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ABSTRACT. In this paper we study the existence of solutions for the initial value problem for
functional differential equations, as well as, for neutral functional differential equations of fractional
order with state-dependent delay. The nonlinear alternative of Leray-Schauder type is the main tool

in our analysis.
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1. INTRODUCTION

The purpose of this paper is to study the existence of solutions for initial value
problems (IVP for short) for both functional differential equations of fractional order

with state-dependent delay

(1.1) DPy(t) = f(t,Yp(ty,)), foreach te€ J=1[0,b, 0<p<]I,

(1.2) y(t) = ¢(t), t € (=00,0]

as well as for neutral functional differential equations of fractional order with state-

dependent delay

(13) Dﬁ[y(t) - g(ta yp(t,yt))] = f(ta yp(t,yt))a for each ¢ € J>

(1.4) y(t) = @(t), t € (—o0,0],
where D? is the standard Riemman-Liouville fractional derivative.

Here, f: JxB —-R,g:JxB—Randp:JxB — (—oo,b] are appropriate
given functions, ¢ € B, ¢(0) =0, g(0,¢) = 0 and B is called a phase space that will
be defined later (see Section 2).

For any function y defined on (—o0, b] and any ¢ € J, we denote by y; the element
of B defined by

y(0) =y(t+0), 0 (—o0,0].
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The notion of the phase space B plays an important role in the study of both
qualitative and quantitative theory for functional differential equations. A usual
choice is a semi-normed space satisfying suitable axioms, which was introduced by
Hale and Kato [12] (see also Kappel and Schappacher [19] and Schumacher [30]). For

a detailed discussion on this topic we refer the reader to the book by Hino et al [18].

Functional differential equations with state-dependent delay appear frequently
in applications as model of equations and for this reason the study of this type of
equation has received a significant amount of attention in the last years, we refer
to [2, 3, 5, 7, 13, 14, 15] and the references therein. On the other hand, the first
serious attempt to give a logical definition of a fractional derivative is due to Liouville.
Now, the fractional calculus topic is enjoying growing interest among scientists and
engineers, see [9, 17, 20, 22, 24, 25, 26, 27] and references therein.

Differential equations of fractional order play a very important role in describing
some real world problems. For example some problems in physics, mechanics and
other fields can be described with the help of fractional differential equations, see
8, 10, 17, 23, 27, 28, 29] and references therein. The theory of differential equations
of fractional order has recently received a lot of attention and now constitutes a
significant branch of nonlinear analysis. Numerous research papers and monographs
have appeared devoted to fractional differential equations, for example see [1, 20, 21,
26, 31].

Our approach is based on the nonlinear alternative of Leray-Schauder type [11].

These results can be considered as a contribution to this emerging field.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which

are used throughout this paper.

Let RT = {z € R : 2 > 0}, and let C°(R™) be the space of all continuous
functions on R*. Consider also the space C°(R{) of all continuous real functions on
Ry ={x eR:z >0},
which later identify by abuse of notation, with the class of all f € C°(R™) such that

lim f(t) = f(0") € R.
t—0t+
By C(J,R) we denote the Banach space of all continuous functions from J into
R with the norm
[Ylloo == sup{[y(t)] : t € J},
where | - | denotes a suitable complete norm on R.

Now, we recall some definitions and facts about fractional derivatives and frac-

tional integrals of arbitrary orders, see [20, 25, 26, 27].
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Definition 2.1. The fractional primitive of order 3 > 0 of a function h : R — R of
order # € R* is defined by

t(t — g)B-1
IPh(t) = /0 %h(s)ds,

provided the right hand side exists pointwise on R*. I' is the gamma function. For
instance, I°h exists for all 3 > 0, when h € C°(R*) N L} (R*); note also that when

loc

h € CO(RY) then I°h € C°(R{) and moreover I°h(0) = 0.

Definition 2.2. The fractional derivative of order # > 0 of a continuous function

h: Rt — R is given by

h(t) Coan
ah T I(1 _6)£/a (t —s)"Ph(s)ds
d
= %[a ﬁh(t).

For our existence results we will need the following lemma.

