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1. INTRODUCTION

A functional integro-differential equation with delay is a hereditary system in
which the rate of change, or the derivative of the unknown function or set-function,
depends upon the past history. A functional integro-differential equation of neutral
type is a hereditary system in which the derivative of the unknown function is deter-
mined by the values of a state variable as well as the derivative of the state variable
over some past interval in the phase space. Although the general theory and the basic
results for integro-differential equations have now been thoroughly investigated, the
study of functional integro-differential equations is nowhere near complete. In recent
years, there has been an increasing interest in such equations among mathematicians

in many countries.

The study of abstract measure differential equations was initiated by Sharma
[11, 12] and Dhage et al. [6], while the study of abstract measure integro-differential
equations was initiated and developed at length in a series of papers by Dhage [1,
2, 4] and Dhage and Bellale [5]. However, the study of functional abstract measure
integro-differential equations has not appeared in the literature. The study of abstract
measure delay differential equations was initiated by Joshi [8], Joshi and Deo [9], and
Shendge and Joshi [13], and subsequently developed by Dhage [1]-[4]. Following the
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324 B. C. DHAGE AND J. R. GRAEF

approach in the above mentioned papers, here we prove existence and stability results
for an abstract measure delay integro-differential equation. The results in this paper
extend the results of Joshi [8] on abstract measure delay differential equations, under

weaker conditions, to abstract measure integro-differential equations.

2. PRELIMINARIES

Let R denote the real line and let R™ be an Euclidean space with respect to the
norm | - |,, defined by

(2.1) ||, = max{|z1], ..., |z.|}

for x = (xq,...,2,) € R™.
Let X be a real Banach space with any convenient norm || - ||. For any two points
x, y in X, the segment Ty in X is defined by
Ty={z€eX|z=0+r(y—x), 0<r <1}

Let 2o and yo be two fixed points in X such that Oyy C 0xg, where 0 is the zero vector
of X. Let z be a point of X, such that 0zy C 0z. For this z and x € 7z, define the
sets S, and S, by

Sy =Arz:—co<r<1}
and

Se={rz:—oco<r <1}

For z1,x9 € Yoz, we write x1 < xo (or x > x1) if JoT7 C YoTz. Let the positive
number ||zg — yo|| be denoted by w. For each x € Tgz, z > ¢, let x,, denote that

element of 7pz satisfying
Ty <z and |z —x,] =w.

Note that z,, and wz are not the same points unless w = 0 and x = 0.

Let M denote the o-algebra of all subsets of X so that (X, M) becomes a mea-
surable space. Let ca(X, M) be the space of all vector measures (signed measures)

and define a norm || - || on ca(X, M) by

(2.2) 21l = Ipla(X)
where |p| is a total variation measure of p and is given by
(2.3) pla(X) =D [P(E)]n,

i=1

forall B; ¢ X with X =J;°, E; and E;NE; = () for i # j. It is known that ca(X, M)
is a Banach space with respect to the norm || - || defined by (2.2). Let u be a o-finite

measure on X and let p € ca(X, M). We say p is absolutely continuous with respect
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to the measure p if pu(E) = 0 implies p(E) = 0 for all £ € M. In this case, we write
p << L.

For a fixed xy € X, let M, be the smallest o-algebra on gxo containing {xo} and
the sets S, © € yoxg. Let 2 € X be such that z > x( and let M, denote the o-algebra
of all sets containing M, and the sets of the form S, for x € Tyz. For a given H > 0,
we define the set By by

By ={u€R"||ul, < H}.

Finally, let LL(SZ, R) denote the space of all pu-integrable real-valued functions h
on S, with the norm || - [|3 defined by

iz = / Ih(a)] dlpl.

