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ABSTRACT. In this paper, the authors consider the second-order neutral functional differential

equation
[p()(y(1) (2 ()] + a() f(y(6(2)) =0, ¢ = to,

where z(t) = y(t) + r(t)y(r(t)) and v > 0 is a ratio of odd positive integers. They establish some
new sufficient conditions for oscillation of all solutions that are substantial improvements to some

existing results in the literature. Some examples are included to illustrate the main results.
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1. INTRODUCTION

In this paper, we are concerned with the oscillation of solutions of the second-

order nonlinear neutral functional differential equation

(1.1) POV (y(®) (@' @)] +a(t)f(y(3(£) =0, ¢ >t

where x(t) = y(t) +r(t)y(7(t)) and v > 0 is a ratio of odd positive integers. Through-

out this paper, we will assume, without further mention, that the following conditions
hold:

(h1) r, p, q, T, and § are real valued continuous positive functions defined for ¢t € T =
[to, 00) and 0 < r(t) < 1;

(he) f, ¥ : R — R are continuous functions such that yf(y) > 0 for all y # 0,
¥(y) > 0 for y # 0;
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(h3) there exist positive constants k, K, and L such that

(1.2) % >k and % <Y(y) <
(hy) 7(t) <t, limy_ o 7(t) = oo, and lim;_,, 6(t) = 0.

for y #0;

SIE

For a given function y, we set

(13)  a(t) =y +r@u(r(t), «=ppp)), and o= (@)

Let o1 = inf{7(t) : t € R}, 0o = inf{d(¢) : t € R}, and 0 = min{oy,02}. By a
solution of (1.1), we mean a nontrivial real-valued function y with z € C'[o, 00),
711 € C'o, >0), and such that equation (1.1) is satisfied. Our attention is restricted
to those solutions of (1.1) that exist on some half line [t,, co) and satisfy sup{|y(t)| :
t>t} >0 foranyt; >t,.

A discussion of the existence and uniqueness of solutions of neutral delay differ-
ential equations can be found in [15]. A solution of (1.1) is said to be oscillatory if it is
defined on some ray [tg, c0) and has an unbounded set of zeros; otherwise, it is called
nonoscillatory. An equation is called oscillatory if all its solutions are oscillatory. In
the sequel, when we write a functional inequality we will assume that it holds for all

sufficiently large values of t.

In [23], Ye and Xu considered equation (1.1) and studied the oscillation of solu-

tions under the following assumptions:

(A1) v > 0,7, p, q, 7, and ¢ are real valued continuous positive functions defined for
t el = [ty,o00);

(A) 0 < r(t) < 1,6(t) <t, and &(t) > 0 for t > to;

(A3) f, ¥ : R — R are continuous functions such that yf(y) > 0 and ¢(y) > 0 for
y#0;

(A4) there exist positive constants k and L such f(y) > k|y|* 'y and 0 < v(y) < 1/L

for y # 0.

They considered the two cases

(1.4) /: (l%)idt ~ o,

or

(1.5) /t:o (1%) : dt < oo,

and established several sufficient conditions for oscillation of solutions. Some of the
results in [23] are quite interesting, however, there are mistakes in some of the main
results. In fact, their conditions are not sharp even when (1.4) does hold. It is known
that if (1.4) holds, then we have z(t)z(t) > 0 for + > T and the other case, namely,
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z(t)zM(t) < 0, can be disregarded. But in case (1.5) holds, we see that (x[l}(t))/ <0,

and there are the two possible cases

(1.6) )z (t) >0 for t>T,
and
(1.7) z(t)zM(t) <0 for t>T.

