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1. INTRODUCTION

This paper discusses the discrete Dirichlet boundary value problem

(1.1) { —A%u(k —1) = f (k,u(k)), keD=1{12. T}

uw(0) =u(T'+1) =0,

where T is a positive integer, and Au(k) = u(k + 1) — u(k) is the forward difference
operator. We let DT ={0,1,2,...,7 + 1} and let B be the Banach space defined by

B={u|u:D"—R}

with the norm

= k).
lullo = max [u(k)]

Discrete boundary value problems have been discussed extensively in the litera-
ture; see, for example, Agarwal et al. [1], Anderson et al. [5], and Avery et al. [6],
as well as the references cited therein. In [1], the authors use critical point theory
to establish the existence of multiple solutions of some regular as well as singular
discrete boundary value problems. Solvability of a nonlinear, second-order difference
equation with discrete Neumann boundary conditions is studied in [5]. The methods
used there involve new inequalities on the right-hand side of the difference equation

and Schaefer’s fixed point theorem in the finite-dimensional space setting.
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In [6], fixed point theorems of cone expansion and compression of norm type are
generalized by replacing the norms with two functionals satisfying certain conditions.
The authors then give an application yielding the existence of a positive solution to

a discrete second-order conjugate boundary value problem.

In this paper, by using some of the ideas in [4], together with some techniques
used in [7] for ordinary differential equations, we present some new existence results

for positive solutions of the discrete problem (1.1).

2. PRELIMINARIES

In this section, we present some results that will be needed in Section 3. Our

first lemma is due to Agarwal and O’Regan.

Lemma 2.1 ([2]). Let v € B satisfy v(k) > 0 for k € D*. If u € B satisfies

21) {—A%@quzu@; ke D,
w(0) =u(T"+1) =0,
then
u(k) = q(k)|lullo  for ke DT,
where
o-mn{EE )

Remark 2.2. From the definition of ¢(k), we have ¢(k) > T+r1 for ke D.

It is easy to prove the following lemma.

Lemma 2.3. The Green function G(k,j) associated to the problem (1.1) is given by

D 0<j<k-—1,
(2:2) G(k,j) =
ML) jf k<j<T+1.

Under suitable assumptions on the nonlinear function f, we shall prove the exis-
tence of a positive solution to the boundary value problem (1.1). The proof relies on
the Guo-Krasnosel’skii fixed point theorem in cones ([9], [10]). We begin by recalling

the following definition.

Definition 2.4. A nonempty subset C of a Banach space X is called a cone if C is

convex, closed, and satisfies

(i) aw € C for all u € C and any real positive number «a, and

(i) u, —u € C imply u = 0.

Next, we state the Guo-Krasnosel’skii Theorem.
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Theorem 2.5 ([10]). Let X be a Banach space and C C X be a cone in X. Assume
that Qy and Qy are two bounded open sets in X such that 0 € Q; and Q; C Q. Let
A:CN(Q\ Q) — C be a completely continuous operator such that either

(1) |Au|| < ||ul| for w e CN O and ||Aul| > ||u]| for u e CNOQy, or
(ii) ||Aul| > [Ju]| for v e CN O and ||Au|| < ||u|| for uw € C N OQ,.

Then A has at least one fized point in C N (Qy \ ).
In the sequel, we take X = B and define the cone C C B by
C={ueB:ulk)>qk)|ulo for ke D"}

We define the operator A : B — B by
T
Au(k) =Y Gk, ) f (. ()
j=1
Our final lemma shows that the operator satisfies the covering assumptions of

Theorem 2.5

Lemma 2.6 ([3]). Assume that f: DT x Rt — RY is continuous. Then A is well

defined and maps C into C. Moreover, A is continuous and completely continuous.

3. EXISTENCE OF POSITIVE SOLUTIONS

First, we will use Theorem 2.5 together with some ideas in [4] to obtain new
results for the existence of a positive solution of the Dirichlet discrete boundary value
problem (1.1).

Theorem 3.1. Suppose that f(k,u) = p(k) (¢(u) + h(u)) where p : DT — RT,

g: R — R, and h : R — R are continuous functions satisfying the following

conditions:

(3.1) g(u) > 0 and is nonincreasing for u € (0, 00);
(3.2) h(u) > 0 for u € [0,00);

(3.3) — 1s nondecreasing for u € (0,00);

g
there exists a constant Ko > 0 such that

(3.4) g(uv) < Kog(u)g(v) for all u,v > 0;

there exists a constant r > 0 with

r

aoKo(g(r) + h(r))

(3.5) > 1,
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where
ag = rlgeégz G(k, )p(5)9(q(4));

and there exists a constant R > r with

(3.6) = <1,
bog(R) (9(7) + h(75))
where
T
bo = min » G(k,j)p(j)
ke et

Then the boundary value problem (1.1) has a solution u € B satisfying r < ||lullo < R.

