Dynamic Systems and Applications 17 (2008) 625-636

LIMIT CYCLES COMING FROM THE PERTURBATION OF
2-DIMENSIONAL CENTERS OF VECTOR FIELDS IN R?

JAUME LLIBRE, JIANG YU, AND XIANG ZHANG

Departament de Matematiques, Universitat Autonoma de Barcelona, 08193
Bellaterra, Barcelona, Spain  jllibre@mat.uab.cat
Department of Mathematics, Shanghai Jiaotong University
Shanghai, 200240, P. R. China

jiangyu@sjtu.edu.cn and xzhang@sjtu.edu.cn

ABSTRACT. In this paper we study the limit cycles of polynomial vector fields in R?® which
bifurcates from three different kinds of two dimensional centers (non-degenerate and degenerate).

The study is down using the averaging theory.
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1. INTRODUCTIONS AND STATEMENT
OF THE MAIN RESULTS

One of the main problems in the theory of differential systems is the study of
their periodic orbits, their existence, their number and their stability. In this paper
the study of the existence of periodic orbits of a differential system is reduced using
the averaging theory to study the zeroes of a system of functions. One of the main
problems for applying the averaging theory is to transform the differential system that
we want to study into the normal form for applying the averaging method. When this
method cannot be applied, sometimes there are other ways to reduce the problem of
studying the existence of periodic orbits to study the zeroes of a system of functions.
In general these methods are called alternative methods (see for instance Section 2.4
of Chow and Hale [4]), one of these particular alternative methods is the well known

Liapunov—-Schmidt method.

As usual a limit cycle of a differential equation is a periodic orbit isolated in the
set of all periodic orbits of the differential equation. In this paper we shall study
the limit cycles which bifurcate from the periodic orbits of three kinds of different
2-dimensional centers contained in a differential system of R*® when we perturb it.
These kinds of bifurcations have been studied extensively for 2-dimensional systems
(see for instance the book [6] and the references quoted there), but for 3-dimensional

systems there are very few results, see for instance [1, 2, 7, §].
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First we shall study the perturbation of a 2-dimensional linear center inside R3,

and after the perturbation of two degenerate 2-dimensional centers also inside R3.

We consider the following system

T =—y+eP(z,y,2),

(1.1) y= x+eQ(z,y,z)+ecost,
Z=az+eR(z,y,2),

where a # 0 and

P = Z ai 'y 2, Q= Z bijrt'y 2" R = Z cijut'y 27
i+j+k=0 i+j+k=0 i+j+k=0

System (1.1) has been studied in [5] when a = 0 and without the perturbation
due to e cost. When a and ¢ are zero the unperturbed system has all R3 except the
z—axis filled by periodic orbits. For a # 0 and € = 0 the unperturbed system (1.1)
only has the plane z = 0 except the origin filled of periodic orbits. The center on the
plane z = 0 is called nondegenerate when the eigenvalues of its linear part are of the
form +bi with b # 0. When we have a center having zero eigenvalues we say that it

is degenerate.

Theorem 1.1. The linear differential system (1.1) with € = 0 restricted to the plane
z =0 has a global center at the origin (i.e. all the orbits contained in z = 0 with the
exception of the origin are periodic). Then for convenient polynomials P, Q) and R,
system (1.1) with € # 0 sufficiently small has at least m € {1,2,...,2[(n—1)/2] + 1}
limit cycles bifurcating from the periodic orbits of the linear center contained in z = 0
when ¢ = 0, where [-] denotes the integer part function. Moreover the existence or

not of these limit cycles only depends on the coefficients a; ;o and b; ;o with i+ j odd.

The proof of Theorem 1.1 is given in Section 2.
Now we consider the polynomial differential system in R? given by
&= —y(3a® +y*) +eP(z,y,2),

(1.2) g= a(@®—y’) +eQ(z,y,2),
z= z(z* +y?) +eR(z,y,2).

The unperturbed system (1.2) with e = 0 has a degenerate center at the ori-
gin of the plane z = 0 (for more details see Section 3), a main difference with the

unperturbed system (1.1) with ¢ = 0 whose center is non—-degenerate.

