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ABSTRACT. Due to the random character of input data of a great variety of technical and
economical procedures it seems to be appropriate to model these procedures by stochastic initial
boundary value problems (IBVP). This paper deals with IBVP for parabolic partial differential
equations where a Neumann boundary condition is assumed to be a random field with a given
probability distribution. We assume, that this random field possesses smooth paths and that it is
homogeneous and short-range correlated with a small correlation length € > 0. The main interest
lies in the calculation of the moment functions of the solution of the considered problem, which
depend on the chosen characteristics of the random influence. Based on the idea of an appropri-
ate FEM discretisation we present several approximation procedures for the computation of the
variance and correlation function of the discretised solution. Considering a numerical example the
resulting variance functions of the introduced methods are compared with the results of a Monte

Carlo simulation.
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1. INTRODUCTION

In this paper a problem of random heat conduction is considered, which is mod-

elled by the following initial boundary value problem (IBVP) for a parabolic PDE

uy — ANAu = f(t,r), x=(v;,1) €D CR? te(0,T]

IC : u(0, 2, w) = “up(z,w) x €D

ou _
(1.1) BC : 8—N(t,x,w)‘(aD)2 —P(t,z,w)
<%(t’ z,w) + afult, z) —ualt, w))) —0.

(0D)3

The function u(t, z,w) describes the temperature distribution in the domain D at time
t € (0,7]. The two-dimensional domain D possesses a sufficiently smooth boundary
0D = (0D), U (0D)3. As random influences the heat flux P over the boundary (9D),
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and the initial condition “uy are considered and modelled by stochastically indepen-
dent random fields. Problems of this kind arise for instance in braking or coupling
processes of motor vehicles. Due to the occurring diffusion an expedient assumption
is to describe the initial condition and the boundary condition as e-correlated fields.
Such random functions have been applied to model numerous problems of physics
and engineering. The property of e-correlation (cf. [5, 6]) means that the correlation
function R(x,y), x,y € R™ of a random function f(x,w), z € R™ vanishes if the dis-
tance of the arguments exceeds a certain quantity € > 0, which is called correlation
length. In this sense e-correlated functions are defined as functions without distance
effect. In contrast to the white noise model they can possess arbitrarily smooth-
ness. Further considerations according to the concept of e-correlated functions and

its generalizations can be found in [5, 6].

In the following it is appropriate to consider the problem for the random fluctu-

ations
U — AMAU =0, z=(x1,72) EDCR? te(0,T]
IC : (0, z,w) = “up(r,w) — E{uo(2)} =: “Up(z,w), €D
ou —
1.2 BC : 2o —<p _E{P(tz)} =P
(12)  BO:gpltew)| o =Pltrw) - BP(L2) = Plr.w)

ou

(a—N(t,x,w) + aﬂ(t,x,w)) =0,

(0D)3

which holds for the difference
u(t,r,w) == u(t,r,w) — w(t, )

of the solution of (1.1) and the solution of the corresponding averaged problem. The
latter results from replacing all random quantities by their expectations. The advan-
tage of (1.2) lies in the homogeneous differential equation and the independence of
the Robin condition of the surrounding temperature ua. A classical solution of (1.2)

has to satisfy the condition
7 e CY2((0,T] x D)yNnCOV((0,T] x D) N C([0,T] x D).

Moreover some compatibility conditions between the boundary and the initial con-
ditions and between the boundary conditions of different types must be fulfiled (see
[4]). Tt should be mentioned, that due to the chosen properties for 7y and P these
conditions almost sure will not be satisfied. Nevertheless, for the specific parabolic

problem under consideration these irregularities quickly diffuse away (see [1, 2, 6]).

Due to the linearity of the differential equation, of the initial and boundary con-
dition and the independence of the random influences °P and “u, the IBVP (1.2) can
be splitted up into two IBVPs, with random boundary condition P and homoge-

neous initial condition g = 0 on the one side and random initial condition Ty and



SECOND ORDER MOMENTS OF SOLUTIONS OF PARABOLIC PDES 145

homogeneous boundary condition °P = 0 on the other side. That means, the solution
u can be represented as a sum of the solutions of the two problems, each with only a

single random influence.

In this paper we are interested in a weak solution of the above IBVP with ran-
dom boundary condition °P and homogeneous initial condition *u = 0 via the Finite
Element Method (FEM) and especially in its first and second order moments. Con-
siderations concerning the corresponding problem with random initial condition and

homogeneous boundary condition can be found in [4].