The mistakes in [23, Theorems 2.3, 2.4, 2.5 are caused by using the inequality

(1.8) y(6(¢)) = (1 —r(5(2)))z(5(2)),
to establish oscillation criteria when (1.5) holds. But this inequality is valid only
when (1.4) holds, i.e., if (1.6) is satisfied. Also, they proved that the inequality

(MY + Q(t)z"(8(t)) <0, for t > T,

obtained when (1.4) holds, is the associated inequality when (1.5) holds. This, how-
ever, is not true. Hence, the results established in [23] when (1.5) holds are not valid.
They can be corrected by finding the appropriate inequality analogous to (1.8) when
(1.5) holds, and it certainly would be interesting to see this done. Also, the results
in [23] are proved only when the function §(¢) satisfies () < ¢ and ¢’(t) > 0. One
question we then ask is: s it possible to find new oscillation criteria for equation
(1.1) when 6(t) > t? One of our aims in this paper is to give an affirmative answer

to this question.

Oscillation criteria for different types of neutral differential equations can be
found in the papers [1, 2, 3, 4, 5, 6, 7, 16, 8, 9, 10, 11, 12, 13, 17, 18, 20, 21, 22, 24,
25, 26, 27] and the reference cited therein. We note that all the results obtained in
these papers are given for neutral delay differential equations when (1.4) holds and
when §(t) < t.

Our objective in this paper is to use a technique of proof different from that used
in [23] and establish some new sufficient conditions for oscillation of (1.1). Some of
our oscillation results are of Hille and Nehari types and are essentially new even in the
case when (1.4) holds. The results also cover the case 0(¢) > t (which has not been
considered before) and do not require that 6’(¢) > 0 as is the case in [23]. Our results
are not only different from those in the above mentioned papers, but also improve

some of them. Some examples are given to illustrate the main results.

2. MAIN RESULTS

In this section, we establish some sufficient conditions for the oscillation of all
solutions of (1.1) when (1.4) holds. In Subsection 2.1, we consider the case 6(t) > t;
the case 6(t) < t will be considered in Subsection 2.2. To prove our main results,

we need the following lemmas. They will play important roles in the proofs of our
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theorems. We will only give proofs for the case where a solution y(t) is positive since
if y(t) is negative, then the transformation y(¢) = —z(t) transforms the equation into

one with the same form as (1.1).

Lemma 2.1. Assume that (1.4) holds, and suppose that equation (1.1) has a nonoscil-
latory solution y on [ty,00). Then there exists T > to such that x(t)z!(t) > 0 for
t>1T.

Proof. Let y(t) be a positive solution of (1.1) on [ty,00) and choose t; > ty so that
y(t) > 0, y(7(t)) > 0, and y(d(t)) > 0 on [t;,00). Since y is positive, ¢(t) > 0, and
(hs3) holds, we have

(2.1) (M (1) < —kq(t)y"(6(t)) <0, for te[t;, oo).

Thus, z[(#) is strictly decreasing on [t;,00) and eventually is of one sign. We claim
that zl(t) > 0 on [ty, 00) for some ¢, > t;. If this is not the case, then there is a
t3 > t, such that zl'(t3) = ¢ < 0. Then, from (2.1), we have zlU(t) < ¢ for t > t3,
and so (1.2) implies
1 it
Y YCY
(2.2) D) < —— < =% for tets,00).
p v (y@)  p (1)

Integrating the last inequality from t¢3 to ¢ implies

t t
(2.3)  z(t) = z(t3) +/ 2'(s)ds < x(tz) + Kvev / 1d8 — —00 as t— 00,
t3 t3 p?(s)

by (1.4). Thus, x is eventually negative, and this contradiction completes the proof

of the lemma. O

Lemma 2.2. Assume that (1.4) holds and suppose that (1.1) has a nonoscillatory

solution y on [ty, 00). Then there exists T >ty such that

(2.4) (M) + Pt)z(6(t)) <0 for t>T,

where P(t) = kq(t)(1 —r(06(¢)))".

