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ABSTRACT. We prove an existence theorem for a singular quadratic integral equation with
supremum. The quadratic integral equation studied below contains as a special case numerous
integral equations encountered in the theory of radiative transfer and in the kinetic theory of gases.
We show that the singular quadratic integral equations with supremum has a monotonic solution in
C[0,1]. The concept of measure of noncompactness and a fixed point theorem due to Darbo are the

main tools in carrying out our proof.
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1. INTRODUCTION

Quadratic integral equations have many useful applications in describing numer-
ous events and problems of the real world. For example, quadratic integral equations
are often applicable in the theory of radiative transfer, kinetic theory of gases, in
the theory of neutron transport and in the traffic theory. Especially , the so-called
quadratic integral equation of Chandrasekher type can be very often encountered in
many applications (cf. [2, 3, 5, 8, 9, 10, 13]). On the other hand, integral equations
of Volterra type with supremum have been studied in [1, 12], among others. These
equations can be considered with connection to the Cauchy problem [7]:

@(t) = f(t) - maxz(r)], 2(0) =0.

More recently, Caballero et al [7] investigated the so-called quadratic integral equa-
tions of Volterra type with supremum and proved the existence of monotonic solutions
in C[0, 1].

In this paper we will study the existence of nondecreasing solutions of singular

quadratic integral equation of Volterra type with supremum, namely

= (To)®) [*_k(t s) max |z(7)| ds Q@
(1.1) =(t) = h(t) + o) /0 (= s [o,r(s)}| ()] ds, 0 <a<1,0<t<1.

Using the technique associated with measures of noncompactness we show that equa-

tion (1.1) has a solution belonging to C|0, 1] and nondecreasing on the interval [0, 1].
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In fact, our results in this paper are motivated by the extensions and generalization
of the work of Caballero et al [7] based on the a measure of noncompactness and fixed

point theorem due to Darbo.

2. AUXILIARY FACTS AND RESULTS

This section is devoted to collect some definitions and results which will be needed
further on. Assume that (E, || - ||) is a real Banach space with zero element 0. Let
B(z,r) denotes the closed ball centered at = and with radius r. The symbol B, stands
for the ball B(0,r).

If X is a subset of E, then X and ConvX denote the closure and convex closure of
X, respectively. The symbols A X and X + Y denote the usual algebraic operators on
sets. Moreover, we denote by Mg the family of all nonempty and bounded subsets

of E and by Ny its subfamily consisting of all relatively compact subsets.

Next we give the concept of a measure of noncompactness [6]:

Definition 2.1. A mapping p : Mg — [0,+00) is said to be a measure of noncom-

pactness in E if it satisfies the following conditions:

1) The family Kery = {X € Mg : u(X) = 0} is nonempty and Kery C Ng.
2) X CY = p(X) < pl(Y),
3) n(X) = p(ConvX) = u(X).
D pAX+1=-NY) <Apu(X)+ (1 =) p(Y)for 0 <A<L
5 If X, € Mg, X, = X,,, X1 C X, forn =1, 2, 3, ... and lim pu(X,) =0
then N2, X, # . o
The family Ker p described above is called the kernel of the measure of noncom-

pactness .

In what follows we will work in the Banach space C[0,1] consisting of all real
functions defined and continuous on [0, 1]. For convenience, we write I and C(I)
instead of [0, 1] and CJ0, 1], respectively. The space C(I) is equipped with the standard
norm

| @ || = max{|z(#)] - t = 0}

Now, we recollect the construction of the measure of noncompactness in C(I)
which will be used in the next section (see [3], [4]).

Let us fix a nonempty and bounded subset X of C(I). For z € X and ¢ > 0

denoted by w(z, ), the modulus of continuity of the function z, i.e.,
w(z,e) =supf{lz(t) —z(s)| : t, sel, |t —s| < e}
Further, let us put
w(X,e) =sup{w(z,e) :z € X}, wo(X) = li_)r%w(X, £).
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Define
d(x) =sup{|z(s) — z(t)| — [z(s) —x(t)] : ¢, se€ ], t < s}
and
d(X) =sup{d(z) : z € X}.