The starting point for the FEM is the variational formulation of (1.2). Here the
main idea is to transform the infinite dimensional problem into a finite dimensional
one. In this way, an approximative solution can be found by using a spatially dis-
cretisation. Thereby the domain D is discretised by finite elements 7). For the seek
of simplicity in this paper the domain D is chosen as a rectangle [—R, R] x [0, H] and

the finite elements will be rectangles or triangles (cf. Figure 1).

(OD)3 3 (OD)3.3

(0D)3 2 (0D)3.4
(0D)3.2

(OD)2 (0D)2

FIGURE 1. Domain D and its discretisation

We are looking for a solution of the form

(1.3) Uyt w,w) = > wi(t,w)pi(x).

S

The index set x, = {1,..., Ny} describes the chosen discretisation, it contains the
numbers of the global nodes P, which are the corners of the finite elements. Addi-
tionally to this global numbering the nodes of the finite elements are numbered from
1,..., N, locally, where N,, is the number of nodes per element. Then the following

relation yields. Starting with the mapping

(1.4) a— i =1i(r,a), a=1,...,Nu i€ xn
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the matrix C") = [C’g? ] ~ describes the connection between the local and global
numbering in every ﬁnitgeglézgnt T Tt is defined as follows,
1 if 7 is the global number of the node with local number «
C’gz) = of the element 7"
0 else.

The ansatz functions p;, © € xp, represent a basis of the approximation space

Vi = {wn(2 Z vipi(x

1EXR

A property of the FEM is that these functions possess a finite support. The ansatz
functions are defined locally over the finite elements 7, which contain the node P,
by element ansatz functions pa Using the mapping (1. 4) again it yields

pg)(z), reTW, re B,

pi(z) =

0 else.

The index set B; contains the global numbers of all elements with P; € 7", A useful

relation between the ansatz functions and element ansatz functions is given by

(1.5) p(x) = (CNTp"(z), zeT.

The element ansatz functions pg ), a=1,..., N,, are obtained by the transformation
of form functions ¢p,, a =1,..., N, which are defined on a reference element. That
means

P (2) = pulbrm (2)), Vo € T,

For a more detailed description of the corresponding FEM techniques it is again
referred for instance to [3].
The vector w,(t,w) = {upi(t,w)}iey, of the time-dependent coefficients in (1.3)
is the unique solution of the resulting system of ordinary equations (cf. [4])
My, (t, w) + Kpuy,(t,w) = f, (t,w), t€(0,7T]
(16) IC : w,(0,w)=0.

T
R
The load vector f, (t,w)= [f pi(s,0)°P(t, s, w)ds] contains the random boundary
“R

- 1EXR
condition °P. Consequently, the solution w, is an integral functional of the form

t t

R
T _
uy,(t, w) :/Gh(t—s) S, W ds-// Gl t—s p, T, O)} ‘P(s,r,w)drds,
“R

1S9
0

with Gj,(t) = exp(—M, 'K,t)M;'. Tt can bee seen, that the ansatz functions p;,
i € xn, are considered only on the boundary (dD)y; = [—R, R] and so they do not
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vanish only for nodes P; laying on the boundary. For the sake of shortness it is set
pi(r> 0) = pi(r)> (NS Xh-

According to (1.3) the approximative solution of the variational formulation is

given by
n(t,x,w) Zuh,twp,
1EXH
_sz // Gu(t—s)p(r) P(Srw)drds
1EXR

The aim is now to calculate the second order moments of the approximative
solution @y,. It yields E{u,(t)} =0, Vt and
t1 R
E{u,(t)uf (t2)} = ////Gh 1 — s1)p(r )p (12)G7 (ty — s9)
(1.7) s S
E{°P(s1,71)°P(s2,79)} drydss dry ds; .

From the correlation matrix E{u,, (t;)ul (t2)} given in (1.7) the correlation function
of the approximative solution uy, of the IBVP can be calculated easily by
E{un(ty, o)un(ts, y)} = Y E{w, (h)u(t2)}pi()p; (y)
i,jGXh

which follows immediately from (1.3).

2. THE CORRELATION MATRIX E{uy,(t)uZ (t2)}

In the following several methods for the calculation of the above derived corre-
lation matrix E{uy,(t;)ul (t2)} are introduced and compared. On the one hand, we
study asymptotic expansions with respect to the correlation lengths of the random
field °P. This method was developed in [5, 6]. Derived from this approach we consider
a method for the special case of a uniform discretisation. Finally we show an explicit

way to calculate the correlation function and compare the results.