3. STATEMENT OF THE PROBLEM

Let p be a o-finite real measure on X. Given ap € ca(X, M) with p < pu, consider
the abstract measure delay integro-differential equation (in short delay AMIGDE)

involving the delay w,

L~ [ f(t,p(S0).p(Su)) du ae. [u] on T,
(3.1) Siw
p(E) = q(E), E e My,

where ¢ is a given initial known measure, fil_i is a Radon-Nikodym derivative of p
with respect to u, and the function f : S, x By X By — R" is such that the map

z — Ap(S.) = [ f(t,p(S),p(Ss,))dp is p-integrable for each p € ca(S,, M,).
?zw
Details on Radon-Nikodym derivatives along with some of their properties may be

found in Rudin [10].

For what follows, we need to define the class of sets C'y by
Cy = {q < Ca(SmovM()) | ||qH +C < H},
where C' > 0. Here, it is implied that H is large enough so that C'y is not empty.

Definition 3.1. Given an initial real measure ¢ € C'y on My, a vector p € ca(S,, M,)
(z > x) is said to be a solution of the delay AMIGDE (3.1) if

(i) p(E) = q(E), E € My,
(ii) p < p on Tz,
(ili) p satisfies (3.1) a.e. [u] on Tpz.
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Remark 3.2. The delay AMIGDE (3.1) is equivalent to the abstract measure integral

equation

fE (fgww f(t,p(S:),p(S,)) d,u) du, if Ee M, FE C7Zyz,

q(E), if £ e M,.

(32)  p(E) =
A solution p of the delay AMIGDE (3.1) on Zpz will be denoted by p(Sy,, q).

We will employ Schauder’s fixed point theorem to prove our main existence result
for the delay AMIGDE (3.1). Before stating this result, we give a useful definition.

Definition 3.3. An operator () on a Banach space X into itself is called compact if
for any bounded subset S of X, Q(X) is a relatively compact subset of X. We say
that @ is totally bounded if Q(S) is a totally bounded subset of X for each bounded
subset S of X. If () is continuous and totally bounded, then it is said to be completely

continuous on X.

Note that every compact operator is totally bounded, but the converse may not
be true. However, both the notions coincide on bounded subsets of X. Details on

different types of such operators may be found in Granas and Dugundji [7].

Theorem 3.4 (Smart [14, p. 15]). Let S be a non-empty, closed, convex and bounded
subset of the Banach space X and let Q : S — S be a continuous and compact

operator. Then the operator equation Qx = x has a solution.

In the next section we prove our main existence theorem for the delay AMIGDE

(3.1) under suitable conditions on the function f.

4. EXISTENCE AND UNIQUENESS THEOREMS
We need the following definitions.

Definition 4.1. A function 3 : S, X By x By — R" is said to satisfy conditions of
Carathéodory type (or simply, is Carathéodory) if
(i) x — B(x,y, z) is p-measurable for each (y, z) € By x By, and

(i) (y,2) — B(x,y, z) is continuous for almost every p and x € Tgz.

Definition 4.2. A Carathéodory function (3 is called Li—Carathéodory if

(iii) for each given real number p > 0, p < H, there exists a function h, € L,,(S., R)
such that

B(z, 4, 2)[n < hy(x) ae. [u] and z € Tz

for all y, z € By with |y|, < p and |z],, < p.
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Definition 4.3. A Carathéodory function 3 : S, x R" x R* — R" is called L/ (R")-
Carathéodory if there exists a function h € L}, (S.,R) such that

|ﬁ(:)§,y,z)|n < h(l') a.e. [,U] and z € ToZz

for all y, z € By.

We consider the following set of assumptions.

(Ao) p({zo}) = 0.
(Ay) For any z > =z, the g-algebra M, is compact with respect to the topology
generated by the pseudo-metric d defined by

d(El, Eg) = |,u|(E1 A Eg), El, E2 € Mz
(A2) The function g is continuous on M, with respect to the pseudo-metric d defined
in (Al)
(Ag) The function f(z,y,z) is L, (R")-Carathéodory.
(A4) There exist functions ¢,, ¢, € L, (5., R*) such that
|f(x,y1,21) = f(@, 92, 22) |0 < (@) |y1 — Yaln + Ca(2)]21 — 22]n
for all yy, 21, ys, 22 € By.

