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ABSTRACT. This paper considers boundary value problems on time scales and also discusses
inequalities on time scales. We formulate sufficient conditions under which such problems have
extremal solutions in a corresponding region bounded by upper and lower solutions. Examples are

also included to illustrate the importance of the result obtained.
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1. INTRODUCTION

Stefan Hilger [4] introduced the calculus of measure chains on order to unify
continuous and discrete analysis. Major works devoted to the calculus on time scales

have been introduced in papers [1, 3, 5, 10].

Throughout this paper, we denote by T any time scale (nonempty closed subset
of the real numbers R). We assume that 0,7 € T and denote by J = [0,7] a subset
of T such that [0,7] = {t € T: 0 <t < T} By o we denote the forward jump
operator o(t) = inf{s € T : s > ¢}. The graininess function p : T — R is defined by
wu(t) =o(t) —t with Ry = [0,00). Let C'(J,R) denote the set of continuous functions
u:J—R.

In this paper, we investigate the following first order dynamic equation on time

scales of the form

" { A1) = (a0, 2(a() = (Fo) @), te0.T],
0 = g((0),=(1)),
where f € C(J xR xR, R), a € C(J,J), g € C(R x R, R).

Differential and difference equations are special cases of dynamic equations. To
find solutions of nonlinear differential equations both with initial or boundary condi-
tions we can use the monotone iterative method based on lower and upper solutions.
This technique is well known and we have many applications. Recently, it is also ap-

plied to differential equations with deviating arguments (delayed or advanced). This
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method is also used for dynamic ones (see, for example [2, 3, 6, 7, 11, 12] but it is
not so extensive as for continuous case. Dynamic equations with deviating arguments
are discussed, for example in papers [6, 9]. This paper extends the application on
problems of type (1.1). We prove the existence of minimal and maximal solutions for
problems (1.1) by using the Heikkila and Lakshmikantham theorem [4]. It is impor-
tant to indicate that the right—hand-side of our problem depends on a solution z at

an advanced argument a.

The plan of this paper is as follows. In Section 2, we discussed dynamic inequa-
tions with advanced arguments. In Section 3, we formulate sufficient conditions when
advanced nonlinear dynamic equation with an initial condition at the end point T’
has a unique solution. A linear case is also discussed. The existence of solutions for
dynamic problems of type (1.1) is discussed in Section 4. The last Section 5 contains
dynamic problems having more advanced arguments a. Some examples are added to

llustrate theoretical results.

2. DYNAMIC INEQUALITIES

In this section we present some linear dynamic inequalities which are needed in
Section 4.

Lemma 2.1. Assume that m € C(J,R), 1+ sup u(t)m(t) > 0 and let
teJ

m(t)x(t), tel0,T],

(2.1) .

—

8
b
3=
IN IV

Then z(t) <0, t € J.
Proof. We replace the inequality in (2.1) by
2 () = mt)x(t) + Q(t), teJ
with @ € C(J,R;). It yields
2. o10) = enlt.0) [o0)+ [ enl0.0()Q(5)25].

by Theorem 2.77 [3]. For a discussion of the exponential function e, see for example
Section 2.2 of [3]. Take ¢t = T" and find z(0) to obtain

T
(0) = en0.7)2(7) = [ e (0.0() Q)
Substituting the last relation to formula (2.2), we get
z(t) = en(t, T)2(T) — /T em(t,0(s))Q(s)As <0

because e,,(t,0(s)) > 0 (by Theorem 2.48(ii) of [3], Q(s) > 0, s € J and z(T") < 0.
This ends the proof.
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Remark 2.2. Let m(t) =0, t € J. If

z2(t) > 0, telo0,7),
z(T) < 0

then z(t) <0, t € J, by Lemma (2.1)

Y

Lemma 2.3. Assume that

Hy : there exist functions n € C(J,Ry), a € C(J,J), t < at) <T and at) £t on
J.

In addition, we assume that

T
plz/ ()AL < 1.
0
Let

(2.3)

—
8
>
=
IA IV
o 3
S
S~—
=
Q
=
~
m
=)
=

Then z(t) <0, t € J.
Proof. We need to prove that z(t) < 0, t € J. Suppose that the inequality z(t) < 0,
t € J is not true. Then, we can find ¢, € [0,7") such that z(¢y) > 0. Put

x(t;) = min z(t) < 0.
() = mina(t) <

Integrating the dynamic inequality in (2.3) from ¢, to t;, we obtain

2(t) — 3(to) > / Cn(t)z(a(t) At

to

> x(ty) /OT n(t)At > x(ty).

It contradicts the assumption that x(tg) > 0. This proves that z(¢) < 0 on J and the

proof is complete. O

Lemma 2.4. Assume that Assumptions Hq, Hy hold with

H, : there exists a continuous function m : J — R such that

supl(tym(t)] > —L.
ted

In addition, we assume that

(2.4) p2 = /0 N®At <1 with Nﬁ)z%em(a(ﬂ,t)
Let
(2.5) {fﬂA(t) > m(t)z(t) +n(t)z(a(t)), t€[0,T7],

z(T) < 0.