The random field P is modelled as an element of a family of real-valued centered

e-correlated fields (°P, € > 0) with the correlation functions

Rpp(z,y) = B{P(2)P(y)}, =,y €R".
It is assumed that (P, e > 0) fulfills the following assumptions.

1. °P(x,w) is wide sense homogeneous.

2. The correlation function of P is generated by a correlation function R of a 1-
correlated wide sense homogeneous random field, that means for © = (21, x2) €
R? and y = (y1,y2) € R? it holds

Y —T1 Y2 — X2
Rsﬁsﬁ(x>y) = Rsﬁsﬁ(y - I) =R ( ) ) )
€1 )
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with e = (e1,69) > 0.
3. °P is mean square continuous on R?, that means the generating correlation func-

tion R is continuous on R2.

Remark 2.1. In the considered case, the components £; and €5 of the correlation
length € describe the length of the correlation in temporal and spatial direction,

respectively.

Using the given discretisation of the domain D the discretisation of the boundary

(OD)q is given by [-R,R] = U [xg ), :L’g ], where the index set 1, contains the num-
reYy

bers of all finite elements laying on the boundary (9D),. Without loss of generality
we set ¢y, = {1,..., Ry} with a certain number R,. Consequently we can formu-
late the right hand side of equation (1.7) as a sum of integrals over the intervals
10 = 27 257), r € 4. Using relation (1.5) it yields

E{uw, (t)uj, (t2)} o
(2.1) = / / Gh(tl—sl)ii(C(”)T{ / / ) () (72)
00 =l s=l 1) 1(9)

R <S2€_ Sl, 2 5_ Tl) d?"g d’f’l:| C(S)Gg(tg — SQ) d82 d81 .
1 2

s2—81

By the help of the transformation (ry,s1) — (uq,us2), u; = =

Uy = ’76—_2” the

correlation matrix E{w,(t1)ul (t2)} can be written as

Bl ()]0} — 2102 3 / / Grltr — (52 — 21un))(CD)

r,s= 10 32 tl

o L ra=a”)

[ / / ]_A)(r) (7’2 — 82U2)(]_§(S))T(7’2>R(U1, UQ> dU2 d’f’g
(T))

T2— Ty

C(S)Gg(tg - 82) du1 d82 .

-5)1(

T4 =

In the further considerations we restrict for the seek of simplicity of the corresponding
explicit representations to the case of a uniform discretisation, that means :L’g) —xY) =

xés)—:cgs) —hVr,s=1,...,Ry.

By changing the order of integration and the additional substitutions u; — —uy,

uy — —usp with paying attention to the homogeneity of the correlation function R we
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obtain the following representation of E{w, (t;)ul (t5)} for 0 < t; < to,

T
E{w,(t1)uy, (t2)}
51 t1—e1u1 0 t1—e1u1 1 o (ti—t2) to
8= 1 1 (t1 to) —E1U1 _l2 —aiw
e1
(2.2) 2@ ey S (@ —al)
%(ZE;T)_%;S)) 3 (s) (7‘) (7‘)_€2u2

Gh(tl — (82 + €1U1))(C(T))T]_)(T)(’l“2 + €2U2)(]_9 ) (T’Q)C(S)
Gg(tg - 82)R(U1, Ug) dTQ dUQ d82 dU1 .

Remark 2.2. Without loss of generality we consider only the case 0 < t; < ts.
Since R is the correlation function of a 1-correlated random field, for ¢; > &1 the
domain of integration [O, %] can be restricted to [0,1]. If the correlation function
E{w,(t))ul (t2)} is considered at times t; and t, with ¢; + &, < t, the integral with
domain of integration [_%’ E(tl — tg)] vanishes completely by the property of R to

be 1-correlated. If we consider on the other hand the case t := t; = t, relation (2.2)

simplifies because the domain of integration [i(tl —t9), 0] vanishes.