Observe that, all functions belonging to X are nondecreasing on I if and only if
d(X)=0.

Now, let us define the function p on the family Mc) by the formula

(X)) = wo(X) +d(X).

The function y is a measure of noncompactness in the space C(I) [4].

We will make use of the following fixed point theorem due to Darbo [11]. To

quote this theorem, we need the following definition

Definition 2.2. Let M be a nonempty subset of a Banach space E, and P: M — E
be a continuous operator that transforms bounded sets onto bounded ones. We say
that P satisfies the Darbo condition (with constant 3 > 0) with respect to a measure

of noncompactness p if for any bounded subset X of M we have
u(P X) < B u(X).

If P satisfies the Darbo condition with < 1 then it is called a contraction

operator with respect to .

Theorem 2.3 ([11]). Let Q be a nonempty, bounded, closed and convex subset of the
space E and let

P:Q—Q
be a contraction with respect to the measure of noncompactness pu.

Then P has a fixed point in the set Q).

Remark 2.4 ([6]). Under the assumptions of the above theorem it can be shown

that the set Fix P of fixed points of P belonging to () is a member of Ker .

Finally, we will need the following two lemmas [7].

Lemma 2.5. Suppose x € C(I) and r : 1 — 1 is a continuous function. Define

(Fz)(t) = max |z(7)| for t € 1,
(0,7 ()]

then Fx € C(I).

Lemma 2.6. Let (z,) C C(I) and x € C(I). Suppose that x, — x in C(I). Then

Fx, — Fx uniformly on 1.
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3. MAIN THEOREM

In this section, we will study Eq. (1.1) assuming that the following assumptions

are satisfied:

(a1) h:1— R is a continuous, nondecreasing and nonnegative function on I.

(az) The operator T : C(I) — C(I) is continuous and satisfies the Darbo condition for
the measure of noncompactness p with a constant q. Moreover, T is a positive
operator, i.e., Tx > 0if x > 0.

(a3) There exist nonnegative constants a and b such that
(T 2)(O)] < a+b |z

for each z € C(I) and ¢t € L.

(ag) k:IxI— Ry is continuous on I x I and k(¢, s) is nondecreasing for each variable
t and s, separately.

(as) r: 1 — 1is a continuous and nondecreasing function on I.

(ag) There exists ro > 0 such that

(3.1) |hl| T(a+ 1)+ (a+bro) k" ro < 1o I'(ax + 1)
and g k* o < I'(a + 1), where k* = sup{k(t,s) : (t,s) € I x I}.
Now, we are in a position to state and prove our main result.

Theorem 3.1. Let the assumptions (a1) — (ag) be satisfied. Then Eq. (1.1) has at

least one solution x € C(I) which is nondecreasing on the interval 1.

Proof. Let K and F be the two operators defined on the space C(I) by

(3.2) (K x)(t)zrl )/0 (k(t’s) max |z(7)] ds

(a t— )17 [0,0(s)]

and
(3.3) (F 2)(t) = h(t) + (Tz)(t) - (K 2)(t),
respectively. Solving Eq. (1.1) is equivalent to finding a fixed point of the operator

F defined on the space C(I).

First, we prove that F transforms the space C(I) into itself. To do this it suffices
to show that if x € C(I) then K 2 € C(I). Fix ¢ > 0, let = € C(I) and t,, t5 € I such
that t2 Z tl and |t2 — t1| S ¢. Then

(o))~ (ot = | [ oy g la(o)] ds

1 t1 ]{7(751,8)
— max |x(7)| ds
F(a)/o (t1 — )t [o,r<s>}‘ ™)l

I'(a 2 — 5)17% [0,r(s)]

IA
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1 t2 ]{7(751,8)
)/0 G max |o(7)| ds

B F(Oé 2 — S)l_a [0,r(s)]

+‘ " /0 s ma la(r)] ds

P(Oé 9 — S)l_a [0,r(s)]

1 t k:(tl,s)
)/0 : ) ax [2(7)| ds

T« ty — 8)1= [0,r(s)]
1 1 k‘(tl,s)
+ max |z(7)| ds
‘F(a)/o (ta — 8)17 [0,r(s)] ()]

1 /t1 k(tlv )
— max |xz(7)| ds
L(a) Jo (t1—s)'7 [, ()}' ™)l

1 b2 ‘k(t% )_k(tlv )‘
= F(a)/o (ta — s)t [tl)nr?sn‘ #(r)] ds

1 t2 t
+ / (|k( 15)| max |z(7)| ds
t1

I'(a) ty — s)1= [0,r(s)]

1 h a—1
g [l (2 = 977 = (b= )7 [a(7)] ds.

