lemma 6.4 with © = o and v = «, we deduce that

lim || at +tn,.) —au(t,.) |L1@n=10

n—-+00

t

for each t € R with a.(t,s) = exp (—/ . (§) df) 1ir4+00((s). Using ([16], Theo-
t+17—s5

rem 4.5, p. 61), we deduce (6.18), so the formula (6.17) is established. This ends the
proof. O
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