Our first existence result is the following.

Theorem 4.4. Suppose that assumptions (A1)—(As) hold. Then, for a given initial

measure ¢ € Cy, the delay AMIGDE (3.1) admits a solution p(Sy,,q) on Toxy for

some Ty € TpZz.

Proof. Let {r,} (r, > 1) be a decreasing sequence of real numbers such that r, — 1
as n — 00, and
Srozo D Orymg D Srpzg D+
Then we have
Tim g1 ({Sra0 = Sao}) = 0.

Therefore, there exists a real number r and a point x; = rxg such that

(1) /(LxummOﬂM<H—mw

w
ToT1

This is possible by virtue of (Ag) and the positiveness of |u].
Now in the Banach space ca(S,,, M,,), we define a subset S by

(4.2) S={pecalS.,M.) | p(E) = q(E)if E € M, and ||p]| < K},

where the constant K is given by

(13) = fal+ [ ([ noder)

w

ToT1
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From (4.1)—(4.3), it follows that
lg|l < H for all ¢ € ca(S.y, My,)-
Define an operator 7" from S into ca(Sy,, M, ) by
Je (fgmw f(t,p(S1),p(S4,)) du) du, if E € M., E C oz,

q(E), if Ee M.

(4.4)  Tp(E) =

We shall show that the operator T' satisfies all the conditions of Theorem 3.4 on S.

Step I: We show that 7" continuously maps S into itself. First, we show that
the operator 7' maps S into itself. Let p € S be arbitrary and let £ € M,,. Then,
there are sets F' € M, and G € M,,, G C Tox1, such that E = F'UG. We then have

B < P+ [ ( / |f<t,p<§t>,p@w))\nd\m) m

< lal+ [ ( A h(t)d|u|) i

w

< lal+ [ (f o) ) dlu

= K

for all E € M,,. From the definition of the norm in ca(S,,, M,, ), we have

7ol < ol + [ (/ h(t)dlu|) dlu| = K.

This shows that T" maps S into itself.

Next, we show that 7' is continuous on S. Let {p,} be a sequence of vector
measures in S converging to a vector measure p, that is, lim, . ||p, — p|| = 0. Set
my = |p|(xox1). Then for n > 0, by hypothesis (A3), there exists 6 > 0 such that

||pn _pH <& implies |f(x’pn(§x),pn(§xw)) — f($>p(§x)>p(§xw))|n < mi%

Therefore, for any £ € M,,,

Tpu(E) — Tp(E)ln S/ (/_ |f(t>pn(§t)>pn(§tw))_f(tap(gt)ap(gtw))|nd|,u|) d|pl

E \JS,,

S/ (/_ igdlu\) d|p]
E \JS,, "1

<n

provided ||p, — p|| < 0. This shows that 7" is a continuous operator on S.

Step II: Next, we show that 7'(S) is a uniformly bounded and equi-continuous
set in ca(Sy,, M,,). Now, as in Step I, we see that T'(.5) is a subset of S and hence it
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is a uniformly bounded set in ca(S,,, M,,). From the definition of the map T,
Jo (Js., £.p(80),p(S0))di) dp, i E € M., E C mar,

q(E), if £ € M,.

To show that 7'(.S) is an equi-continuous set in ca(Sy,, My, ), let Ey, Ey € M,. Then
there are sets Fy, Fy € My and Gy, Gy € M, with Gy, Gy C Tpx7 and

Tp(E) =

FENG, =0, i=1,2.
Recalling the set-identities
G1=(G1 —G)U(GaNGy) and Gy = (G — Gh) U (G NGY),
we have

Tp(Ey) —Tp(Ey) = q(F) — q(F)

- / </§zw f(t,p(gt),p(gtw))du) d

G1—Go

. / (/@w f(t’p(gt)ap(gtw))du) dp.