Proof. Let
D ={ueB :|ullo<r} and Qy={ueB : ||ullo < R}.
We will first show that

|Aullo < |lullo for weCnaw,.

Let u € CNOQy, ie., u € C and ||ul|p = r. Then, we have

0< Au(k) = ZG(k‘,j)p(j) (9(u(5)) + h(u(5)))

T

= 3Gttt (15

. éa@,j)pu)g(qmn o (1+ 2

_ gG(k,J)p(j)g(q(J)r) (H%)

< (1+19) Kog(r)jéG(k,J)P(J)g(Q(J))

¢ (1419 gt T Gk Hp()gta()
- (1 + %) Kog(r)ao

< r=ullo

It follows that
|Aullo < [Jullo for u € C N OQy.
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Next, we show that
|Aullo > [Jullo for u € C N OQy.

Let u € CN Oy, ie., u € C and |lullo = R. We have u(k) > q(k)||ullo, and so
T

Au(k) = ZG(kﬁ,j)p(J’) (9(u(3)) + h(u(5)))

= 3Gk (g (u(h)) <1 N h<u<yj>>)

()
d 4 h(g(5)lwllo)
2 3 Gl Dpli)o(R) (1 S
d N h(F2y)
> ZG(kaJ)P(J)Q(R) Hg(i)
h7#5)\ <
= g(R) <1+ g(i)> ZG(kJ,J)p(J)
> g(R) <1 + ;LEE;) ggg;G(lﬁa])p(])
= bog(R) 1+h(%)
- 9(75)

Hence, we obtain
|Aullo > [Jullo for u € C N OQy.

By Theorem 2.5, the problem (1.1) admits a positive solution u with r < ||u|lo <
R. O

Next, we will use Theorem 2.5 together with some ideas in [7] to obtain some

additional new existence results for the problem (1.1).

Theorem 3.2. Let f: DT x Rt — RT be a continuous function and suppose there

exist continuous functions a,b: DT — R and a constant p > 0 such that

(3.7) flk,u) < a(k) +b(k)u?  forall (k,u) € Dt x RT.
In addition, assume that

1 7T 1 \71
(3.8) (ng) — M, (ng) - My >0 if p>1,
or

1 P
1 \# T 1 \# T
3.9 — — My | — —M <0 f O<p<l1
(3.9) (ng) 2(pM2) 1> if D )
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where
T T

Mlj :I]glea[}){zlG(k,j)a(j), M2: :maXZIG(kuj)b(.]>v
Jj= 7=

and
If there exist 3 > 0 and kg € D such that

T -1
(3.10) min (k) 2 5 2}%%J4 ,
ve[rkr] =

then the boundary value problem (1.1) has at least one positive solution u € B.

Proof. Let
W ={ueB: |ul|,<r} and Q={ueB: |ul, <R},

where the constants 0 < r < R are real positive numbers to be selected later. Consider
a function u € C N 0€);.

First, we consider the case p # 1. We have

0 < Au(k)=ZG(k,j>f<j,u<j>>SZGUc,j) [a(j) + b(j) u(5)"]

T
< DGk )a) + lull” Y Gk, )b() < (My+ My |u]l”) < My + Myr? <,
j=1

j=1
where the last inequality follows from conditions (3.8) and (3.9) after an application
of elementary calculus on the function F'(x) = x — Myx? — M;. Thus, we have proved
that || Aullo < [ullo.

Now, if u € C N 0y, then taking ||u|| = R = @ where [ is defined in condition
(3.10), we see that u(k) > £~ by Remark 2.2. Hence, for any k € D, -2~ < u(k) < 3.

T+1 ) T+1
Furthermore, we have
T T
Au(ko) =Y Glko,j)f(Gru(j) = | min  f(k,u)| Y Glko,j) = 5.
=1 el =

Consequently, Au(kg) > (3, that is, || Aullo > ||ul|o for any u € C N INs.

The case p = 1 is easy to prove. In view of Theorem 2.5, the operator A has a
fixed point in C N (s \ €1), and so problem (1.1) admits a positive solution u in the
cone C. [

Our final result has a sum condition on the nonlinear term; it makes use of the

following Schauder fixed point theorem.



DISCRETE BOUNDARY VALUE PROBLEMS 271

Theorem 3.3 ([8], [12]). Let X be a Banach space and let K be a bounded, closed,
and convex subset of X. Let A: K — K be a completely continuous operator. Then
A has a fixed point in K.

Our existence result is as follows.

