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theorem in ergodic theory, we will give a classification of all solutions of asymmetric p-Laplacian

oscillators with periodic coeflicients.
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1. INTRODUCTION
A basic model for oscillators is the Hill’s equation
(1.1) " +q(t)r =0, r € R,

where ¢(t) € L'(Sr) = L*(Sy,R), called a potential. Here Sp = R/TZ, T > 0. Due
to the linearity of equation (1.1) and periodicity of potentials, the Floquet theory [11]
can be applied to equation (1.1). Consequently, solutions of (1.1) can be classified as

follows.

Without loss of generality, we assume that the period of ¢(t) is 2w and let p = p(q)
be the rotation number of (1.1). See (2.18) for its definition. Note that p(q) € [0, c0).

Lemma 1.1 (Class 1). Suppose that p(q) = n/2, n € Z*. Then any non-zero
solution x(t) of (1.1) can be decomposed as xz(t) = g(t)h(t), where h(t) is either
periodic or asymptotical to some periodic function, and g(t) has a linear growth or
an exponential growth in t.

Class 2. Suppose that p(q) is rational and p(q) #n/2, n € Z*. Then x(t) is periodic.
Class 3. Suppose that p(q) is irrational. Then z(t) is quasi-periodic of two frequencies.
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For the precise statement of these results and its proof based on the Floquet

theorem [11], see Section 2.

In this paper we will study the classification of solutions of the so-called scalar

asymmetric p-Laplacian oscillator

(1.2) (6p(2")) +a" O)dp(z4) + 4 (t)gp(z-) =0,  z€R,

with T-periodic coefficients ¢t € L'(Sy). Here 1 < p < 00, ¢, : R — R is s
|s[P~2s, and y, := max(y,0), y— = min(y,0) for y € R. Note that (1.2) is linear
when and only when p = 2 and ¢© = ¢~. In this case, equation (1.2) is reduced
to the Hill’s equation (1.1). Equation (1.2) is an interesting model of non-smooth
dynamical systems. In recent years, it has received a considerable study, including
the Fucik spectrum, existence of periodic solutions of inhomogeneous and nonlinear

perturbation, and the Lagrangian stability, etc. We refer to [9, 14].

To the knowledge of authors, a complete understanding for all solutions, even for
the homogeneous oscillators (1.2) themselves, is not available. Generally speaking, the
linear structure of systems is important in the Floquet theory, though some extension
of Floquet theory to nonlinear systems can be obtained [7, 13]. However, it seems
that the results in [7, 13] cannot be applied to (1.2).

In this paper, we find that the Denjoy theorem [6, Theorem 12.1.1] in topological
dynamics and the unique ergodic theorem in ergodic theory [12, Theorem 6.19] can
yield a classification of all solutions of the oscillators (1.2). The results are as follows.

Let us use p(¢*,q7) € [0,00) to denote that rotation number of the oscillator (1.2).

Theorem 1.2 (Class A). Suppose that p(q*™,q~) is rational. Then any non-zero solu-
tion x(t) of (1.2) can be decomposed as x(t) = g(t)h(t), where h(t) is either periodic
or asymptotical to some periodic function and g(t) has a linear or an exponential

growth rate in t.

Class B. Suppose that p(q*,q~) is irrational. Then x(t) = g(t)h(t), where h(t)

is quasi-periodic of two frequencies and g(t) has the exponential growth rate 0.

Precisely, we say that h(¢) is asymptotical to a periodic function, say iz(t),
if limy_4o0(h(t) — h(t)) = 0. The exponential growth rate of ¢(t) is defined as
limy 4 oo (1/t) log g(t).

Compared with the classification of solutions of linear oscillators (1.1), for the p-
Laplacian asymmetric oscillators (1.2), Classes 1 and 2 in Lemma 1.1 are now written
as Class A in Theorem 1.2 in an unified way. A crucial difference between (1.1)
and (1.2) is as follows. For linear oscillators (1.1), when p(q) is a rational number
which is not half-integers, the exponential growth rate, or Lyapunov exponent, of all

solutions must be zero. However, for asymmetric oscillators, even when p(¢™,¢7) is a
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rational number which is not half-integers, some solutions of (1.2) may have a positive

exponential growth rate (or Lyapunov exponent [5, 15]). See Example 4.3.