Ga2—G1

Since f(z,y,2) is L, (R")-Carathéodory, we have that

[ Tp(Er) — Tp(Ea)ln < lq(F1) — q(F2)|n + / </_ |f(t7p(§t)apn(gtw))lndwo d|pl

Szw
G1AGo
<lotF) — aFl+ [ (/ h(t)dlu|) dlul
G1AGo Saw
< |g(Fy) — q(E)ln + / ol .
G1AGo

Assuming that d(Ey, Es) = |u|(Ey A Ey) — 0, we have Fy — Es, and consequently
Fy — Fy and |p|/(G1 A G) — 0. From the continuity of ¢ on M, it follows that

Tp(Er) = Tp(Ea)ln < g(F1) — q(F2)]n + / 12|y, dlpl
G1AG2
— 0 as El — E2

uniformly for all p € S. This shows that 7'(5) is an equi-continuous set in ca(S;,, My, ).
Thus, T'(5) is a uniformly bounded and equi-continuous set in ca(S., M,), so it is com-
pact in the norm topology on ca(S,,, M,,). Now an application of the Arzeld-Ascoli
Theorem yields that 7'(.S) is a compact subset of ca(S,,, M,,). As a result, T is a
continuous and compact operator on S. Theorem 3.4 then yields that the operator
equation p = Tp has a solution in S. As a result, the delay AMIGDE (3.1) has a

solution on ZToz;. This completes the proof of the theorem. O
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Our next existence result is proved by an application of the Banach fixed point

theorem.

Theorem 4.5. Suppose that assumptions (Ag)—(As) and (Ay) hold. If there exists a
point x1 € Toz such that the inequality (4.1) holds and

(4.5) my <||€1HLL + ||£2||L,£> <1,

where my = |p|(ToT1), then for a given initial measure ¢ € Cy, the delay AMIGDE

(3.1) has a unique solution p(Sy,,q) on Toxy.

Proof. Proceeding with the arguments as in the proof of Theorem 4.4 shows that the
operator 1" defined by (4.3) maps a subset S of ca(Sy,, M,,) into itself, where S is
defined by (4.2). Condition (4.5) can then be used to show that 7" is continuous and
is a contraction operator on S. So by an application of Banach’s fixed point theorem,
there is a unique solution to the operator equation Tp = p. This corresponds to a

unique solution p(Sy,, ¢) to the delay AMIGDE (3.1) existing on Tz, and completes
the proof of the theorem. O

5. EXTENSION AND STABILITY

A solution of the delay AMIGDE (3.1) so obtained can be extended to the larger

segment whenever p({z;}) = 0. An existence result in this situation is the following.

Theorem 5.1. Under the hypotheses of Theorem 4.4, let p(S,.,,q) be a solution of
the delay AMIGDE (3.1) on Tozy. Then the solution p can be extended to a larger

segment if p({x1}) = 0.

Proof. If p({x1}) = 0, then following the proof of Theorem 4.4, we may choose a
point xo € T1Z such that (4.1) holds. Then repeating the arguments, it can be proved
that p is a solution of the delay AMIGDE (3.1) that is defined on T775. O

Next, we shall obtain a result concerning the stability of solutions for the delay
AMIGDE (3.1) in the sense of following definition.

Definition 5.2. Let ¢ € Cy. If for each € > 0, ¢ < H, there exists a number n = ()

and a solution p(S,,,q) to the AMIGDE (3.1) such that |¢|| < n implies ||p|| < e,

then we say p is locally stable with respect to the initial measure q.

We will make use of the following conditions to prove our main result in this

section.

(B1) The function f : S, x By x By — R" is p-integrable and f(z,0,0) = 0 for all

x € S, for some z > xg.
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(By) Given § > 0, there exists € > 0 such that

(2,51, 21) = f(@, 92, 22) |0 < 0[[y1 = yoln + 21 — 22[0]

for all ¥y, 42, 21, 22 € By with |y1]n <€, 120 <€, 21]n < €, and |29, < €.