Theorem 3.4. Let f : DT x Rt — R™ be a continuous function and suppose there
is a continuous function H : Dt x RT — RT that is nondecreasing in its second

argument and satisfying

(3.11) f(k,u) < H(k,|u]) forall ke DT,
If there exists a constant ¢, > 0 such that
T
<
(3.12) rgggj 1 G(k,j)H(j, ) < cu,

then the boundary value problem (1.1) has at least one positive solution.
Proof. Let K be the closed convex subset of B defined by
K={ueB:0<uk)<ec, forall ke D'}

Using the above conditions, we see that A maps K into itself. Indeed,

0 < Au(k) = 3 Gk, 5)f (ru(i)) < DGk, j)H (3, ]u(j) Z H (j, |[ulo)
<> Gk, j)H (j.c.) < rggZG(k H (4, ¢) < e

j=1 j=1
Schauder’s fixed point theorem guarantees that the problem (1.1) has a positive so-

lution. O

4. EXAMPLES

In this section of the paper we give some examples to illustrate our results.

Example 4.1. Consider the discrete Dirichlet boundary value problem

m CA%u(k— 1) = W(wa + uﬁ), keD={1,2,....T},
u(0) =uw(T'+1) =0,

e

where 0 < o« < 1 < fand T is a positive integer. Here p(k) = W, g(u) =u"*,
and h(u) = u”. Notice that Ky = 1 and G(k,j) < T + 1 for k,j € D. Moreover,
q(j) > 1/(T+ 1) s0 g(q(j)) < (T +1)*. We have

T

ap = lg;gx G(k, j)p(5)g(q(j)) <

Y

RSQE,
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so if we take r = 1, then

r

O CE G

Taking the limit,

lim (%) lim R =0<1
rto bog () (9(gl) + (7)) o by (Lt (g PRe))

for any by, and we see that there exists R > r = 1 such that

Thus, by Theorem 3.1, the problem (4.1) has a solution u satisfying r < ||ul|o < R.

Example 4.2. Consider the boundary value problem

T 2T
~ANu(k—1)==+"u?  keD={1,2,...,T},
33
(4.2)

u(0) =u(T'+1)=0.

Notice that My = 2M;, and since 1/(T'+ 1) < G(k,j) < T+ 1 for k, j € D, (3.10)
holds with 8 =T%/3(T 4+ 1)3. Tt is easy to see that (3.9) holds, so the problem (4.2)

has at least one positive solution by Theorem 3.2.

Example 4.3. Consider the boundary value problem

A
TT+1) BT +1)"

A2k —1) = keD=1{12,....T}

(4.3)
uw(0) =u(T'+1) =0.

Here, My = M, /2, and moreover, M; < 1/4/2, so (3.8) holds. With 8 = (T + 1)*, we
see that (3.10) also holds. The problem (4.3) then has at least one positive solution
by Theorem 3.2.

Example 4.4. Consider the boundary value problem

~ANuk —1) = ggpu'® ke D={1,2,...,T},
(4.4)

u(0) =u(T+1)=0.

It is easy to see that condition (3.12) holds with ¢, = 1, so problem (4.4) has at least

one positive solution by Theorem 3.4.



DISCRETE BOUNDARY VALUE PROBLEMS 273

REFERENCES

[1] R. P. Agarwal, K. Perera, and D. O’Regan, Multiple positive solutions of singular and nonsin-
gular discrete problems via variational methods, Nonlinear Anal. 58 (2004), 69-73.
[2] R.P. Agarwal and D. O’Regan, Nonpositive discrete boundary value problems, Nonlinear Anal.
39 (2000), 207-215.
[3] R. P. Agarwal and D. O’Regan, Boundary value problems for discrete equations, Appl. Math.
Lett. 10 (1997), 83-89.
[4] R. P. Agarwal and D. O’Regan, Existence results for singular integral equations of Fredholm
type, Appl. Math. Lett. 13 (2000), 27-34.
[5] D. R. Anderson, I. Rachunkova, and C. C. Tisdell, Solvability of discrete Neumann boundary
value problems, J. Math. Anal. Appl. 331 (2007), 736-741.
[6] R. I. Avery and D. R. Anderson, Fixed point theorem of cone expansion and compression of
functional type, J. Difference Equ. Appl. 8 (2002), 1073—-1083.
[7] S. Djebali and T. Moussaoui, A class of second order BVPs on infinite intervals, Electron. J.
Qual. Theory Differ. Equ. 2006, No. 4, 1-19.
[8] A. Granas and J. Dugundji, Fized Point Theory, Springer, New York, 2003.
[9] D. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, New
York, 1988.
[10] M. A. Krasnosel’skii, Topological Methods in the Theory of Nonlinear Integral Equations, Cam-
bridge University Press, New York, 1964.
[11] M. A. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff Gronigen, 1964.
[12] E. Zeidler, Nonlinear Functional Analysis, Vol. 1, Fized Point Theorems, Springer, Berlin, 1986.