Proof. Let y(t) be a positive solution of (1.1) on [ty,00) and choose t; > ty so that

y(t) > 0, y(r(t)) > 0, y(r(7(¢))) > 0, and y(5(¢)) > 0 on [t;, 0o). Since y is positive
and ¢(t) > 0, from Lemma 2.1, we see that

(2.5) 2(t) >0, 2()>0, and (2W() <0 for t>t,,
for some ty > t;. Since 7(t) <t and r(t) > 0, (2.5) implies

w(t) = y(t) +r@y(r(t) <y(t) +r@)z(r(t) < y(t) +rE)et) for &>t
Thus, y(t) > (1 —r(t))x(t) for t > t5. Then, for t > t3, where t3 > to is chosen large

enough, we have

(2.6) y(6(t)) = (1 =r(5(t)))x(5(t))-
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From (2.1) and the last inequality, we see that (2.4) holds, and this completes the
proof. O

2.1. Oscillation of (1.1) with 4&(¢) > t. In this subsection, we establish some
sufficient conditions for oscillation of (1.1) when (1.4) holds and 6(¢) > ¢t. We start

with the following theorem.

Theorem 2.3. Assume that (1.4) holds. Let y be a nonoscillatory solution of (1.1)
and make the Riccati substitution
- 21 (t)
z7(t)
Then u(t) > 0 fort > T, where T is given in Lemma 2.2, and

(2.7)

1

(2.8) (1) + Pt + 22 () <0 for te [T, 00).
p (1)

Proof. Let y be as above, and without loss of generality, assume that there is a t; > tg
such that y(¢t) > 0, y(7(t)) > 0, y(7(7(¢t))) > 0, and y(5(¢t)) > 0 for t > t;. Then,
from Lemma 2.1, there exists T' > ¢; such that z(¢) > 0, 2l!1(¢) > 0, and 2(t) < 0
for t > T. From the definition of u(t), we have

Ul(t) _ :L'V(t)l’[2] (t) - (:L’“/(t))/[p[l] (t) 22 (t) (l’(d(t))ﬂy (l’w(t))/l’[l] (t)
t g :

a7 (t) (z(t))" —x(6()r (x(t)) a7(t) (z(t))"
From Lemma 2.2, we see that
(2.9) (1) < —p OO’ @(®) 0 gy s

Now, (1.3) and (1.2) give

Py (y)x prx p
This implies that
M — (1) 1 1 WNFE for
() (z(t) vu(l) (1) > L p% 0 (u(t)) for t>T
Substituting into (2.9), we have
(2.10) u(t) < —P(t)L((S(tW it ()7 for t>T.

oy
Next, consider the coefficient of P(t) in (2.10). Since §(¢) > t and z(t) is increasing,

we have
(2.11) z((t)) > z(t).

Using (2.11) in (2.10), we obtain inequality (2.8), and this completes the proof of the

theorem. O
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Theorem 2.4 (Leighton-Wintner type). Assume that (1.4) holds. If

(2.12) / P(s)ds = oo,
to
then every solution of (1.1) oscillates.

Proof. Suppose, to the contrary, that y is a nonoscillatory solution of equation (1.1),
say y(t) > 0, y(7(t)) > 0, y(7(7(t))) > 0, and y((t)) > 0 for t > T, where T is given
in Theorem 2.3. Let u be defined as in Theorem 2.3. Then, u(t) > 0 for t > 7" and

L
P (2)

From the definition of z["(¢), we see that

(2.13) —(t) > P(t) + (W) > P(t) for t>T.

o 21 (t) 5
()= <p<t>w<y<t>>> '

Integrating from 7' to ¢, we obtain

o(t) = o(T) + /Tt (Imxm(s))”ds for t>T.