Theorem 5.3. Let the assumptions (By)—(Ba) hold. Then for each ¢ > 0 and a fized
number b € (0,1), there exists a unique solution p(S,,,q) of the delay AMIGDE (3.1)
satisfying ||p|| < e whenever ||q|| < be.

Proof. Let 6 = _2, where m = u(Zgz). Then corresponding to this ¢, there is a
number € > 0 such that

(5.1) |f(x,y1,21) — f(@, 92, 22) |0 < 5“91 — Ya|n + |21 — Zz|n]

Define a subset S(¢) of ca(S,, M,) by

for all yy,ys, 21, 22 € R with |y1], < e, |y2|n <&, |21|n < €, and |25, < e.

(5.2) S(e) = {p € ca(S:, M) | [Ipll < e}
Let p € S(¢). Using (B;) and (B;), we obtain
(5.3) |f(2,p(Sz),p(Sz,)|n < 20 €.

Define an operator T' from S(e) into ca(S,, M.) by

I8 (fsz F(t,p(S)), (Ftw))d@ du, if Ee M., EC o3,

(5.4)  Tp(E) =
q(E), if & c Mo.

Now, if E € M., then there are two disjoint sets F' and G in M, such that

E=FUG, FeM, GCZpz.

Hence, for E € M., from (5.2) and (5.3), it follows that

TE)a < ol + [ ([ 1700500l )

G Zw

<tz [ ([ ocdul) d
G Sa

< |lqll +2m?*6 e
<be+ (1 —b)e

=E£.

for all p € S(¢). Therefore, ||Tp|| < ¢ for all p € S(e).
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This shows that 7' maps S(¢) into itself. Next, we show that T is a contraction
operator on S(g). Let p;,ps € S(€). Then, by (By),

T0i(B) - T BN < | [ ( / £ 21 (50,91 (B1)) )

E

Tw

-/ / F0.p(S0), (S0 )

(1520, p1(51)) = Ft.2(50.pa(e ), )l

Sew

/ 5(1p1(50) — a0l + 1 (S1a) — pa(Si)le] dll)
E Sy

<2 [ ([ sllps = palldlul) ale

E 3,

m\

IN

< 2m?%6 ||p1 — pa||
(5.5) = (1 —=0)|lp1 — p2|]

forall E € M,, E C Tgz. This further implies that

|Tpr — Tpa|| < allp1 — pa|

where, @ = (1 — b) < 1. This shows that T is a contraction operator on S(g) with
the contraction constant «. Therefore, by an application of the contraction mapping
principle, there is a unique solution p(S,,, q) of the delay AMIGDE (3.1) satisfying
|p|| < e whenever ||g|| < be. This completes the proof. O

Example 5.4. Let X = R, y be the Lebesgue measure on R, S, = [0, ], z > 0, and
q(E) = p(E), E C [0,1]. Consider the delay AMIGDE

(5.6) 3—226 / p(gt_l/g)d,u.
gm—l/Z

and

(5.7) p(E) =q(E), EC[0,1].

Here, w = 1/2. For 0 <z < 1, we observe that

p(gzv) :p([o,l’]) = Q([()?x]) =
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If = € [1,2], then we have

p(S:) = q(S1) + / ( /[1 i 6p(§5_1/2)ds) dt

1,z

_ 1+6/1x /1t_1/2(s—1/2)ds dt
— 1+3/1x[(t—1)2—ﬂdt

— 1+3/(t—1)2dt—3/ Lat
1 1 4

— (x_1)3_g(x—1)+1.

Again, if 2 < x < 3, then we obtain

— 15 o1
_ 3 _q2 19 9ol
p(Sy) =2° — 3x 4:L’+4,
and so on. In this way, the solution p for the linear delay AMIGDE (5.6) can be

found recursively on [0, 00).

Remark 5.5. The above example suggests a method to compute the solution of an

AMIGDE, in the particular case when f(x,y, z) is linear in y and z.
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