Lemma 2.3. [6] Let 0 < <1 and let h: (0,b] — R be continuous and lim h(t) =

t—0t
h(0%) € R. Then y is a solution of the fractional integral equation

L t S s))as
w5 | = s hutsas

if and only if, y is a solution of the initial value problem for the fractional differential

y(t) =

equation
DPy(t) = h(y(t)), t € (0,0],
y(0) = 0.

In this paper, we will employ an axiomatic definition for the phase space B which
is similar to those introduced in [18]. More precisely, B will be a linear space of all
functions from (—o0, 0] to R endowed with a seminorm || - ||z satisfying the following

axioms:

(A) If y : (—o0,b] — R, b > 0, is continuous on J and yy € B, then for every t € J
the following conditions hold:
(i) v € B,
(i) lyells < K2 sup{ly(s)] -0 < 5 < £} + M) [golls,
(iif) |y(t)] < Hllyells,
where H > 0 is a constant, K : [0,00) — [1,00) is continuous, M : [0,00) —
[1,00) is locally bounded and H, K, M are independent of y(-).
(A-1) For the function y(-) in (A), y; is a B-valued continuous function on [0, b].
(A-2) The space B is complete.

The next lemma is a consequence of the phase space axioms and is proved in [13].
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Lemma 2.4. Let ¢ € B and I = (v,0] be such that ¢, € B for every t € I.
Assume that there exists a locally bounded function J¢ : I — [0,00) such that
ledls < J2(t)|¢lls for every t € 1. Ify : (c0,b] — R is continuous on J and
Yo = @, then

[yells < (Mp+J% (max{y, —|s|}) |l s+Kp sup{[y(0)] - 6 € [0, max{0, s}]}, s € (7,0],
where, we denoted Ky, = sup,c; K(t) and My, = sup,c; M(t).
Finally, we state the following generalization of Gronwall’s lemma for singular

kernels, whose proof can be found in [16], Lemma 7.1.1, will be essential for our main

results.

Lemma 2.5. Let v : [0,b] — [0,00) be a real function and w(-) is a nonnegative,
locally integrable function on [0,b] and there are constants a > 0 and 0 < 3 < 1 such
that

v(t) < w(t)+ a/o %ds,

then, there ezists a constant K = K([3) such that

v(t) < w(t)

for every t € [0,0].

3. FDEs OF FRACTIONAL ORDER

In this section, the nonlinear alternative of Leray-Schauder type is used to inves-

tigate the existence of solutions of problem (1.1)—(1.2).
Let us start by defining what we mean by a solution of problem (1.1)—(1.2).

Definition 3.1. A function y : (—o00,b] — R is said to be a solution of (1.1)—(1.2) if
Yo = P, Yp(s,ys) € B for every s € J and

/fsy” te
t—s)!

In what follows we assume that p : J x B — (—o00,b| is continuous and ¢ € B

and f satisfies the following hypotheses:

(H1) f is a continuous function;
(H2) There exist p,q € C(J,R*") such that

[f (&, u)| < p(t) + q(t)[|ulls

for t € J and each u € B, and ||I°p|| < +o0;
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(H3) The function ¢t — ¢, is well defined and continuous from the set R(p~) =
{p(s,v) : (s,v¢) € JxB,p(s,1) < 0} into B. Moreover, there exists a continuous
and bounded function J? : R(p~) — (0,00) such that ||p|g < J?(t)||¢|ls for
every t € R(p™).

Remark 3.2. The hypothesis (H3) is adapted from [13], where we refer for remarks

concerning this hypothesis.

Theorem 3.3. Assume that the hypotheses (H1)-(H3) hold. If p(t,v) <t for every
(t,0) € J x B, then the IVP (1.1)~(1.2) has at least one solution on (—oo,b].

Proof. Let Y = {u € C(J,R) : u(0) = ¢(0) = 0} endowed with the uniform conver-
gence topology and N : Y — Y be the operator defined by

fsyp
t—s

teJ,

where ¢ : (—o0,b] — R is such that o = ¢ and § = y on J. From axiom (A) and our

assumption on ¢, we infer that Ny(-) is well defined and continuous.