Therefore, if
wi(e,.) =sup{|k(t,s) —k(r,s)|: t, T €land |t — 7| < &}

we obtain

el

o) - e < e | ® (e — 57 ds
+k;(|(’j)” {/0 1[(t1 _ S)a—l _ (tz _ S)a_l]ds

to
+/ (to —s)o‘_lds}
t1

o Kzl
2 k" ||| a
T(a+1) (b2 = 11)
2k |
INa+1)

]
I'a+1)
]
I'a+1)
]
INa+1)

<

[tT — 15 +2(t2 — t1)7]

<

wk(a, ) +

(3.4) <

wk(s, ) +

In the view of the uniform continuity of the function k& on IxI we have that wy(e,.) —
0 as ¢ — 0. Thus Kz € C(I), and consequently, Fz € C(I). Moreover, for each ¢ € I

we have

(Fa)t)] < \h(t)ﬂm“ | K)o Ja(r)] ds

( t—S)l & [0,r(s)]
a—l—b||x||/
< ||h d
< [l + el o fo(r)] ds
a+bzl .
< P+ Fpy # Nl

[(a+1)
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Hence
a+blz .
|Fz]] < [|p]l + k]
[(a+1)
Thus, if ||z]| < ry we obtain from assumption (ag) that
a+0bry
Faz| < ||h _|_7 E*rog<r
Il < bl -+ Foa s & o < o

Consequently, the operator F transforms the ball B,, into itself.
In what follows we will consider the operator F on the subset B! of the ball B,
defined by
B ={x € By, : x(t) >0, fort € I}.
Obviously, the set B;! is nonempty, bounded, closed and convex. In view of this facts

and assumptions (a;), (a3) and (as), we deduce that F transforms the set B into
itself.

Next, we prove that the operator F is continuous on B} . To do this, let us fix a
sequence (z,) in B;f such that z, — = and we will prove that Fz, — Fz. In fact,

for each ¢t € I we have

(Fa)t) - (Fa)(®)] = \

(Tz,)(t) (' Kk(t,s)
I'(«a) /0 (t —s)l-« [07‘%5( [on(7)] ds

(Tz)(t) [* Kk(t,s)
Y /0 (t— )= [or(a) |z(7)] ds

‘(Tg&(w / o

IN

n d
— g)l-a [07”2(15( ()] ds

(Tz)(t) [T k(t,s)
_ /0 : s [1,(7)| ds

INCe t— 8)I0 (6o
(TR)) [* k(ts)
+' (@) /0 t—s)l-o [:6%1(8 |2 ()| ds
(T)0) [ k(t.s)
- F(Oz) 0 (t—s)l—a [(r)nz(lx ‘SL’( )‘ ds

1 k(@ s)
< f|(Txn) (Tz)( |/ r— 1 = z(mx |z, (7)| ds

)
|(Tx t\/ |k(t, s)]|
+ (t —s)l—

—~

~—

max Tn — max x(7)|| ds
mas (7)) — max [2(7)
In virtue of Lemma 2.6, we get
kE* 1o E* (a+bro)
. n n— T — ||z, — ||
(35) |20~ o] € gt Tan = Tl + 5t o — o

As T is a continuous operator, there exists n; € N such that for n > n; we have

el(a+1)

Tz, —Tz| <
|| Z ,’,UH_ 2]{:*7,0
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Moreover, we can find ny € N such that for n > n, we have

el(a+1)

— P S
len =l < et o)

Now, if we take n > max{ni,ny}, from (3.5) we obtain
| Fx, — Fzx| <e.