The advantage of equation (2.2) is that the correlation function R depends only
on the integration variables u; and us, but not on ry and s;. To use this property
it is meaningful to define the functions ¢§“’ depending on (21, 22) = (e1u1, €2us) for
1=1,...,6 as follows,

Cb( )(21,22) ¢(m) (s) (r)

21, R
[0,t1—21,2y g 22]( b 2)’

(r,s) (r,s)
¢2 (Zla 22) ¢[0 ti—z1, w( )—ZQ,ZEéS)](Zl’ 22) )
¢(r,s)( ) (b(r ,8 ( )
3 (21,22 [21,t—2,00 2 2] 21,%2)
¢(r,s)( ) (b(r ,8 ( )
4 <15 %2 (21t th( )—Zzﬁvés)} <15 %2),
¢§,T’S)(21722) ¢(m) o o (21, 22),

[~z 2,y Ty —22]

¢g’s)(21, 29) = ¢(m ") (5)1(21, 22)

[—z1,t2,x) ' —22,T5

where the notation

i) (21, 2) =
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//Gh tr = (524 20))(CU) TP (ry + 22) (57 (r2)
C Gh (tg — 82) d’f’g d82

has been used. Hence the correlation function E{w, (t;)ul (t)} can be written as

£182 ) [/{ / o\ )(51u1a52u2 / o5 (51U1,52U2)]
r,5=1 T s T s
0 512 (Z‘g ) 1‘5 )) E2( (r) _ ( ))
(2§ =) () =)
(2.3) + / { / ¢3 (e1u1, £2us) / ¢4 €1U1752U2)]
(t1 ta) ({7 =2 1 (xm ()

L (tl t2)

(@) —2l) (@) —a$)
E
+ / [ /¢5 (e1u1, e9us) /% 51U1,€2U2)H

(T) (S) (7") é)

R(ul, Ug) dU2 dU1 .

3. ASYMPTOTIC EXPANSIONS

The influence of the random boundary condition P on the vector w,, is described

by the integral functional

u, (t,w) = j / Gi(t — 8)p(r)P(s, 7, w)drds.

0 (0D)2

An asymptotic expansion of E{w,, (t;)uf (t5)} of order m with respect to the correlation
length ¢ can be derived, if the deterministic function f(s,r) := G(t —s)p(r) for each
t fulfills the following assumption DC (cf. [5]).

Assumption: We say that a deterministic function f(z), x € R? satisfies the
oni1tna

assumption DC if it yields for the derivatives D™"2) f(2) 1= a2 f(x1, 25):

L)
Oxq O,

1. D("lm)f are continuous for n = ny + ny < m.
2. D("h"z)f, m = ny + ny are absolute continuous.
3. DMm2) f belong to Li(D) N Ly(D) for n = ny +ny <m + 1.

If we use for instance bilinear ansatz functions the above assumption is only fulfiled

for m = 0 on the domain D. On the other hand, the assumption is clearly fulfiled for
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arbitrary m if the domain D is replaced by a single finite element, because the deter-
ministic function G,(t — s)p(r) is arbitrarily smooth on the finite elements. Therefore
an asymptotic expansion of higher order can be obtained on the base of equation (2.3).

According to [5] the functions ¢§T’s), t=1,...,6 are represented by their Taylor

expansions with respect to the correlation length at point € = (0, 0)

¢@('T’s) (e1uq, 52“2)

3.1
(3.1) = Z D 21722) u® +P¢i,m+1(51’u1,62u2)
|a|<m #1=2=0
with a = (a1, a0), u® = ui'us?, ol = olag!, e* = €7'5?, o] = a; + ay and
aq+ag 4 (75s)
D(Q)QSET’S)(zl, 29) = %(zb 23) . Due to the domain of the functions gbgr’s), i =
1 2
1,...,6 the additional assumption

Eggh

is required. Since R is the correlation function of a 1-correlated random field, for a
fixed index 7 € 1, some of the summands in the second sum (s € 1) in equation (2.3)
vanish. To be precise, under the assumption u; € (—1,1) the functions ¢\ gbg’s)
and ¢ %) for fixed 7 need to be regarded only for s € {r, Nr}. Analogously, the
functions QS(TS , (TS and QS(TS need to be regarded for s € {r, NI}, only. Thereby
Nr describes the 1ndex of the interval right beside 1" and N1 the index of the interval

left beside (cf. Figure 2).

FIGURE 2. Notation of neighbouring elements of T") by discretisation

by rectangles resp. triangles

A summary of these results leads to the following equation, which is valid for
€2 S h’?