The paper is organized as follows. In Section 2, we will first give a complete proof
of Lemma 1.1 based on the Floquet theorem [11, p. 4]. Note that this approach cannot
be applied to oscillators (1.2) due to the nonlinearity. In order to prove Theorem
1.2, we will use the Priifer transformations to yield a circle diffeomorphism H,+ ,-
induced from (1.2). It will be proved that H,+ ,~ just fulfills the minimal regularity
requirements in the Denjoy theorem for circle homeomorphisms, i.e., Hy+ .- is C* and
log Hiﬁ, .~ has bounded variation. See Proposition 2.5. In Section 3, we will give a
complete description on the dynamics of Hy+ ,-, based on the Denjoy theorem and
the unique ergodic theorem. In Section 4, we will give the complete proof of Theorem
1.2. An example to illustrate the difference between Hill’s equations and asymmetric

oscillators will be given.

2. THE p-POLAR COORDINATES AND REDUCTION
OF THE OSCILLATORS

For completeness, we give the proof of Lemma 1.1. Let y = —2’. Then equation

(1.1) can be written as the planar system

1) (x(t)>':< 0 —1> (:c(t))zzA(w(:c(t))'
y(t) q(t) 0 y(t) y(t)

Let M(t) be the fundamental matrix solution of (2.1) such that M(0) = 5. Since

A(t) is 2m-periodic, one has
M(t +27) = M(t)D,

where D := M (2) is the so-called Poincaré matrix of (2.1). Note that det D = +1.
The eigenvalues ;o of matrix D are called the Floquet multipliers of (1.1). Then
A1 - Ay = +1. Let us take \; so that || =1/|Ao| > 1.

The classification of (1.1) and its solutions are as follows.

Case (i). Equation (1.1) is hyperbolic. That is, A\;2 € R and Ay # Ay. In this

A
case, [A\1| > 1 and D is similar to < 01 .
1

there exist functions p;(t), i = 1, 2, such that

), and by [11, Floquet’s theorem, p. 4],

e p;(t) are 2m-periodic if A\; > 0, and p;(t) are 4m-periodic if \; < 0, and

e any solution z(¢) of (1.1) can be written as
() = el M| () + e M [Ty (t) = [N (cupi (1) + co M T s (8)),

where ¢; € R are constants.
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By setting g(t) := [M\|Y®) and h(t) := cipi(t) + ca| M|/ ™pa(t), one sees that
g(t) has the exponential growth rate (log|\|)/(27) > 0, and h(t) is periodic if co = 0
and h(t) is asymptotical to the periodic function ¢yp;(¢) if co # 0. Thus z(¢) has the

form in Class 1.

Case (ii). Equation (1.1) is parabolic. That is, Ay = Ay = 1. In this case, the

Au B ),Whereﬂ:Oorl.

1

matrix D is similar to

If Ay = 1, by the Floquet theorem, (1.1) has two linearly independent solutions
p1(t) and p(t) such that p;(t) is 2mw-periodic and p(t) satisfies

p(t +2m) = p(t) + ypa (1),
where v = 0if 3 = 0 and y # 0if 3 # 0. Then p,(t) := p(t) — 5=tp:(t) is 27-periodic.

Now any non-zero solution x(t) of (1.1) has the form

I(t) = C1P1 (t) + Co (pg(t) + %tpl (t))

C2YP1 (t) t+ c1p1 (t) + C2p2 ) \/pl > (B2 + 1

(27T\/p1 )2+ pa(t V1) + pa(t

(2.2) =:g(t)h(t).

One sees that h(t) is 2m-periodic, while g(¢) has at most a linear growth
lim sup |gi ) € [0, 00).
t—o00
Thus z(t) has also the form in Class 1.
If Ay = —1, one has also a decomposition like (2.2) where h(t) is 4m-periodic.

Case (iii). Equation (1.1) is elliptic. That is, \; € C\R and A\; # X. Since
|A1] = 1, we may write A\; as A\; = €™ where o € RY := (0,00) and « # n/2 for all

n € N. In this case, any non-zero solution x(t) of (1.1) has the form
(2.3) z(t) = cip1(t) cos(at) + copa(t) sin(at),

where p;(t) are 2m-periodic. We distinguish two cases.
e Subcase (iii)(a): « = m/n is rational, where m, n € N are co-prime. Then x(t)
is 2nm-periodic and is as in Class 2.

e Subcase (iii)(b): « is irrational. It shows form (2.3) that x(¢) is quasi-periodic

with frequencies a and 1. Thus z(t) belongs to Class 3.