Theorem 1.2. The homogeneous polynomial differential system (1.2) with € = 0
restricted to the plane z = 0 has a global center at the origin. Let P, () and R
be polynomials of degree at most n. Then for convenient polynomials P, ) and R,
system (1.2) with € # 0 sufficiently small has at least m € {1,2,...,[(n—1)/2]} limit

cycles bifurcating from the periodic orbits of the center contained in z = 0 when ¢ = 0.
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The proof of Theorem 1.2 is given in Section 3. We remark that the perturbation
of the degenerate center at the plane z = 0 inside the class of planar vector fields has
been studied in [7].

Finally we consider the polynomial differential system in R3 defined by

&= —y(a® +y*) +eP(z,y,2),
(1.3) g= x(a®+y?) +eQ(x,y,2),
t= z(2® +y?) +eR(z,y,2).

Theorem 1.3. The homogeneous polynomial differential system (1.3) with € = 0
restricted to the plane z = 0 has a global center at the origin. For convenient polyno-
mials P, Q and R of degree at most n, system (1.3) with € # 0 sufficiently small has
at least m € {1,2,...,[(n —1)/2]} limit cycles bifurcating from the periodic orbits of

the center contained in z = 0 when € = 0.

2. PROOF OF THEOREM 1.1

The origin (0,0,0) is the unique singular point of system (1.1) when ¢ = 0. The
eigenvalues of the linearized system at this singular point are +i and a. So it has
a linear center on the plane z = 0. Outside this plane all the orbits tends to it in

forward time if a < 0, or in backward time if a > 0.

If we apply the notation introduced in the Appendix to system (1.1) we have that
x = (2,y,2), Fo(x,t) = (—y,2,a2)T, Fi(x,t) = (P,Q + cost, R)T and Fy(x,t) = 0.
Let x(t; zo, Yo, 20,€) be the solution of system (1.1) such that x(0;zg,yo, 20,€) =
(70, Yo, 20). The periodic solution x(; zg, ¥o,0,0) = (x(t),y(t), z(t)) of the unper-
turbed system (1.1) with e = 0 is

(2.1) x(t) = wocost — ypsint, y(t) =yogcost + xgsint, z(t) = 0.

Note that all the periodic orbits of the linear center have period 2.

For our system the V and the a of Theorem 5.1 of the Appendix are V =
{(x,y,0): 0 < 2%+ y* < p} for some arbitrary p > 0 and o = (zg,y0) € V.

The fundamental solution matrix M (t) of the variational equation of the unper-
turbed system (1.1).—¢ with respect to the periodic orbits (2.1) satisfying that M (0)
is the identity matrix is

cost —sint 0
M(t)= | sint cost 0
0 0 e
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We remark that it is independent of the initial condition (g, 39,0). Moreover an easy

computation shows that

00 0
MY 0)-M*2m)=1] 0 0 0
0 0 1—e %@
In short we have shown that all the assumptions of Theorem 5.1 of the Appendix

hold. Hence we shall study the zeros oo = (g, y) € V of the two components of the
function F(«) given in (5.4). More precisely we have F(«) = (Fi(«), Fo(a)) where

Fila) = /0 ' (cost P(x(t; Xo)) + sint (Q(x(t; Xo)) + cost)) dt

_ 7 st a; o X (1Y ()7 | dt
[ ot (v

i+35=0

/ sin ¢ (Z b joX (t) ))dt

i+75=0

Fola) = /0% (—sint P(x(t; Xo)) + cost (Q(x(t; Xo)) + cost))dt

= 7r—/ sint (Z a; joX (1) )dt

i+75=0

/ cost <Z bijoX(t) )dt,

1+7=0
with Xo = (29, 40,0,0), X (t) = zgcost — ypsint and Y (t) = zgsint + yo cost.

To simplify the computation of these two previous mtegrals we do the change of

variables (zg,yo) — (r, s) given by
(2.2) To=1TCOSS, Yo= —rsins,

where > 0 and s € [0,27). In order to estimate the number of the periodic solutions
of system (1.1), according with Theorem 5.1 we must study the solutions of the system
Fi(xo, yo) = Fa(wo, o) = 0.