E{Mh(tl)ﬂg(h)}
at+1
_ (7" e” (r,s) (r,5) (s)
IPICLP (5 i) e
r=1 s=r,Nr la|<m i=1,3,5
(3.2)

grtt (1) (9)

+Z Z ' Qoi Qg o)

r=1 s=r,Nl || <m o i=2,4,6

+ pm+1(€1,€2)
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with 1 = (1, 1),
q,Ef’f) = D(O‘)¢Z("’S)(z1,z2) ,i=1,...,6,
’ z21=22=0
as well as
H1 (0 _g()
€] €9
Eff —/ / u® R(uy, ug)dusduy
0 1 (Z'(T) s)

L3l si ({Eér) _wés))

ag”;) :/ / u®R(uq, ug)dusduy ,
0

(5))

o Aad-
a(():’gf) :/ / u® R(uy, ug)duaduy ,
) %(xgr)—xgs))

S
e
k3

|
\o

(T)
/ u® R(uq, ug)dugduy ,
() _

o (ti=t2) 2$)
L) L (@)l
(TS / / u® R(uy, ug)duaduy ,
(@) =)
E1

1 (tl tz) 2( (7‘) (S))

ag”g): / / u®R(uq, ug)dugduy,

t s
_ﬁ %(ng)_x;))

and remainder p,,1(1,€2).

As a consequence, the expensive evaluation of the quadruple integrals in equa-
tion (2.3) can be replaced by sums of corresponding double integrals. The degree m
of the expansions has to be chosen according to the desired accuracy. However, the
advantage of the usage of e-correlated random influences lies in the fact, that the
number of summands, which have to be considered (r, s € v,), becomes considerable
small.

4. COMPARISON WITH THE DIRECT CALCULATION

In the special case of uniform discretisation and bilinear ansatz functions p there
is an alternative way to calculate the functions ¢§’“’8), t =1,...,6. In this case, the

Taylor expansion can be replaced by the following considerations. For the seek of
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simplicity we restrict to the case of a discretisation by rectangles. In the case of
triangles, solutions can be obtained in a similar manner.

Let M), and K} be the mass and stiffness matrix of the system of ordinary differ-
ential equations (1.6), respectively. Considering the generalised eigenvalue problem

Kh:lj' = )\Mhl’,

there exist matrices A;, and V}, with

ViFKW Vi, = Ay,
and
VIMV, =1,
where A, = diag(\1,..., Ay, ) is a diagonal matrix whose entries are the eigenvalues

and V}, consists of the corresponding eigenvectors. Clearly it follows
A = Mh_lKh = VhAth_l ,

i.e. the matrix A, is diagonalisable. Consequently it holds the following relation for

the function Gy, ,
Gn(t) = exp(—M, *Kpt)M, " = Vyexp(—=Apt)V, ' Mt = Viexp(—Apt) Vi

Due to the uniform discretisation the integrals

o)~z 2l
/ @(r) (ro + zg)@(s))T(rg) dry and / @(T) (ro + zg)@(s))T(r2) dr
() A
occurring in the definition of the functions ¢>§"’S), 1 =1,...,6 in Section 3 now can

be transformed to the reference interval [0,1]. The ansatz functions p;, i € x; are
assumed to be bilinear, then the form functions ¢,, a = 1,...,4 over [0, 1], where
Gal&r)) == a9, 0), can be written as (cf. [3])

P1(&10(r2)) 1 — & (r2)

(Pal&10 (1)) )act, 1 = @(fﬂ;(@) _ €I<s>0<rz>
0 0

With the help of the transformations

ry = hé + 2",
(4.1) 1 (s) (5) . (s)
§=&1 (7’2) = —(7“2 - )a h =z’ —

h
the mapping of the reference interval [0, 1] to the interval 1) = [:Bgs),atgs)] and vice

versa are realised, consequently it yields

P (r2) = @al(érn(ra)) and pY(rs + 22) = @al&ren (ra + 20)), a = 1, 4.
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For the sake of shortness it is set & (12) = € and &0y (12 + 23) = €. With the help of
1
N (zy) == E(ZQ — k"), where k0 =gl — 2l

it holds by using equation (4.1)

e 1 s r s 1 r,s r,s
52E(T2—$§)+Z2—$§)+$§)):§+ﬁ(22—k(’)):§+77(’)(Zz)-
With the notation n := 7 (z,) the above integrals now can be straightforwardly

calculated as
o)