Finally, due to the rotation number approach [14], the rotation number p(q) of
(1.1) is n/2, n € Z*, for cases (i) and (ii). For case (iii), one has p(q) = a + n/2 for

some n € Z*. Now the proof of Lemma 1.1 is complete. O
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Now we are going to study oscillator (1.2). Note that ¢,(s) = |s[P72s is (p — 1)-

homogeneous

oy(ks) = kLo (s), k>0, sER,
with the inverse ¢ = ¢,.. Here p* := p/(p—1) € (1,00). For simplicity, from now
on, we always take the period T of ¢*(t) as

2m(p — 1)'”
2.4 T=or, m,=—P_7)
(2:4) I NI

Now we introduce the p-polar coordinates [10] and give some properties. Consider

the auxiliary differential equation

(6p(2))" + ¢p(x) = 0.

Set y = —¢,(2'). Then the equation becomes equivalent to the following planar
system
(2.5) ' ==dp(y), Y =p(a)

This is an integrable Hamiltonian system with the Hamiltonian function

H(z,y) = |z[’/p+ ly[”" /p*.

Let (Cy(t), Sp(t)) be the unique solution of (2.5) with the initial value (2(0),y(0)) =
(1,0). Then C,(t) and S,(t) are well-defined on the whole real line R. These functions
C,(t) and S, (t) are called the p-cosine and the p-sine respectively, because they possess
many properties similar to the cosine and sine functions. Some properties on C)(t)

and S,(t) are summarized as follows [10].

Lemma 2.1. (i) Both C,(t) and S,(t) are 2m,-periodic continuous functions, where
T, s defined by (2.4).

(i) Cp(t) is even in t and Sy(t) is odd in t.
(ili) Cp(t + mp) = —Cy(t), and Syt + mp) = —S,(t).

(iv) Cp(t) = 0 if and only if t = m,/2 4+ nmy, n € Z, and S,(t) = 0 if and only if
t=nm,, n€c .

(v) Cy(t) is strictly decreasing on [0,7,], and S,(t) is strictly increasing on
[=7p/2,7p/2].

(vi) C;;@) = _‘bp*(sp(t)); and S;;(t) = ¢p(0p(t))-

(vii) |Cp(t)[” + (p — )ISp()”" = 1.

Using these functions C), and S, one can introduce the following p-polar coordi-
nates

(2.6) v =1C,0), y=@—1)""r1S,0), >0, 0cR.
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When p = 2, it is the usual polar coordinates. For oscillator (1.2), let —¢,(2') =y

Then it is transformed into the following Hamiltonian system

o ==y (y), Y =q Odp(r4) +q (H)p(2-).

In the p-polar coordinates (2.6), it follows from Lemma 2.1 that the equations for ¢

and r are respectively

(27) 0 = E<t7 9)7

(2.8) r'=r¥(t,0),

where

29) =t.6) = { (b= D" +Q*OIC,O)P  when Cy(0) =0,
(p— )7+ Q= (1)|Cy(0)]  when C,(#) <0,

210) w6 { Q¥ ()68)(Cy(0))6 (S(0))  when Cy(6) 20,
Q™ (t)0p(Cp(0))dp+ (Sp(0))  when Cy(0) < 0.

Here the functions Q*(t) are

(2.11) QF(t) = (p— 1" ((p—1)"q¢*(t) = 1) € L' (Sar,)-

We list some properties on vector fields Z(t, 6) and ¥(¢, 0) in the following lemma.
These can be deduced simply from (2.9) and (2.10).

Lemma 2.2. (i) The functions Z(t,0) and V(t,0) are 2m,-periodic in both t and 6,

and Z(t,0) is continuously differentiable in 0. In fact, one has

(2.12) azgé AN—

(ii) The function (t,0) can be rewritten as
(2.13) U(t,0) = QT (1) f+(0) + Q@ (1) f-(0),
where Q(t) are defined by (2.11) and f() are
(2.14)  f2(0) = 6, ((Cpl0))) Bp(Sp(0)) = (& (Cp(9)))s O (Sp(8)).-
Here both f+(0) are continuous and 2m,-periodic in 0 € R.