This proves that F is continuous in B .

Now, let us take a nonempty set X C B;!. Fix arbitrarily number ¢ > 0 and
choose © € X and t;, ty € I such that |ty — t;] < e. Without loss of generality we

may assume that to > t;. Then, in view of our assumptions, we obtain

(Fa)(tz) = (Fr)(t)] < [h(t) = h(t)] + [(Tz)(t2) (Kz)(t2) — (T)(t2) (Kz)(t1)]
+(T)(t2) (Ka)(tr) — (Ta)(t) (Ka)(ty)]
< w(h,e) + [(Ta)(t)] [(Kx)(t) — (Kz)(t)]
+[(T)(t2) = (Tz)(t)] [(Kw) ()]

By using our assumptions and inequality (3.4), we have

(Fa)ta) - Fae)l < wihe)+ G el e 420 o =
b el &
< w(h,e) + %[wk(a, )+ 2 ke
+%w<m,g>.
Hence,
W(Fr,e) < wih,e)+ %[u)k(a, D42k ] 4 %w(ﬂ@,a).
Consequently,
w(FX,e) <w(h,e)+ %[wk(s, )+ 2k Y+ %w(T X, e).

In the view of the uniform continuity of the function k£ on I x I and the continuity of
the function h on I then from the last inequality, we have

(3.6) wo(F X) < K

s m wo(T X).

In what follows, fix arbitrary x € X and t;, t5 € I with ¢t > t;. Then, taking into

account our assumptions, we have
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[(Fr)(tz) — (Fu )(tl)l—[(fx)(tz) (F)(ty)]
‘ )(tg)/ t2 8
|(7)| ds

IN()) (tg—Sla[Ors

(TZL’) tl 4 k‘(tl S)
— i) = S /0 (tl_s)l - max Jo(7)| ds
o
(Tz)(t1) [" k(i s)
~ ey - G0 1 MO0 [lgg(s)]l o(r >|ds}
< A{|h(t2) — h(t1)| — [h(t2) — h(t1)]}

+‘<Tx><) ) /Otz(m, D ()| ds

INGe to — s)17 [o,r(s)]

(Tz)(t1) [P k(ty,s)
- /0 ( max |x(7)| ds

F(Oé) to — S)l @ [0,r(s)]

(Tz)(t) [ k(ta,s)
+‘ I'(a) /0 (fs — 5)1=2 [0.r(o) 2(7)| ds

(Tz)(t) [ Kk(t1,s)
B IN()) /0 (t; — s)t=@ [07‘%3X ()] ds

) H(Tz)(@) /Of2(k<t2, D ()] ds

F(Oé) ty — 8)1 @ 0,r(s)]

<Tx>< ) /“(km ) o [l >|ds}

to — S)l & 0,r(s)]

2 tg 8)
+ max z(7)| ds
|: 0 tQ—S)l & [0,r(s)] | ( )|
_ (Ta

> 5 k()
<> | s e e ”dS”
< {|(T2)(t2) — (To)(t2)] — [(Ta)(ta) — (T2)(t)])
1

)/02 (tk(t2 8 nax [2(r)] ds

X
IN( 2 — 8)17% [0,(s)]
T 2 k(t
+ ( x>( 1) { / ( 2781) max |z(7)| ds
() o (t2—8)17% [0(s)]

tlS
d
/ tl—Sla[Ors :E(T)| °

U t2 ) nax |o()| ds

1 @ 0,r(s)]

(3.7 [ A ] s
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Now, we will prove that
k(t okt
/ M 5) s o) ds - / MOS) s Ja(r)] ds > 0.
0 (tg — 8) @ [0,r(s)] 0 (tl — 8) @ [0,r(s)]
In fact, we have

t2 k‘(tz, ) t k‘(tl,S)
/0(7 o (r >|ds—/0 G s o) ds

tg—S)l « [0rs 1—8)1 @ [0,r(s)]