From the change (2.2) and the expressions (2.1) a monomial z'y’ which appears
in P(z,y,z) and Q(x,y, 2) becomes (—1)7*7 cos'(t — s) sin’ (t — s). Hence we obtain

the following expressions

2T n
Filr,s) = / cost Z (=1)a; o7 cos'(t — s)sin (t — s)dt +
0



LIMIT CYCLES OF VECTOR FIELDS IN R? 629
27.‘- . . . . .
Folr,s) = 7— / sin ¢ Z (=1 a; jor" ™ cos'(t — s) sin’ (t — s)dt +
0
27r n . . . . .
/ cost Z (=1)b; j 01" cos' (t — s) sin (t — s)dt.
0

Taking u =t — s the functions F; and F; can be written as

Fi(r,s) = coss(ly + Iyo) —sins(lue — Ip1),

2.3
(2:3) Fo(r,s) = —sins(ly + Iyp) —coss(lye — Iyy) +
where
n 27
Iy =1a(r) = Z (—=1)r i+ja”0/ cos'™ u sin? u du,
i+j=0
Lo = Io(r) = Z “”a / cos’ u sin’ ™t u du,
i+j=0 0
n 2
Iy = Iy (r) = Z It ; / Lu sin? u du,
i+j=0 0
n 2
Iy = Ipp(r) = Z It ; / cos’ u sin? ™t u du.
i+5=0 0
Set

Il(T):Ial(T)+[b2(T), [2(7’): ag(’l")—Ibl(’f’).

Using symmetries the integral fo% cosP u sin? u du is not zero if and only if p and
q are even. So I1(r) and I5(r) are polynomials in r having all their monomials of odd
degree. Moreover if n is even the degree in the variable r of the polynomials I;(r)
and I5(r) is n — 1, and if n is odd that degree is n. So their degree always is odd and
equal to 2[(n —1)/2] 4+ 1. Of course we are playing with the fact that the coefficients

of those polynomials can be chosen arbitrarily.

It is clear that the system F; = F» = 0 given by (2.3) is equivalent to the system

(2.4) I(r) _ c?ss —sins 03 _ - sin s .
Iy(r) —sins —coss -7 oS §
We claim that system (2.4) has at most 2[(n — 1)/2] + 1 solutions providing

different limit cycles of system (1.1), and that this number is reached.

For proving the claim first we observe that system (2.4) is equivalent to the system

[1(T)
2.5 I (r) + I2(r) = 72, = tan s.
25) )+ B0 =,
Since the first equation of system (2.5) is a polynomial equation in the variable r?
of degree 2[(n—1)/2]+1 playing with the fact that the coefficients of the polynomials
I,(r) and I(r) are arbitrary, it follows that it has at most 2[(n — 1)/2] + 1 zeros in
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(0,00), and we can choose the coefficients a; ;o and b; jo such that it has exactly m
simple zeros r; > 0 with m € {1,2,...,2[(n —1)/2] 4+ 1}.

There are two solutions s; and s; + 7 in [0, 27) of the second equation for each
zero r; > 0 of the first equation of (2.5). But these two solutions only provides two
different initial conditions of the same periodic orbit. In short applying Theorem 5.1
we would get at most 2[(n — 1)/2] 4+ 1 limit cycles for system (1.1) if the jacobian
det (O(Fy, F2)/0(r, s)) # 0 at (r,s) = (4, si).-

Playing with the coefficients a; ;o and b; j o we get
(2.6) Li(ri) Iy (ri) + Io(ri) I(ri) # 0,

for every solution (r;, s;) of system (2.5). Hence it is easy to check that

O(Fi(r,s), Fao(r, s))
a(r, s)

(T78)=(T2‘,Si)

In short the claim is proved and consequently Theorem 1.1.

3. PROOF OF THEOREM 1.2

System (1.2) restricted to z = 0 and with ¢ = 0 becomes the homogeneous

polynomial differential system

i=—yB?+y’),  g=a@® -y’
of degree 3 that has the non-rational first integral

2
H(z,y)= (2> +yHexp | ———— |,
(z,y) = (27 +y~) exp PR

as it is easy to check.

Doing the transformation (z,y, z) — (rcos@,rsin@, z) system (1.2) becomes

i = —r®sin20 + e(cosP + sin0Q),
. 1
0 = T2+€—(COS¢9Q—SiH¢9P),
T
3 = zr’4¢R,

where P = P(rcosf,rsinf, z), Q@ = Q(rcosf,rsinf, z) and R = R(rcosf, rsinf, z).