Remark 2.3. Due to the positive homogeneity of (1.2) in x, equation (2.7) is inde-
pendent of r and equation (2.8) is positively homogeneous in r. Moreover, equality
(2.12) is the same as that system (2.7)—(2.8) preserves the area r?~'dr A df.
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Given ¥ € R. We use (6,r) = (O(t,9), R(t,7)) to denote the solution of (2.7)-
(2.8) with the initial value (©(0,v), R(0,9)) = (¢,1). From equation (2.8), one has

t
(2.15) R(t,9) = exp ( / (s, @(s,ﬁ))ds) |

0
Since the vector field Z(¢,6) is 2m,-periodic in both ¢ and 6, we have the following
periodicity equalities
(2.16) O(t, Y + 2nm,) = O(t, V) + 2nm,, n € Z,
(2.17) O(t + 2nmy, V) =O(t, ©(2nmy, V), n € Z.
Now we introduce H = Hgy+ o~ : R — R by

H(VY) = O(2m,, V), v eR.
As =(t,0) is continuously differentiable in 6, H,+ .~ : R — R is an increasing diffeo-
morphism satisfying
H(Y + 2m,) = H(D) + 2m,.
The rotation number p(¢*,¢™) of (1.2), or that of (2.7), is defined by
_ . O@,v) -9

219 p=pla*q) = im 270

t—-oo t ’

which is well-defined and is independent of ¢J. In fact, following Johnson and Moser
[4] and Feng and Zhang [2], the rotation number p(¢*, ¢~) can be introduced even for
(1.2) with almost periodic coefficients ¢=(t). Further extension of rotation numbers
to random dynamical systems can be found in Arnold [1] and Li and Lu [8]. Note
that the projection of Hy+ o~ onto Sy, := R/2m,Z yields an orientation-preserving

diffeomorphism of Sy, .

By (2.6) and (2.15), non-zero solutions of (1.2) can be written as

(2.19) x(t) = roexp (/Ot\lf(s, @(s,ﬁ))ds) Co(O(t,0))

for some ry > 0 and some ¥ € R.

Suggested by (2.13) and (2.14), we consider the following 27,-periodic continuous
functions
C0) = 6, (Co(0)),  S(0) = 6 (S,(0)), OER
For example, when p = 2, C'(0) = cos @ and S(#) = sinf. However, when p # 2, one
of the numbers p — 1 and p* — 1 is less than 1 and one of the functions C'(#) and
S(0) is not differentiable on the whole real line R, while another one is continuously

differentiable on R. In fact, for the case p € (1,2), we have
C'f) =00 at@=m,/2+nm, ncZ.

Then C'(0) is not Lipschitz continuous. Thus for any p # 2, neither of the functions
f+(0) defined by (2.14) is Lipschitz continuous.
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Recall that for a function f(0): I = [a,b] — R, the total variation is defined by
n—1

Var(f, 1) := sup{2|f(9,~+1) —f@)]:a=6y <0, <---<6,=0, nEN} € [0, o0].
i=0

We say that f has bounded variation on I if Var(f,I) < oco. Note that f.(0) are
2m,-periodic continuous functions. Moreover, from Lemma 2.1, it is easy to see that

both fi(6) are piecewise monotone. Hence we have the following result.

Lemma 2.4. Both functions f+(0) defined by (2.14) have bounded variations on any
finite closed interval I C R.

We have the following crucial observation on the induced diffeomorphism Hg+ ,-

Proposition 2.5. The mapping H = H,+, : R — R induced by (1.2) is a C*
orientation preserving self-diffeomorphism of R. Moreover, the function log H'(1)

has bounded variation on [0, 27,)].

Proof. Due to the continuous differentiability in 6 of the vector field Z(¢,6) and the
continuously differentiable dependence of solutions on the initial value, we know that
for any t fixed, ©(t,-) is a C*! increasing diffeomorphism of R. Moreover, by differen-

tiating equation (2.7) with respect to the initial value ), we know that E(t) := 895379)

satisfies the variational equation

E'(t) = WE@) = —pV¥(t,0(t,0))E(t), E0) =1,

where (2.12) is used. Integrating this equation, we have

E(t) = exp <—p /Otxp(s, @(s,ﬂ))ds) |

Taking t = 2m,, we have

27y
log H'(9) = log% = log E(2m,) = —p/ U(s,O(s,))ds
0

Using the expression (2.13) for ¥(s, ), we have
(2.20) log H'(¥) = —p/ QT (t) f+(O(t,0))dt — / Q ( ,0))dt.