Since z!!)(t) is positive and decreasing, we have

o) 2 (1) + ()" [ (m)ldwb( o) [ (;%)d

for ¢t > T'. It follows that

020 ([) %) e

which, in view of ( 4), 1mphes that lim; . u(t) = 0. Integrating (2.13) from 7" to

00, we obtain u(T' f s)ds, which contradicts (2.12). This completes the proof
of the theorem. O

In the following results we consider the case where condition (2.12) may fail, that

is, we may have
(2.14) / P(s)ds < 0.
to

Theorem 2.5. Assume that (1.4) holds. If there exists a positive continuously dif-
ferentiable function ¢(t) such that

(2.15) lim sup /tt {qb(s)P(s) — LZE(S)(((#(S))VH ds = o0,

t—o00 v+ 1)+ (s)

then every solution of (1.1) oscillates.
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Proof. Suppose, to the contrary, that y is a nonoscillatory solution of equation (1.1),
say y(t) > 0, y(7(t)) > 0, y(7(7(t))) > 0, and y((¢t)) > 0 for t > T, where T is given
in Theorem 2.3. Let u be defined as in Theorem 2.1. Then, u(t) > 0 for ¢ > T and
(2.8) holds. We then have

1
L .
120 ()™ for t>T.
p (t)

Multiplying (2.16) by ¢(s) and integrating from T to t > T, we have

[ oorpes <~ [ ot - [T s as

T pi(s)

(2.16) W) < —P(t) —

An integration by parts yields
t % y+1
/ o(s)P(s)ds < u(T / &' (s ds—/ w(u(s))%ds

Setting B = ¢/(s), A = vL%gb(s)p_l/'Y(s) > 0, and applying the inequality

Y1 ~Y Bt
(2.17) Bw — Aw (7—|—1)V+1 R

[ [otore) - 5 i < ocryui)

which contradicts condition (2.15). Thus, every solution of (1.1) oscillates, and this

we obtain

completes the proof of the theorem. O

From Theorem 2.5, we can obtain different conditions for the oscillation of (1.1)
by making different choices for ¢(t), For instance, if ¢(t) = t, we have the following

result.

Corollary 2.6. Assume that (1.4) holds. If

(2.18) lim su /t [sP(s) ) ds = o0
' t—>oop to Ly +1)7Hs -

then every solution of (1.1) oscillates.

Another method of choosing test functions can be developed by considering func-
tions in the class R consisting of kernels of two variables. We say that the function
H € R provided H is defined for to < s < t, H(t,s) > 0, and H(t,t) = 0 for
t > s > to. Important examples of H include H(t,s) = (t — s)™ for m > 1.

The following theorem gives new oscillation criteria for (1.1) which can be con-

sidered as an extension of the Kamenev type oscillation criterion. The proof is similar
to those in [16, 21] if we use the inequality (2.8). We omit the details.
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Theorem 2.7. Assume that (1.4) holds. Let ¢(t) be defined as in Theorem 2.5 and
let He R. If fort > s,
(2.19)

t

_ P I EHE )]
i 7 75 [H<t’8)¢(S)P<S>_ LG+ D () |

to

then every solution of (1.1) oscillates.

With appropriate choices of the functions H it is possible to establish a number
of oscillation criteria for (1.1). For example, if there exists a function h(t, s) € R such
that
%H(t, s) = —h(t,s)HT (L, s),

then Theorem 2.7 yields the following oscillation result.

Corollary 2.8. Assume that (1.4) holds. Let ¢(t) be defined as in Theorem 2.5 and
let He R. If fort > s,

p(s)((¢'(s)) "+ (h(t, 5))"*
L(y +1)7+167(s)

lim sup ﬁ / {H(t, $)6(5)P(s) -

t—o0
to

then every solution of equation (1.1) is oscillatory.
Choosing ¢(s) = 1 and H(t,s) = (t — s)™ for m > 1, Corollary 2.8 gives the
following Kamenev type oscillation criterion.

Corollary 2.9. Assume that (1.4) holds. If for m > 1,

g i p(s) (¢ — 5" )T
1 * — 5 P(s) — _
el g /t {(t ST - e g sy | BT

then every solution of (1.1) oscillates.