Let ¢ : (—o0,b] — R be the extension of ¢ to (—o0,b] such that ¢(0) = ¢(0) =0
on J and J¥ = sup{J? : s € R(p7)}.

We will prove that N(-) is completely continuous from B, (|, Y) into B,.(¢|s,Y).
Step 1: N is continuous on B.(¢|;,Y).
This was proved in [13, p. 515, Step 3].

Step 2: The set N(B,(p|;,Y))(t) = {Ny(t) : v € B.(p|s,Y)} is relatively
compact in R for every t € J.

The case t = 0 is obvious. Let 0 <e <t <b. If y € B,(¢|;,Y), from Lemma 2.4
follows that

1Gpeaolls < 7 = (My + J?)||lls + Kor
and so

1 L f(s, Yp(s, ys

0O = o | e
p(s) + ()Tl

= F(ﬁ)/o (t =)0
Vbl , Pllall -
F(B+1) T(@E+1)

=/

Step 3: N maps bounded sets into equicontinuous sets of Y.
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Let t1,t5 € [0,b], t; < ty and let B, as in Step 2. Let y € B,. Then for each
€ [0,0], we have

() (t2) = (Vy)(0)] = \/ (12 = )7 = (1= )" (52 Gy ds
“f

(3 Yp(s,9s) )

F(ﬂ) y (= s)t™f
R
[Pllse + 7" llgll /t2 ds
Ipl F<6||) T (ty—5) P
Plloo + 77(|¢]| 00 _U\B 4B B
||F||<6+1)|| II[(t2 v
Pllos + 771400

F(ﬂ—F 1) (t2 - tl)ﬁ
< 2Pl + llgll)
- LB+1)

+ ds)

IN

+

IA

_l_

(ty —t1)".

As t; — ty the right-hand side of the above inequality tends to zero. The equicon-
tinuity for the cases t; < to < 0 and t; < 0 <ty is obvious.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we

can conclude that N is continuous and completely continuous.

Step 4: (A priori bounds). We now show there exists an open set U C'Y
with y # AN (y) for A € (0,1) and y € OU.

Let y € Y and y = AN(y) for some 0 < A < 1. Then for each ¢ € [0,b] we have

L f(s yp
t — s
This implies by (H2)
ly() = f:_yz sly}
p(s) + a(s)[(My + J9)|iglls + Ko sup{|(s)] : s € [0,1]}]
: wmA (T =) -
Plpllss |, gl ¥ Mo+ J9)lolls + Kysup{|g(s)| < s € [0,4]}
= TE+1) N@A (t—5)1—7 o

since p(s, ;) < s for every s € J. Here J? = sup{J?(s) : s € R(p™)}.
If p(t) = (My+ J#)|| 0|5 + Ky sup{|7(s)| : s € [0,max{0, p(s,7)}] then we obtain

Ploloe e (1 s
”®§rw+n+nml“‘@ﬁMW“
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Then from Lemma 2.5, there exists K = K ((3) such that we have

ol Nl e Pl
(D) Srw+n+rwﬁW”A@ e

Pl o il oo [ o
rw+n{“ﬁﬂimml“‘$ﬁd%

b6||pHoo HQHOO 3
< wﬂ+w{1+FW+¢f“mb}'
Then
B ] Il .
Il < N5+D{L+NB+DKWW%"_M'
Set

U={yeY:|ylle< M +1}.

N :U — Y is continuous and completely continuous. From the choice of U, there is
no y € OU such that y = AN(y), for A € (0,1). As a consequence of the nonlinear
alternative of Leray-Schauder type [11], we deduce that N has a fixed point y in
U. O

4. NFDEs OF FRACTIONAL ORDER
In this section we give existence results for the IVP (1.3)—(1.4).

Definition 4.1. A function y : (—00,b] — R is said to be a solution of (1.3)—(1.4) if
Yo = ©, Yp(s,ys) € B for every s € J and

1 t
y(t) = 9(8: Yp(se)) + m/o (t— s)ﬁ_lf(s,yp(&ys))ds, ted

Theorem 4.2. Assume (H1)-(H2) and the following condition:

(H4) the function g is continuous and completely continuous, and for any bounded
set @ in BN C([0,b],R), the set {t — g(t,y:) : y € Q} is equicontinuous in
C([0,8],R), and there exist constants 0 < Kydy < 1, dy > 0 such that

g(t,w)| < diflulls+ds, te[0,H], ueB.