Then z(t) <0, t € J.



602 T. JANKOWSKI

Proof. Let p(t) = eom(t,0)x(t) with Om = —#%. Then, we have

com(t,0)z2(t)

Then problem (2.5) takes the form

pa(t) = N(tplalt), te,

p(T) < 0.
It yields p(t) < 0 on J, by Lemma (2.1). It shows that z(t) < 0 on J. The proof is
complete. 0

Remark 2.5. If m(¢t) = 0, then e,,(s,t) = 1, by Theorem 2.36(i) of [3]. Then

Lemma 2.4 reduces to Lemma 2.3.

Remark 2.6. If T =R, then pu(t) = 0 and e,,(«(t),t) = exp <fta(t) m(s)ds). In this

case, py from condition (2.4) has the form

T a(t) d
P2 :/ n(t)el mEds gy
0

and in this case Lemma (2.4) reduces to Lemma 1 of [§].

Remark 2.7. Assume that m(t) > 0 on J. Then e,,(a(t),t) < e, (T,t). If we assume
that

_ [ : _n@)
P3 = /0 Ni(H)At <1 with N(t) = 5 am® em(T,t)

then condition (2.4) holds. Note that ps3 does not depend on a.

Remark 2.8. Let T = R and m(t) = m > 0, n(t) = n > 0. Then p3 from Remark 2.7

takes the form

Example 2.9. Let T=27, J={0<j<L,j€ Z*} and

(2.6) { z(n+1)

(1+¢)x(n) +dx(a(n)), n=0,1,...,L—1,
x(L) 0,

IN IV
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where ¢ > —1, d > 0 and «a(n) is a fixed number such that a(n) € {n,n+1,...,L}
and o(P) # P on the set P = {0,1,...,L}. In this case u(t) = 1, t € J and
Assumption H, holds because sup,¢ ;[1(t)m(t)] = ¢ > —1.

If we assume that

g =

then any solution x of problem (2.6) satisfies the relation z(n) < 0, n € P, by
Lemma 2.4 and Remark 2.7.

3. APPLICATION OF BANACH FIXED POINT THEOREM

Consider the following problem
(3.1) z2(t) = (Fa)(t), telJ, xz(T)=k €R,

where operator F is defined as in problem (1.1). In the next theorem we formulate
sufficient conditions under which problem (3.1) has a unique solution. To do it we

apply the Banach fixed point theorem.

Theorem 3.1. Suppose that
Hy: feC(IXxRxRR),aeC(J,J),t<a(t)<T onlJ,

H, : there exist nonnegative constants Ly, Ly such that
|f(t, 21, 20) — f(t, 21, %2)| < Li|zy — Z1| + Lo|zs — %o
forte J, xy,x9,T1,7T2 € R.

Then problem (3.1) has a unique solution v € C*(J,R).

Proof. Integrating (3.1), we have

2(t) = ko — /t (Fz)(s)As = (Az)(t), te .

It means that solving (3.1)) is equivalent to solving a fixed point problem of operator

A. Now we use the Banach fixed point theorem. Let
X ={ze€Cy(J,R) with [z] = ntrle%xe,\(t,T)|x(t)|}

with a constant A > 0 such that A\ > L; + Ly,. Note X is a Banach space. For

u,v € X, we have

||Au — Avl| < ntrle%xe,\(t,T)/t |(Fu)(s) — (Fov)(s)|As

< maxey(t, T)/t [Ly|u(s) —v(s)| + Le|u(a(s)) — v(a(s))|] As

teJ

= I?e%xe’\(t’ T)/t [Liex(T, s)ex(s, T)|u(s) — v(s)]
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+Laex(T, afs))en(a(s), T)|u(a(s)) — v(a(s))|] As
< [lu— vl H,

where

H = maxe,(t, O)eA(O,T)/ [Liex(T,0)ex(0,s) + Loex(T,0)ex(0, a(s))]As

teJ

teJ

T
= max e, (t, 0)/ [L1ex(0, ) + Laex(0, a(s))]As.
t
Indeed, €, (0, a(t)) < ex(0,t), t € J, by Definition 2.30 of [3]. Hence
T
H < (L + L) r?eszek(t,())/ ex(0, s)As.
t
Now, also
T T T A
1
/ ex(0,s)As = / cox(s,0)As = / MAS < —[eoa(t,0) — eox(T,0)]

_1 [ex(0,1) — ex(0,T)]

A
because
O\ = —# > -\
BT )
It yields
Li+L L+ L
<t max e (t,0)[ex(0,1) — ex(0,T)] = = i 2[1 — 4(0,T)]
<1-e(0,T)=¢< 1.
As a result

[Au — Av]| < flu —v]l€.