Given t € [0,2m,]. Since ¥ — O(t,?) is strictly increasing, the range
O(t,[0,2m,)) = [0(,0), O(t, 27,)] =: I'
is a closed interval. Some estimates on I' are as follows. Note from Lemma 2.1 (vii)
that
GO <1, SO <= -7, HeR
By (2.9), we have

=(t,0)] < (p— 1DV? + max (|Q*(1)], |Q(1)])

1 Q(t) € L'(Sar,)-
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Let t € [0,2m,]. Combining with (2.7), we have

27y

< Qs)ds = Q1

0

0(t,0) — 9| = /05(5,@(5,19))@

ie, ¥ —[|Qlpr <Ot 9) <+ ||Q| 1. Here gl = f027rp lq(t)|dt is the L' norm for
q € L'(Syy,). Hence one has

(2.21) I'"C [=Qllp, 2mp + |Q| 1] =: Iy for any t € [0, 2m,).

Denote

27y

Fe(0) = QF(t) f+(O(t,9))dt.

0

Let 0 =9y < ¥y < --- <1, = 2m, be a partition of [0, 27,]. Then

YIABEATIESS |7 @0 00 - fe0(t.0) dt'

S_io/o Wp\Qi(t)l [f£(O(, Viyr)) — f£(O(t, 0:))| di

— /Ozﬂp 1Q* (1) (nz__:l )fi(&-ﬂ) — fe () ) dt,

where {; = O(t,9;)} is a partition of I’, because O(t, -) is increasing. By Lemma 2.4
and (2.21), we know that

D |Feisn) = £o(D0)] < Var(fe, 1Y) < Var(fi, o) < oc.
1=0

Note that the upper bound above is independent of ¢ € [0, 2m,]. Hence we have

n—1
S TIFL W) = Fe(0)] < 1Q% || - Var(fe, Ip) < 00
1=0

for any partition {0;} of [0, 2m,]. Thus
Var(Fi, [0, 27Tp]) < ||Qi||L1 . Var(fi, [0) < Q.

By (2.20), we conclude that log H'(¢}) has bounded variation on [0, 27,)|. O

For the Hill’s equation (1.1), H : R — R is C*°. When p = 2, it is proved in
[15] that H = H,+ ,~ is C* and log H'(¥9) is globally Lipschitz continuous in ¢ € R,

because f1(0) = (cosf). sinf are Lipschitz continuous in # in this case.
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3. DYNAMICS OF THE INDUCED CIRCLE DIFFEOMORPHISMS
Suggested by expression (2.19) for solutions of (1.2), in this section we will study
solutions O(t, V) of (2.7).

Recall that H = H,+ ,~ induces an orientation-preserving diffeomorphism h =
hg+ 4 of the circle Sy,,. Since we have the regularity result in Proposition 2.5 for H,

the dynamics of h, or that of H, is completely clear due to the Denjoy theorem.
Case a. Suppose that p(q™,q~) = k/¢ is rational, where k € Z*, ¢ € N are

co-prime. Define
H=Hy, R-R,  HO) :=HE) - 2knr,,
where H* is the (-th iteration of H. By equalities (2.16) and (2.17), we have
H(9) = O(20m,, V) — 2k,

~

Then p(H) = 0. Thus
O=Qp, = {190 eR: H(dy) = 190} = [0y € R : O(20r,,9) = I + 2k} £ 0,
and, for any 9 ¢ €, there exists some 9 € €2 such that

(3.1) lim H™(0) = lim (H"™() — 2nkm,) = dp.

n—-4o0o n—-4o0o

By equalities (2.16) and (2.17), we conclude that

e Case Yy € (). In this case, we have
(3.2) O(2(my,, ¥g) = Vg + 2km, ©(2nlm,, ¥y) = ¥ + 2nkm, for n € Z.
These imply that
(3.3) O(t,00) = (k/0)t + Dy, (1), Dy, (t + 20m,) = Dy, (1).

e Case ¥ ¢ Q. As
(3.4) H™ (D) — ¥y = O(2nlmy, 9) — O(2nlm,, ¥y) = H™(9) — H™(0,),
asymptotical result (3.1) gives
(3.5) lim (O(t,9) — O©(t, 1)) =0,

t—-4o00
where ¥y € 2 is as in (3.1) and therefore O(¢, ) is as in (3.3).
Case b. Suppose that p = p(¢T,q7) is irrational. Proposition 2.5 shows that