As an example of a result of these types, we have the following.

Example 2.10. Consider the second-order neutral equation

(2.20) {y(t)+1y(7(t))] +?2y(5(t)):0 for te(l, oo).

2
Here v = 1, p(t) = 1, ¥(y) = 1, r(t) = 1/2, f(u) = u, q(t) = N\/t* where X > 0
is a constant, 7(t) < t, §(t) > t, and limy_o, 0(f) = limy_ 7(t) = co. We have
P(t) = X\/2t? and it is easy to see that (h;) — (hs), (1.4), and (2.14) are satisfied. To
apply Corollary 2.6, we need to examine condition (2.18). Note that

t t
. p(s) L As 1 B
llltl’iilolp /to |:SP(8) — m} ds = llltl’isoljpfl (@ — E ds = 0,
provided that A > 1/2. Hence, by Corollary 2.6, every solution of (2.20) oscillates if
A>1/2.
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For the second order differential equation
(2.21) 2"(t) + p(t)z(t) = 0,

Hille [14] proved that every solution of (2.21) oscillates if

o0 1
(2.22) li%n inft/ p(s)ds > 1
— 00 t
Nehari [19], by a different approach, proved that if
1 [ 1
(2.23) lim inf ~ / s*p(s)ds > =,
t—00 t to 4

then every solution of (2.21) oscillates. In the following, we present some extensions
of these results and establish new oscillation criteria of Hille and Nehari types for

equation (1.1). We will make use the following notation:
[ 1 [tsrtt
a := lim inf —/ P(s)ds and b:=liminf —/ ——P(s)ds.
t—o p(t) Jy t=oo ¢ Jr p(t)

Theorem 2.11. Assume that (1.4) holds and that p’ > 0. Let y be a nonoscillatory
solution of (1.1) and set

tTu(t tTu(t
R, := liminf u(®) and R*:= limsupﬂ,
t=oo p(t) (R 10
where u is defined in (2.7). Then,
1
(2.24) a<R. —R L,
and
1
2.2 b < —.
(2.25) a+b< I

Proof. Let y be as above and assume that there is a T" > tq such that y(¢) > 0,
y(7(t)) > 0, y(r(r(t))) > 0, y(6(t)) > 0, and Lemmas 2.1 and 2.2 hold for t > T.

From Theorem 2.3, we have

1
L3 :
T2 ()T for t>T.
p7 (1)

First, we prove (2.24). Integrating (2.26) from t to oo and using the fact that

(2.26) —W'(t) > P(t) +

lim; oo u(t) = 0 (see the proof of Theorem 2.4), we obtain

o o 'YTH
(2.27) u(t) 2/ P(S)dS—l—’VL“// M for t>T.
¢ t 7 (s
p(s)
It follows from (2.27) that
v yo[oo T4 [eo =
(2.28) fu(t) t—/ P(s)ds + 121 / (wls) " ds o 4>
p(t) p(t) Jy p(t) Ji 7 (s)
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Let € > 0 be given; then, by the definition of @ and R, we can choose T € [T, 00),
sufficiently large, so that

tY o tTu(t
(2.29) —/ P(s)ds > a—e and u(t) >R, —¢ for t>T1T).
p(t) J; p(t)
From (2.28) and (2.29) and the fact that p’ > 0, we have
1
T v 5 87
tYu?(t) > (a—e)+7L% t / s(u(ls)) s u(s)ds
p(t) pt) Ji  pa(s)srit
o2 YLt [ p(s)
> (0— g+ (R - g™ 2 [T 2,
141 -1 > ds
(2.30) > (a—€)+ (R —€) 7 yLAt" pors, for t>Ty.
t

Then, from (2.30), we have

> (a—€) + (R — )" L7,
Taking the liminf of both sides as t — oo, we have R, > a — € + I (R, — 6)1+§.
Since € > 0 is arbitrary, this implies
1+L 1
(2.31) a<R,—R. L7,

and this proves (2.24).