This system is equivalent to

@ = —rsin20 + eF; + O(e?),
(3.1) EZZZ 2
@ = Z+€G1+O(€ )7

where
1
Fy = Fi(rcosf,rsing, z) = 2—(((:089 + cos 30) P + (3sin 6 + sin 36)Q),

r2

G1 = Gy(rcosf,rsind, z) = %(T’R — z(cos0Q —sinOP)).

r
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System (3.1)|.—¢ restricted in z = 0 is a global center around the origin with

periodic orbits
(32) r = Toe—sinze’ 2 = 07

satisfying 7(0,79) = 7o and all of them with period 27. The fundamental solution
matrix M (0) of the variational equation of the unperturbed system (3.1).—o with

respect to the periodic orbits (3.2) satisfying that M (0) is the identity matrix is

6—sin2€ 0
wo= (7 2.

We remark that it is independent of the initial condition (rg,0). Moreover an easy

computation shows that

M~0) - M~ (2n) = ( 8 1_06_% ) :

Hence from Theorem 5.1 we must estimate the zeros of the function

2
F(ro) = 2/ eSiHQGFl(roe_Ser cos B, roe” ™ ¥ sin 4, 0)d6.
0

Writing

P(z,y,0) =Y _ P(z,y), Qz,y,0) = > _ Qu(x,y),

1=0
where P, is a homogeneous polynomial of degree [. Then

n

F(ro) = Z rE2 L,

k=0
where
2 -
I, = / BRSO (o5 0 + cos 30) Py(cos §, sin 6)
0

+(3sin 0 + sin 30)Qx(cos 8, sin 0)] db,

is a function of the coefficients of P, and Q.

By symmetry the integral I, = 0 if k is even. So, we have

| (=072
(3.3) ]—"(ro):r—o > Ly
v=0

This implies that F(ro) can have at most [(n — 1)/2] positive real roots. Conse-
quently, using Theorem 5.1 we can get at most [(n — 1)/2] limit cycles of system (1.2)
bifurcating from the periodic orbits of system (1.2) with € = 0 in the plane z = 0.
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We shall prove that the function F(ry) can have m € {1,2,...,[(n — 1)/2]}
positive real zeros for suitable choice of the coefficients of P and ) with the maximum
degree n. For example set

[(n—1)/2]
P(z,y,2) =0, Q(z,y,z Z baws1y™ .

Now the function F(ro) in (3.3) has the Iy,41 as follows
Iyt = boysq /27r e2(1—v) Si“26(3 sin @ + sin 30) sin?" ™ 0df = byyy1 Kopy1.
0
With the help of Mathematica we get that
Kopi1 = Jovg1/ (22UF(2 +v)I'(3+ U)W_l) ’
where

3
Jowsr1 = 32+0)'(3+20)M {5 +v,240v,2— 22;}

—T'(4+2v)M E+v,3+v,2—2v},

and I' is the Gamma function, and M is the Kummer confluent hypergeometric func-
tion defined by
. I'(a + E)T(b) 2*
Mia, b,
d Z NEY
k=0
Using the properties of the Gamma function and the integral representation of

the Kummer function, i.e.,

1
_ ztypz—1 _ 4\b—a—1
Mla,b, 2] = —F(b—a)F(a)/O L1 — )Py,

we can prove that

1
I'(3+20)I'(2+v) (2 +0) / e(2—2v)tt1—2v(1 . t)_%dt.
L(3)T(5 +v) 0

This means that 5,1 is always the product of by, 1 with a positive number depending

J2v+1 =

on v. Hence in the polynomial (3.3) we always can choose the coefficients by, 1
conveniently in order that the polynomial can have 1,2,...,[(n —1)/2] positive roots

(by the Descartes rule). This completes the proof of Theorem 1.2.

4. PROOF OF THEOREM 1.3

System (1.3) under the transformation (z,y, z) — (rcosf,rsinf, z) becomes
ro= 5(cos6’P—|—sin9Q),
0 = 7‘2+61(0089Q—sin9P),
i o= ar?+ gR,
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where P = P(rcosf,rsinf, z), Q@ = Q(rcosf,rsinf, z) and R = R(rcosf, rsinf, z).