H = H,+ , meets with the minimal regularity requirements of the Denjoy theorem
[6, Theorem 12.1.1]. We conclude that there exists a homeomorphism ¢ : R — R
such that

(3.6) o(V+ 2nm,) = o (V) + 2nm,, YeR, neZ,
(3.7) 0(2m,,¥) = H(V) = o (a(¥) + 27,p), v eR.
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That is, H is topologically conjugate to the translation on R defined by 9 — 94 2m,p.
From a fundamental result due to Bohr, see, for example, [3, Theorem 2.6], we know
that (3.6) and (3.7) imply the following result. For completeness, a proof will be

given.

Proposition 3.1. Suppose that p = p(q*,q) is irrational. Then there exists a
continuous function w(u, v) : R — R such that w(u,v) is 2m,-periodic in both u and

v, and solutions of (2.7) are given by
(3.8) O(t, V) = o(V) + pt + w(t, o () + pt).

Proof. Let us introduce w(u,v) := O(u, 0 (v — pu)) —v. We will show that w(u,v)
is 2m,-periodic in both v and v. Indeed, we have

w(u+2m,,v) =0 (u + 21y, (v — pu — 2m,p)) —
u, ©(27m,, 0 (v — pu — 2m,p))) — v (by (2.17))

w07 (o(07 (v — pu—2m,p)) + 2mp)) v (by (3.7))

Similarly we have
w(u, v+ 2m,) =O(u,0 (v + 27, — pu)) — v — 27,
O(u, 0 v — pu) + 27,) — v — 27, (by (3.6))
=0O(u,0 (v — pu)) + 27, — v — 27, = w(u,v). (by (2.16))
By setting u =t and o7 (v — pu) =9, i.e., v = o (V) + pt, we get
O(t, V) =v+w(u,v) = o)+ pt +w(t, o)+ pt),
proving equality (3.8). O
The following is a combination of the classification of orientation preserving home-

omorphisms on the circle and the unique ergodicity theorem in ergodic theory.

Proposition 3.2. Let f € C(S;,,R) be a continuous function. Then, for any
¥ € Syr,, the following ergodic limit exists

(3.9) lim —Zf =: [*(V).

n—-+4oo M

Proof. As mentioned before, we may consider H = H,+ ,- as a diffeomorphism of the

circle Sy,

Case 1. Suppose that p = p(H+ ) = k/C is rational. If ¥y € Qg+ ,—, by (3.2)
and the 2m,-periodicity of f(6), then we have

FH™(00)) = fF(H'(H'(90))) = f(H' (Do + 2km,)) = f(H' (Do) + 2km,) = f(H' (V)
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for all 7 € Z. That is, the sequence {f(H(Jg))}icz is ¢-periodic. Hence the limit of

(3.9) is simply
-1

F(00) = 3 O (00).

If 9 & Qg g, we take Jg € Qg - as in (3.1). As f : Sy;, — R is uniformly
continuous, result (3.1) shows that

lim (f(H"(9)) = f(H" (Vo)) = 0.

n—-4oo

See (3.4). That is, the sequence {f(H'(1))}icz is asymptotical to the f-periodic
sequence {f(H(¥y))}iez. Hence the limit of (3.9) exists and is just f*(do).

Case 2. Suppose that p = p(H,+ ,-) is irrational. Due to a fundamental result
([12, Theorem 6.18]), we know that the homeomorphism H : Sy, — Sir, has the
unique ergodic Borel probability measure v. Now the convergence (3.9) follows simply
from the unique ergodicity theorem ([12, Theorem 6.19]). Furthermore, in this case,
the convergence (3.9) is uniform in ¥ € S,,, and the limiting function f* is constant
which is given by

() = fdv, ¥ € Sor,,.
Samp

Thus the proof is complete. O

4. CLASSIFICATION OF SOLUTIONS

Note that non-zero solutions x(t) of (1.2) are expressed using (2.15). The Lya-
punov exponent x(x) of z(t) is defined by
1
x(z) = lim - log V((t)? + (2/(1))?

when it exists. Using the solutions O(¢, 1) and R(t,v), one has

(4.1) x(x) = lim %logR(t,ﬁ) = lim 1/0 U(s,O(s,v))ds =: x(9),

t—+00 t——+o0

because the p-polar coordinates lead to
roR(t,9) = (Ja(®)] + o' (D))"
Theorem 4.1. For any 9 € R, the Lyapunov exponent x () of (4.1) does eist.