To prove (2.25), first multiply both sides of (2.26) by t?*1 /p(t) and integrate from
T tot > T to obtain

I o AC A

Integrating by parts, we have

< T [ (5 o
- [ER g [(SH) T
Since p/(t) > 0,

i () =59~

SO

() | T [ su(s)
O ) +/T”“)<p<s>)ds

[ et [ ()
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Hence,

Lt T (T t y+1
ut) T )_/ S P(s)ds
T

pt) —  p(T) p(s)

+/Tt{(7+1)%$)—vﬁ (S;?E;))T}ds for ¢t>T.

Applying inequality (2.17) with w = SW“ , A= AyLv and B = v+ 1, we obtain

)
t”“u(t) T“lu(T) tS-y.:,_l ‘ o (7+1)V+1
p(t) - p(T) /T p(S)P(S)d8+/ (y+ 10+t 7L ds
T u(T)
)

T (T /t g7 (t—T)
= ——P(s)ds+ ————= for t>T.
O Y

It follows that

tu(t) T w(T) 1 [PsTIP(s)ds 1 T
ul) “U——/Si(s)‘%r—(l——) for t>T.
p(t) tp(T)  tJr  p(s) L t
Taking the lim sup of both sides as t — 0o, we obtain
1
< -
R < b+L

Together with inequality (2.31), we have

L 1
o< R — RT3 SR <R <—b+ .

Therefore, a + b < %, and this completes the proof of (2.25). O

Using Theorem 2.5, the following result is easy to prove.

Theorem 2.12. Assume that (1.4) holds and that p' > 0. If

2.33 liminf [ P(s)d i
25 it | P>

then every solution of (1.1) oscillates.

Proof. Suppose that y is a nonoscillatory solution of equation (1.1), say, y(t) > 0,
y(r(t)) > 0, y(r(r(t))) > 0, and y(d(t)) > 0 for ¢t > T with T" as in Theorem 2.3.
With u given in (2.7), Theorem 2.11 gives
st S
a< R,—R,” L.
Applying (2.17) to this last inequality, we have

Y
< _
I+

which contradicts (2.33). This completes the proof of the theorem. O

Another consequence of Theorem 2.11 is the following oscillation result.
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Theorem 2.13. Assume that (1.4) holds and p' > 0. If

t gyt

P(s)ds > l,

~ oo
(2.34) lim inf —— / P(s)ds+hminf% / ;
t

t=oo p(t) t=eo g p(t)
then every solution of (1.1) oscillates.

2.2. Oscillation Criteria with d(¢) < t. In this subsection, we establish some
sufficient conditions for oscillation of (1.1) with §(¢) < ¢t. We will use the following

notation:

L7 J(8(t),T u

A(t) := P(H)a"(t) and aft) := M, where J(u,v) ::/ -
K1) v 55(5)

Theorem 2.14. Assume that (1.4) holds. Let y be a nonoscillatory solution of (1.1)

and make the Riccati substitution

1

ds.

1
(2.35) w(t) = = ((tt)).

Then w(t) > 0 fort > T, where T is given in Lemma 2.2, and

1 1 1
(2.36) w'(t) + At) + v L7 —— (w(®)7 () <0 for te€ [T, o0).
p~ (1)
Proof. Let y be as above and assume that y(¢) > 0, y(7(¢)) > 0, y(7(7(¢))) > 0, and
y(6(t)) > 0 for t > T. From the definition of w (see the proof of Theorem 2.3), we
have

(2.37) W' (1) T (wt)T for t>T.