This system is equivalent to

% = 6%(608 6P +sin 0Q) + O(e?),
(4.1) d
z 1 .
0= teg (rR — z(cos 0Q — sin 6P)) + O(?).

System (4.1)].—o restricted in z = 0 is a global center around the origin with

periodic orbits
(4.2) r=rg, z=0,

satisfying 7(0,79) = ro and all of them with period 27. The fundamental solution
matrix M(0) of the variational equation of the unperturbed system (4.1).—o with
respect to the periodic orbits (4.2) satisfying that M (0) is the identity matrix is

-3 5)

By the fundamental solution matrix and Theorem 5.1, to prove Theorem 1.3 it is
sufficient to estimate the zeros of the function
1 21
F(ro) = = / cos 0P (rgcos @, rgsin 6, 0) + sin 0Q(ry cos O, rosin b, 0)db.
To Jo
Writing

P(z,y,0 Zszy (,,0 ZQ:my

where P, is a homogeneous polynomlal of degree |. Then
1 (=072

(43) Z ’I“O I2v+1

where

2m
Iy = / cos 0 Py (cos 0, sin 0) + sin Q. (cos 0, sin 0)d0,
0

and we have used the fact that the integral I, = 0 if k is even. Hence F(rq) has
at most [(n — 1)/2] positive roots. Consequently, system (1.3) can have at most
[((n — 1)/2] limit cycles bifurcating from the periodic orbits of the z = 0 plane when
e=0.
By choosing
[(n—=1)/2]
P(z,y,2 Z gy 1021, Qx,y,2) =0,

we get that
2

]21,4_1 = A2y+1 /(COS ‘9)2v+2d9.
0
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This implies that for convenient choice of ag,1 system (1.3) with the given P and @

can have m € {1,2,...,[(n —1)/2]} limit cycles. This proves the theorem.

5. APPENDIX

In this appendix we present the basic result from the averaging theory that we

shall need for proving the main results of this paper.

We consider the problem of the bifurcation of T-periodic solutions from the

differential system
(5.1) X' (t) = Fy(x,t) + eFi(x,t) + 2 Fy(x, t, €),
with ¢ = 0 to ¢ # 0 sufficiently small. The functions Fy, F; : 2 x R — R™ and

Fy : QxR x (—¢g,g9) — R™ are C? functions, T-periodic in the variable ¢, and  is

an open subset of R”. One of the main assumptions is that the unperturbed system
(5.2) x'(t) = Fy(x, 1),

has a submanifold of periodic solutions. A solution of this problem is given using the
averaging theory. For a general introduction to the averaging theory see the books of
Sanders and Verhulst [11], and of Verhulst [12].

Let x(t,z) be the solution of the unperturbed system (5.2) such that x(0,z) = z.
We write the linearization of the unperturbed system along the periodic solution

x(t,z) as
(53) y/ = DxFO(X(t> Z)> t)Y'

In what follows we denote by M,(t) some fundamental matrix of the linear differential
system (5.3), and by ¢ : R¥ x R"* — R* the projection of R" onto its first k

coordinates; i.e. {(z1,...,x,) = (z1,...,Zk).

Theorem 5.1. Let V C R* be open and bounded, and let By : CI(V) — R be a C?

function. We assume that
(i) 2 ={2a = (o, Bp(®)), a € C(V)} C Q and that for each z, € Z the solution
x(t,2q) of (5.2) is T—periodic;
(i) for each z, € Z there is a fundamental matriz M, (t) of (5.3) such that the
matriz M, 1(0) — M, (T) has in the right up corner the k x (n— k) zero matriz,

Zo

and in the right down corner a (n — k) x (n — k) matriz A, with det(A,) # 0.
We consider the function F : CI(V) — R¥
T
(5.4) Fla) =€ ([ M OF 2. 0at)
0

If there exists a € V with F(a) = 0 and det ((dF/da) (a)) # 0, then there is a T—
periodic solution ¢(t,e) of system (5.1) such that ¢(0,e) — 2, as e — 0.
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Theorem 5.1 goes back to Malkin [9] and Roseau [10], for a shorter proof see [3].
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