Proof. Step 1. We assert that

(4.2) lim © / (s, 0(s,9))ds = lim

t—+o0 n—-+oo 2N,

2nmy
/ U(s,O(s,))ds.
0
To see this, one needs only to notice from (2.10) that

[U(t,0)] < (p— 1) Pmax (|Q* (1)), |Q”(t)]) € L' (Sar,)-
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Step 2. We observe that
2nmy n—1 27y
/ \If(s,@(s,ﬁ))ds:z / U (s + 2imy, O(s + 2im,,1))ds
0 ‘

_Z/%p (5,0(s + 2imy, 9))ds (by (2.10))

—Z / O(2im,, 9))ds  (by (217)
—Z/ (5. ©(s, H:(9)))ds

(4.3) :2@,;@(%(0))

where W is

(4.4) B() = % Ozﬂp U(s,0(s,9))ds, 9 ER.

Therefore, (4.1), (4.2) and (4.3) imply that

45  x(@)= lim — /Omp (s,0(s,9))ds = lim —Z\y (Hi(D

n—-+oo 2n7Tp n—+oo N

Step 3. We assert that the function W(1J) defined by (4.4) is 27,-periodic and
continuous. Indeed, since W(¢,0) is 2m,-periodic in both ¢ and 6, the 2m,-periodicity
of W(19) follows simply from (2.16) and Lemma 2.2 (i). Then ¥(9)) may be considered

as a function on Sy, . As for the continuity, we have from (2.13) that

27y 27y

2m, U (1) = QT f (O dt+ | Q () f_ (O, V))dt.

0 0

Note that O(t, 9) is continuous in (¢,9) and f1 () are continuous in §. By the uniform
continuity of the functions f1(©(¢,9)) in (¢t,9) € [0, 27,]?, we know that for any € > 0,
there exists 0 > 0 such that

V; € [0,2m,), |92 — 01| <6 = |fL(O(t,92)) — fL(O(t,V1))| < € for all t € [0, 2],
which, in turn, implies that

(D) =W (0h)] < 2i(||Q+||L1+HQ_HL1)~

Step 4. Applying Proposition 3.2 to f = ¥, we know from (4.5) that x (1) exists
for any 1. O
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By Proposition 3.2, if p(¢*,¢™) is irrational, then x(¢) = v is independent of ¥}

and
lim log R(2nm,, V)

= uniformly for all ¥ € Syy,.
n——+00 2n7Tp

As shown in [15], if the constant v is non-zero, then, as n — +oo, R(2nm,,v) will
grow or decay exponentially uniformly in ¢ € Sy.,. It is a contradiction to the area-
preserving property of system (2.7)—(2.8). Hence we have in this case the following

result.

Theorem 4.2. Suppose that p(q*,q~) is irrational. Then x(9) =0 for all V.

Now we give the proof of Theorem 1.2.

Case (i). Suppose that p = p(¢*,q~) = k/¢ is rational. When Jy € Q,+ .-, by
(3.3), ©(t,00) = (k/0)t + Dy, (t) where Py, (t) is 2¢m,-periodic. Thus

h(t) = Cy(O(t, 00)) = Cp((k/ )t + Dy, (1))

is also 2¢m,-periodic. Moreover, as W(t,6) is 2m,-periodic in both ¢ and 6, we know
that

g(t) == ¥ (t,O(t, o))
is also 2¢m,-periodic. Thus

9(t) = x (o) + g(1),
where §(t) is 2¢m,-periodic and has mean value 0. Thus

t
R(t,1y) = X0 exp </ g(s)ds) :
0

By (2.19), we have

x(t) =roR(t,00)Cp(O(t,9p))
= (e ([ ta<s>ds) (1)) = g(0) b0

1
lim —logg(t) = x(vo).

t——+o0 t

Notice that

Since §(t) has mean value 0, h(t) is 2¢m,-periodic. Hence z(t) is as in Class A.