Now, consider the coefficient of P(t) in (2.37). Since zl(t) = py(y) (z/)7 () is de-
creasing for t > T', we have

t 2(s - R
£(t) — 2(3(1)) = / RO 4 < @)t / L s

® p ()07 (y(s)) 56) p7 ()17 (y(s))
< K3 (2M(5(8))) N p;@ds’
and this implies that
z(t) Ko (200@)7 (¢ 1
(2.38) 60 =TT 260) /m o

On the other hand, we have

5(t) 2 (s 5
2(8(t)) > z(5(t)) — x(T) = /T p%ESw(vz;(s))

which leads to
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This and (2.38) imply

1

x(t) K5 fé(t 7 ( )ds L fT (s)ds + K5 f(s S)ds
< 50) )
x(6(t)) L3 fT (s)ds L7 [0 =3 (s)ds
wa p? )dS—l—Kﬁfé(t )dS_ K*/fp? ds B 1
Ly [0 L7 29 p~3(s)ds  ot)
for t > T. Hence,
(2.39) z(0(t)) > a(t)x(t) for t>T.
This implies that
(z(0(t)”

2.40 > (at))” for t>T.
(2.40) Ty = )
Substituting (2.40) into (2.37) gives inequality (2.36), and this completes the proof
of the theorem. O

The following result is the companion to Theorem 2.4 above.
Theorem 2.15 (Leighton-Wintner type). Assume that (1.4) holds. If
(2.41) /OO A(s)ds = oo,

to
then every solution of (1.1) oscillates.

Proof. Let y be a nonoscillatory solution of (1.1) with y(¢) > 0, y(7(¢)) > 0,
y(7(7(t))) > 0, and y(6(t)) > 0 for t > T with T given in Theorem 2.14. Let w be
defined as in Theorem 2.14; then, w(t) > 0 and

1
L~ 1
(2.42) —w(t) = A(t) + o (w(t) ' > A(t) for t>T.
p(t)
The reminder of the proof is similar to the proof of Theorem 2.4 and hence is omitted.

O

Next, we consider the case where condition (2.41) may fail, that is, we may have
(2.43) / A(s)ds < oo.
to
Proceeding as in the proofs of Theorems 2.5 and 2.7, we can use inequality (2.36) to

obtain the following results.

Theorem 2.16. Assume that (1.4) holds. If there exists a positive continuously
differentiable function ¢(t) such that

(2.44) liriigp /to [QS(S)A(S) — LZE(VSZL((E/V(;?ZVJF(S) ds = oo,

then every solution of (1.1) oscillates.



468 J. R. GRAEF AND S. H. SAKER

Theorem 2.17. Assume that (1.4) holds. If there exists a positive continuously
differentiable function ¢(t) and a function H € R such that for t > s,
(2.45)

t

o P ) (EHE )]
i g7 75 [H“’S>¢<8>A<S>‘ L6+ 17 (V0. ) ]ds‘oo’

to
then every solution of (1.1) oscillates.

Analogous to Corollaries 2.8 and 2.9, we have the following results.

Corollary 2.18. Assume that (1.4) holds. Let ¢(t) be defined as in Theorem 2.17
and H € R. If fort > s,

(2.46) limsupﬁ / [H(t, $)6(5)A(s) —

t—o0

pls) (¢/() 1 (A, s>>v+1} o
Ly + 177167 (s)

to

then every solution of (1.1) oscillates.

Corollary 2.19. Assume that (1.4) holds. If for m > 1

, I m mp(s)((E— o)™ )
(2.47) h?iigp s /to [(t —$)™A(s) — Ty + i — sy } s = 00,

then every solution of (1.1) oscillates.

Next, we will establish some new oscillation results for (1.1) of the Hille and
Nehari types in the delay case. We need the following notation:
[ 1 [tsrtt
A= liminf—/ A(s)ds and B := liminf—/ ——A(s)ds.
oo p(t) J, t—oo t Jp p(t)
The proof of the following theorem is similar to the proof of Theorem 2.11 by using
inequality (2.36) in place of (2.8). We omit the details.