Y A (T N L GYE) BN
_/0 ; i l2(7)| d /0( - jx(7)] d

2—8)1 & 10,r(s)] tg—s)l @ 0,r(s)]

t2 k’(tl, S) t k‘(tl, S)
_|_/O )= max |z(T )\ds—/o fh—s) = max [z(7)| ds

to — s)17 [0,r(s)] to — s)17 [0,r(s)]

t1 k’(tl, S) 4 k‘(tl, S)
_|_/O )= max |z(T )\ds—/o h—s) = max [z(7)| ds

to — s)17 [0,r(s)] t1 — s)1= [o,r(s)]

_ /t2 (k(t2,8) - k’(tl,S)) max ‘SL’( )‘ d8+/t2 (tk(tl,s) max |I(T)| ds

(ty — s)l-@ [0,7(s)] — s)1= Jo,r(s)]

+ /0 () [t — 9% — (t1 — )Y max |2(7)] ds.

[0,r(s)]
Since k(t, s) is nondecreasing with respect to ¢, we have that k(ts, s) > k(t1, s), then
2 (k(ty,s) — k(t
(3.8) / (h(t2, 5) 1( L) fe(7)| ds > 0.
0 (tz =)= [or(s)]
On the other hand, since the term (t, — s)®™1 — (¢; — 5)®~! is negative for 0 < s < t1,
thus

/Olkm,s) (t2 = 9" = (0 = 9)°"] s [er >|ds+/tz(tf(_t% max [o(r)] ds

0,7()] @1ammm

> / kit ) (s — )™ — (t1— )™ max |o(r)] ds

[OT‘(tl)
2 Lty t
+/ M x |z(7)| ds
t1

(ty — s)t—@ [0 r(tl)

t2 ds t ds
= k(t,t —_— — ———
(t, 1) max f(7)] UO CESES /0 <tl-s>l—a}

tS — t&
= k(t1,t1) 2 L max |z(7)|

o (0,7 (1)]

(3.9) > 0.
Finally, (3.8) and (3.9) imply that

’ k(t27 ) — ! 716(#1178) max (r\7T S
/0(7 max |z(r)| ds / : j2(7)] ds > 0,

to — )17 [0,r(s)] t1 — $)= [o,r(s)]
This together with (3.7) yields
[(F)(t2) — (Fx)(t)| = [(Fr)(t2) — (Fo)(t1)]
= {[(Tz)(t2) — (Tx)(t1)| — [(T)(t2) — (T2) ()]}
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1 t2 k‘(tg,S)
X )/0 ( — max |z(7)| ds

INGe to — $)1= [0,r(s)]
k* To

1 < ——d(Tx).
(3.10) = ot 10
Therefore,

AF z) < T ger g
~INa+1)
and consequently,
k* To

A1 X) < TX

(3.11) AF X) < s dTX)

Finally, from (3.6) and (3.11) and the definition of the measure of noncompactness
14, We obtain
< k* To
- Da+1)
k* ro q
— u(X).
Tat MY
Now, the above obtained inequality together with the fact that k* ro ¢ < I'(a + 1)
enable us to apply Theorem 2.3, then Eq. (1.1) has at least one solution z € C(I).

p(F X) u(T X)

This completes the proof. O

4. EXAMPLE

Consider the following singular quadratic integral equation of Abel type with

1

supremum, o = 3,

5 1 ! et
(4.1) x(t) =t —|—4F %)/ RN gl\a[)ﬂx( T)| ds.

In this example, we have that h(t) = t3 and this function satisfies assumption (a;)
and ||h|| = 1. Moreover, k(t,s) = iz verifies assumption (ay) and k* = e. The
function r is defined by r(s) = /s and satisfies assumption (as). Also, (Tz)(t) = 1
and satisfies assumptions (as) and (a3) with ¢ =0, a = ; and b = 0. In this case the
inequality (3.1) has the form

re

1 3
§)+Zer0§rof(§)

or ) )
e
I'(= — 1o <1y I'(=
(2)+ 5 "0 =70 (2)
and this admits
2T(3)

2T(3) ¢
as a positive solution since I'(3) ~ 1.77245. Moreover, as ¢ = 0,

3
qro k* <F(§).

o =
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Theorem 3.1 guarantees that equation (4.1) has a nondecreasing solution.
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