When ¢ & Qg+ ,~, one has from (3.5) that
Gyt 9)) = Co(O(t, V) +o1) a5t — +oo,

because C,(#) is uniformly continuous in 6 € R. By Proposition 3.2 and the proof of
Theorem 4.1, we have x(¢) = x(Jp). By (4.1), we know that

/Ot U(s,0O(s,0))ds = (x(P) +o(1))t  ast— +oo.
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Thus

= exp ((x(Vh) + o(1))t) - (roCy(O(t,90)) + (1))
=:g(t)h(t).
Note that g(¢) has the Lyapunov exponent y(¢y) and h(t) is asymptotical to the
2(m,-periodic function roC,(O(t,vy)). Hence x(t) belongs to Class A as well.
Case (ii). Suppose that p = p(q*,¢™) is irrational. By (3.8),

Cp(O1(t,9)) = Cyla(do) + pt +w(t, (W) + pt) = C(t, pt),

which is a quasi-periodic function of two frequencies 1 and p. It follows from Theorem
4.2 that the exponential growth rate of R(¢,1) is 0. Thus

w(t) = roR(t,9)C,(0(t, ¥)) = R(t,9) - (roC(t, pt))

is as in Class B.

The proof of Theorem 1.2 is complete. O

A simple comparison between Lemma 1.1 for Hill’s equations (1.1) and Theorem
1.2 for asymmetric oscillators (1.2) is as follows.

e Classes 1 and 2 in Lemma 1.1 correspond to Class A in Theorem 1.2. However,
when rotation number is a rational number which is not half-integers, the result in
Theorem 1.2 is weaker than that in Lemma 1.1. In fact, one cannot expect the result
in Class 2 for (1.2). See the last example.

e Class 3 in Lemma 1.1 corresponds to Class B in Theorem 1.2. We are not clear
if the result in Class B can be improved so that the result is the same as that in Class
3.

Finally we give an example to illustrate a crucial difference between the classifi-
cation of solutions of (1.1) and (1.2) when p € (0,00)\iN.

Example 4.3. Let p = 2. For each ¢ € N, we will construct ¢*(t) € L'(Ss,) so
that (1.2) has rotation number p(q*,q~) = 1/¢. Moreover, (1.2) has solutions with

positive Lyapunov exponents.

At first, let us take a potential ¢~ () € L'(Sy,) so that the Hill’s equation
(4.6) 2+ g (t)z =0

has the following properties. Denote by ¢(t) the solution of (4.6) satisfying (z(0), 2'(0))
(0,—1). Then ¢(t) < 0 for t > 0 is small. Suppose that ¢(¢) has positive zeros and
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the first positive zero ¢, satisfies

(4.7) t. € (0,27), =@ (t) > 1.

For example, ¢~ (t) = 6sint fulfills these requirements and
t, ~ 0.49197, a, ~ 1.4632.

Thus we have
(4.8)
(0(0),¢'(0)) = (0,=1),  (p(t), ¢'(t)) = (0,0s),  (t) <0 for t € (0,2.).

Given ¢ € N. Let
ag = (1/(20m —t,))°.
Then we consider the solution v (t) of
(4.9) 2" + apr =0, (z(t.), 2/ (t.)) = (0, ).
Here the initial condition comes from the second result of (4.8). Explicitly,
Q.
) = —— t—1y).
(D) = s t — .
The first zero of ¢ (t) after ¢, is t, + 7/\/a; = 2¢w. Moreover, one has

(4.10) ((20r), ¥/ (20m)) = (0, —a),  ®(t) > 0 for t € (¢, 20m).

Let us define

] ety fortel0,t,],
n(t) = { P(t) fort e [t.,20n].

From properties (4.7)-(4.8)-(4.10) and equations (4.6)-(4.9), we know that x = n(t),
t € [0, 207, satisfies
(4.11) 2'(t) + gt )z (t) + ¢ (H)z_(t) = 0.
Here ¢*(t) = ay. The function 7(t) can be extended to R by
N (t) == alln(t — 2nlm), t € 2ndm,2(n+ 1)lr], n € Z.

For these constructions, see Figure 1.

Since ¢*(t) are 2m-periodic, from the constructions above, it is easy to see that
n«(t) is a solution of (4.11) on ¢t € R. Furthermore, one has p(q*,¢~) = 1/¢, while
equation (4.11) has the solution 7, (¢) which has the Lyapunov exponent

( )_loga*
XXThe) = 20w

Thus (4.11) is a desired asymmetric oscillator.

> 0.
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F1GURE 1. The solution 7,(t) of (4.11) with ¢ = 5 in the (x, —a')-plane.
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