Theorem 2.20. Assume that (1.4) holds and p' > 0. Let y be a nonoscillatory
solution of (1.1) and set
Q. = litm inf t"w(t)/p(t) and Q" :=limsupt’w(t)/p(t)

t—oo

where w is defined in (2.35). Then
L 1
A<Q.—Q. LY and A+B< -

From Theorem 2.20 we can obtain the following results that are analogous to
Theorems 2.12 and 2.13 above.

Theorem 2.21. Assume that (1.4) holds and p' > 0. If
2.48 liminf—— [ A(s)d L
2 it || A g

then every solution of (1.1) oscillates.
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Theorem 2.22. Assume that (1.4) holds and p' > 0. If
tY o 1 [t

(2.49) liminf — / A(s)ds + lim inf — /
t=oo p(t) Jy t=oo ¢ Jr p(t)

then every solution of (1.1) oscillates.

1
A(s)ds > Z,

We will now give some examples to illustrate our results.

Example 2.23. Consider the second-order neutral differential equation

@w>(é(@@+?§%§wﬂm)))+w%ﬂwm»=@te@w»

where A > 0, v > 0 is a ratio of odd positive integers, lim;_.o, () = lim; . 7(¢) = o0,
T(t) < t, and (t) < t, and assume that d~1(¢), the inverse function of §(t), exists.

Here, a(t) := chs(t , where J(t,T) = [, (s )7 ds, for any T > 1. We have 1(y) =

_ 1 _ -1 1 )
p(t)—t— T()_W_l_d—l(t)’ and Q(t)—m-
Noting that A(t) = P(t)a”(t) = a7 (t)q(t)(1 —r(5(t))Y = X\/t7FL it is easy to see that

(h1)—(h4), (1.4), and (2.43) hold. Finally, we need to examine condition (2.44). Note
that by choosing ¢(t) =

lim sup /t: [¢(S)A(S) B (p(S)((aﬁ’(S))V“ } s

t—o0 v+ 1)7+g(s)

t7, we have

] NN AR
:llﬂigp/to [g_m ds = .
Therefore, by Theorem 2.16, every solution of (2.50) oscillates.

Example 2.24. Consider the neutral delay differential equation

(2.51) (Lyz(t) ((;;(t) + t%y (t — w/2)> ) ) L ¢ ;71)6y3(t ~1)=0, t>2.

1+ y%(t)

Then, we have

=1 =5 o ="" =T =i
fu) = u®, and 1< (u) = %Zzgg <9,
o (h1) — (hy) and (1.4) hold with £ =1 and v = 3. Thus,
1—r((t) =1— 0 _11)2 = t(t(:??)’
alt) = Li(t —3) _ Et —3)
Ks(t—2) 23(t—2)
P(t) = ka(t) (1 — r(5(2)))° = L2

tt
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and we have

3 (t—3)°
A(t) = P()’(t) = -
It is easy to see that
/A(s)ds =00

All the assumption of Theorem 2.15 are satisfied, so every solution of (2.51) oscillates.

Example 2.25. Consider the delay differential equation

(2.52) (3iﬁﬁﬁ<(y@y+%y@—4wm)) >-+5Eﬁ}92ﬁ@—1):0, t>2.

1+ y2(t)

This is the same equation as in Example 2.24 except that

At —1)8
q(t) = __g_%Ia__Z_.
Here,
At —2)3 At —3)3
Clearly,
/A(s)ds < 00.

2
To apply Theorem 2.21 we need to examine condition (2.48). In this case we see that

Y [e.e] [e.e]
lim inf L / A(s)ds = lim inf t3/ A(s)ds
t t

t—00 p(t) t—o0
o 1 9 27 27
= lim inf¢ /t A <2t4 265 T o6 2t7) dt
A
=5
All the hypotheses of Theorem 2.21 are satisfied provided that
i 81

(y+1)0+ 64’
i.e., every solution of (2.52) oscillates if A > 81/64.
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