If p(t,) < t for every (t,v) € J x B, then the IVP (1.3)~(1.4) has at least one

solution on (—o0, b).

Proof. Consider the operator Ny : C((—o0,b],R) — C((—o0,b],R) defined by,
o), it € (—o00,0],

No(y)(t) = 2(0) = 9(0,9) + 9t Ypran))

BRI PR ,
\+F(ﬁ)/0(t $)77f (S, Yp(s,ye) s, it €0, 0].
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In analogy to Theorem 3.3, we consider the operator Ny : Y — Y defined by

0. t <0,
Ny)(t) = I
(N1y)(t) g(t, ??p(s,gs)) + m /0 (t— s)ﬁ_lf(s’ gp(sgs))ds, t€1[0,0].

We shall show that the operator Nj is continuous and completely continuous.
Using (H4) it suffices to show that the operator Ny : Y — Y defined by,

Mwwz——Aa—Mﬂm%mmwtemm

is continuous and completely continuous. This was proved in Theorem 3.3.

We now show there exists an open set U CY with y # AN1(y) for A € (0,1) and
y e dU.

Let y € Y and y = AN;(y) for some 0 < A < 1. Then

y(t) = A {g(saﬂp(s,ya) +ﬁ/g (t = 8)7 f (8, Ypgsgy) ds |, £ €[0,0],

and

Y] < di((My + J?) | lls + Ky sup{|y(s)] : s € [0,4]}) + da

+ ﬁ/g (t = )" p(s) + a(s)(My + J?)llplls + Kysup{ly(s)| : s € [0,4]})ds
< di((My + J9)|lplls + Kysup{ly(s)| : s € [0,4]}) + dy
Plplloo . Nl

+

_l_

T(B+1)  T(B) /0 (t — )P (My + J9)|| |5 + Kysup{|y(s)| : s € [0,t]})ds,

for t € (0,0]. If u(t) = sup{|y(s)| : s € [0,¢]} then

w(t) < dy(My+ J?)||¢lls + di Kpu(t) + do

Plole | Dllale [f,  iny
T T T, € Pl

lall - [ 1
+WKI)/0 (t—s)""u(s)ds

dy (M, + jgp)H‘PHB + dy Kppu(t) + dy

&} &}
Pl Pl o
rpg+1) IE+1)

lallo [* .
+Kbr(ﬁ)/o(t—s)ﬁ u(s)ds, t e (0]

IN

(My+J%) ||l
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or
11(t)
- Vlplle | 0°lldll .
< |dy(My + J? +dy+ + M, + J*¢
< T rer [0 Il oo+ s T ey
Ky gl /t 51
+ t—s s)ds, te (0,0].
1= Iy T(0) 0( )7 u(s) (0, ]
Consequently
Y
1 = Vlplls | Dllallos ;
< |di(My + J? d M, + J*¢
< e [0 Il oo+ sy Tl ey
Ky gl /t 51
+ t—s s)ds
1 — Kydy T'(B) 0( )7 s)

and by Lemma 2.5, there exists K = K ((3) such that

t
el < Ay + AQK(/@)/ (t —s)"PAyds < Ay + A K(B)AD = L7,
0

where
1 7 Vlpllo . bldll .
AN =——7— |di(Mp+ J? +dy + + M, + J? :
= g [+ el da gt T 0 )l
Ky gl
A = .
' 1= Kyd; T(B)
Set

Ur={yeY |yl <L"+1}.
From the choice of U there is no y € U, such that y = AN;(y) for A € (0,1). As a

consequence of the nonlinear alternative of Leray-Schauder type [11], we deduce that

Nj has a fixed point y in U;. Then N; has a fixed point, which is a solution of the
IVP (1.3)—(1.4). O
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