Ty ' —22
[ 0+ ) )
7" 1=m2-n (@-n* 00
_@(1_ ) ”P+4n+1 (1-n)2+n) 0 0
6 0 0 00
0 0 00
=: ’wl(Zg, k(r,s)7 h)
and
2
2
[ 002+ 2@ )
@i =z —(1+n@2=-n) —+4p—1 0 0
h —(1+n)? —(1+n2-n) 0 0
=—(1+
g+ 0 0 00
0 0 00

= w2(22, k(r’s), h) s

where again (4.1) has been used. Consequently the functions QSY’S), 1 =1,...,6
defined in Section 2 can be written as

¢\ (21, 22)
t1—21
=V / e M=)y T (CONT ) (2 K9 R)CE Ve M t2=52) g, 1T
0
—V W&;)(@) —\j(ta—t1+21) —Ai(t1—zl)—)\jt2> vT
_h‘)\l_i_—)\] <€ — € o h >
,)=1....Np
¢§’"’8’ (21, 22)
t1—21
-V, / e M= 20T (O Ty (29, KT3) h) OO Ve Mnltz=s2) gg, /T
0
_ V Wg:;j) (ZQ) —)\j(tz—tl-i-zl) —)\i(tl—zl)—)\jtz VT
= Vp )\Z_’_—)\] <€ — e > L h »
2,)J=1,...1Np,
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¢;(),T’8) (21, 22)

t1—2z1

-V, / e~ M=zl T (O Ty (29, KT3) | h) OO Ve Mnltz=s2) gg, /T

_(T7S)
leij (ZQ) —)\'(tg—tl—l—zl) —)\'tl—)\‘(tz—l—zl) T
= Vh |:)\Z X )\] <€ J —e J > Vh ;

ij=1,...N},
QY’S) (21, 22)

t1—21

-V, / e M= 20) T (O Ty (29, KT3) 0) OO Ve Mnltz=s2) gg, /T

(r,s)
Wi (22) . s
-V ;2] —)\J(tz—tl—i-alul) o —)\ztl—)\J(t2+Zl) VT
h[A+Aj <e ‘ )"1Nh7
,J=1,...0Np

to
_ v, / M=) T (CONT (. K09, )OO o= Mnlt2=52) g, T

—2z1

W(TS)
1y (22) —Ai(ti—t2—21) —Xit1—X\;(t
‘/ % i z i i 2+Zl) ‘}T
h ! Ai + A (e ¢ > hoo

imj:l""Nh

to
=V / e M=) T (CON Ty (2 k9 R)CE Ve M 2=52) g, 1T
~z
Wi ()
— Vh J <e—)\i(t1—t2—zl) o e_)\itl_)\j(t2+zl)> V};T .

Ai + A
5,j=1,...Np,

Here, the terms (VV1 ”( 22))ij=1,..N, and (Wé:j( 2))ij=1,..n, describe the compo-

nents of the matrices
W (29) = VE(CO) wy (20, K9, ) COV,
and
Wy (29) = Vi (CO) ws (20, k), 1) COV,.
Assuming a uniform discretisation of the boundary (9D), the matrix-valued functions

QSY’S), 1 =1,...,6 can be calculated in dependence of z; = 1u; and zy = equs by the

above equations. Again the summands of equation (2.3) become to double integrals.

The basic assumption of the paper consists in the model of an e-correlated random

heat flux °P. In this case, the correlation function possesses the property

E{ P(’f’l,Sl) P(TQ,SQ)} :0, if ‘82 —81‘ > g1 0or |7’2 —7”1‘ > £9.
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For every fixed pair (r, s1) the domain of e-neighbouring points
D.(ry,81) :={(r2,82) : |ro — 11| < €1 A |sg — 51| < &2}
=[r1 —e1,m1 + 1] X [s1 — €2, 81 + €9

can be defined. Outside this set the correlation function and therefore the integrand
vanish for fixed (ry, s1). Consequently the domain of integration can be restricted to

the domain D.(rq, s1), which reduces the numerical efforts. It yields

E{u,(t)u;, (2)}
t, min{ta,s1+e2} R Ry max{min{més),r1+€1},m§s)}
T e |
r=1 s=1

0 max{0,s1—¢e2} ()

min{max{:cgs) 1 —51},:(:%5) }

p(r) (Tl)(p(s)>T(T2)R <S2 5_ o1 y 2 5_ Tl) d’f’g drlC(s)Gg(Q — SQ) d82 d81
- 1 2

and this representation of the correlation matrix can be determined by computer

algebra systems.

5. NUMERICAL EXAMPLE

In this section we want to verify the analytic results of the previous sections on
the basis of the variance functions E{w(t, r)*}. Note, that it holds E{wuy,(¢,z)} = 0.

Additionally to the introduced methods, the variance of the solution of prob-
lem (1.2) is evaluated using Monte Carlo methods. Starting from the system of
equations (1.6) the random influence P is modelled based on time-discrete Moving
Average fields (see [7]). Then using a realisation of °P the resulting deterministic
system of equations is solved. From the corresponding solution u}, () the temperature

distribution over the domain D is obtained using @}, (¢, z) = > wi (¢)p;(z). According
1EXH
the law of large numbers the relation

Zuht:ﬂ

is a suitable estimation for the mean value E{w,(¢,z)}. An estimate of the correlation

function can be obtained by

N
1 ) )
RN (t,ty, 7, y) = N1 Z (u, (t1, 2) = EN (ty, 21)) (), (t2,y) — BN (t2, 22))
-1

i=

and especially for estimation of the variance function it follows

1 1 o i
VN(T,,,I‘) = RN(t,t7,I‘,.]Z) = ﬁ (H;L(t7'r) - N ZH;L(T’VI)> :
1=1

i=1
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The numerical example is based on the following parameters. The considered
domain D is the rectangle [—0.5,0.5] x [0,1]. The values of the material parameters
are chosen as A\ = 38.0 and a = 10, respectively. The correlation function of the

random influence P has the form
E{P(t1,21)°P(t2, 1)}

[ta—t1] 2 ly1—a1| 2
(5.1) I— =) (1= ) [ —t] <e and
= o? ly1 — 21| < &,
0 else,

with 0% = 25-10°% The correlation length is chosen according to € = (1,¢&5) and
e1=10"and ey = h = é, where € describes the correlation length in time direction
and g5 the correlation length in spatial direction.

Figures 3, 4 and 5 show the variance functions plotted over the domain D at time
t = 1072, which are calculated by the asymptotic expansion of order 1 (cf. Section 3),
the direct calculation (cf. Section 4) and the Monte Carlo simulation. The result

of the simulation is obtained by using N = 10° realisations. It can be seen, that

FIGURE 3. FIGURE 4.
E{u,(t, )%} expanded E{u,(t, )} explicit calculated

the variances coincide well, what is emphasised by the two-dimensional cut at point
x1 = 0 in zo-direction shown in Figure 6. This behaviour can be observed also for
other parameter constellations, so that we can conclude, that the different ways of

calculating the variance function lead to comparable results.

The variance functions have their highest level at the domain around the bound-
ary (0OD)y. This is due to the fact, that the only random source is the heat flux over
this boundary and the temperature of the remaining domain is only weak influenced
by °P.

Because we are interested in the consequences of the random heat flux we consider
a modified domain D, chosen as D = [—0.5,0.5] x [0,0.1]. Due to this comparatively
thin domain, °P influences the temperature distribution in the whole domain at time

t = 1072 (cf. Figure 7). However, the general behaviour of the variance is the same,
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06

FIGURE 5.
E{w,(t,z)?} simulated

FIGURE 6.
Comparison of the vari-

ances at ©1 =0

the highest level is reached in the area around the boundary (0D),, which corresponds
to o = 0. For higher values of x5 the variance drops down. To analyse the influence
of the deterministic Robin-conditions on the boundary (0D); we increase the heat
transition number « step by step. Higher values of this heat transition number
cause a stronger heat flux over the boundary (0D); and consequently the variance
gets smaller in the domain around the boundary and even in the whole domain, cf.
Figure 7 for a = 10, Figure 8 for a = 1000 and Figure 9 for o = 10000.

777/
el

FIGURE 7. E{u(t, z)*} for a = 10
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FIGURE &. FIGURE 9.
E{u(t,7)?*} for a = 1000 E{u,(t,z)?} for a = 10000
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It should be mentioned, that for @ — oo the Robin-conditions change into

Dirichlet-conditions. Then the temperature is fixed on the boundary (9OD); and con-

sequently the variance on (0D); equals to zero.

T

Finally, Figure 10 shows the evolution of the variance in time for some points

= (0,0.1); (0,0.02); (0, 0.04); (0, 0.06); (0, 0.08). The curves illustrate, that

the variances grow at the beginning, but stabilise after a certain time. So the system

will not explode.

0.8

variance

0.6

0.4

02

0

L L L L L L T
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
time

FIGURE 10. E{w,(t, z)?} for different values of x5
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