In view of the Banach fixed point theorem, problem (3.1) has a unique solution. This

ends the proof. O
Remark 3.2. If T = R, then

ex(t, T) =M1 X>L 4+ Ly, A>0 and |z] = I?Ez%]xe’\(t_T)|x(t)|.
Remark 3.3. Now we consider the linear dynamic equation of the form

(3.2) {xﬁ(t) = (Lo)(t) +h(t), tel,
z(T) = heR,

where operator L is defined by

(3.3) (Lx)(t) = m(t)x(t) + n(t)z(a(t))
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with m,h € C(J,R), n € C(J,Ry), a € C(J,J) and t < a(t) < T on J. In this case,

solving (3.2) is equivalent to solving the following problem

(3.4) x(t) =h— /t [(Lz)(s) + h(s)]As = (Apz)(1).

Then, in view of Theorem (3.1), problem (3.2) has a unique solution.

We can also replace problem (3.2)) in another way. Using Theorem 2.77 of [3] to
the dynamic equation (3.2) we obtain

z(t) = en(t,0) {x(O) + /0 em(0,0(s))[n(s)z(a(s)) + h(s)]As} :

Now, using the condition z(T') = h, we finally have
x(t) = en(t,0) {em(O, T)h — /t em(0,0(s))[n(s)z(a(s)) + h(s)]As} :

4. EXISTENCE OF SOLUTIONS OF PROBLEM (1.1)

Now, we derive a fixed point result for nondecreasing mappings in ordered spaces
which play a central role in our investigations. We say that @ : [a,b] — [a,b] is
nondecreasing if Qx < Qy for z,y € [a,b] and = < y. We say that = € [a, ] is the
least fixed point of @ in [a, ] if = Qx and if z < y whenever y € [a,b] and y = Q.
The greatest fixed point of @) in [a, b] is defined similarly, by reversing the inequality.
If both least and greatest fixed point of @ in [a, b] exist, we call them extremal fixed
points of ) in [a.b].

Theorem 4.1 ([4]). Let [a,b] be an ordered interval in a subset Y of an ordered
Banach space X and let Q : [a,b] — [a,b] be a nondecreasing mapping. If each
sequence {Qx,} C Q([a,b]) converges, whenever {x,} is a monotone sequence in
la,b], then the sequence of Q—iteration of a converges to the least fized point x, of
Q) and the sequence of QQ—iteration of b converges to the greatest fixed point x* of Q).
Moreover,

T, =min{y € [a,b] : y > Qu}, and z* =max{y € [a,b] : y < Qy}.
Let us introduce the following definitions.
Definition 4.2. A function 2y € C'(J,R) is said to be a lower solution of (1.1)) if
x5 (1) < (Fao)(t),  g(w0(0), 2(T)) < 0.
Definition 4.3. A function y, € C*(J,R) is said to be an upper solution of (1.1) if

o () = (Fyo)(®),  9(yo(0), yo(T)) > 0.

Now we formulate the main result of this paper.
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Theorem 4.4. Assume that f € C(J xR xR /R), g € C(R x R,R). Let xo,y0 €
CY(J,R) be lower and upper solutions of (1.1), respectively and yo(t) < zo(t), t € J.
Moreover, we assume that there exists functions m,n such that both Assumptions
H,y, Hy and condition (2.4) hold and

(4.1) ftur,ug) = f(t 01, 02) 2 =m(t)[vr — ] = n(t)[va — uo]

if yo(t) < uyp < vy < wo(t), yola(t)) < us < vy < xo(a(t)). In addition, we assume
that g is nondecreasing in the first variable and there exists a constant M > 0 such
that

g(v,u) = g(v,u) < M(a—u) if yo(T) <u<a < (7).

Then problem (1.1) has minimal and mazximal solutions in the region [yo, xo] =
{u € C(JL,R) : yo(t) <u(t) < xo(t), t € J}.

Proof. Assume that operator F' is nonincreasing in region [y, zo] and also let G}, be
nondecreasing with respect to h. Choose hy, hy € C(J,R) such that hy(t) < ho(t) on
J. Let z1, x5 denote the solutions of problem (3.2) with F'hy, Fhy instead of h, and
with G},,, G}, instead of h, respectively. Since problem (3.2) has a unique solution
for each h € C(J,R), h € R, then 1, 25 are well defined. Put z = z; — z,. Then,

22(t) = (Lx)(t) + (Fhy)(t) — (Fho)(t) > (Lx)(t), t€J,

p(T) = Gp, — Gp, < 0.
In view of Lemma (2.4), we see that x1(t) < x9(t) on J, so the operator A is
nondecreasing. It is also continuous.

For u € [yo, zo], we put
1
Fu=Fu—Lu, G,= Mg(u(O),u(T)) + u(T),

where the operator F is defined as in problem (1.1). It is easy to see that operator
F' is nonincreasing in [y, zo]. Moreover, G,, is nondecreasing with respect to u. We
define the operator A = Ap. Let x1 = Ayg, o = Axg, so
{ () = (Lo)®) + (Fyo)(b),
(1) = Gy,
and
{ 58 = (Las)(t) + (Fao)(),
2o(T) = Gy
Now apply Lemma (2.4) with x(t) = x2(t) — x0(t) and its easy to show using the
definition of the lower solution zy that xo(t) > x2(t) = (Azo)(t). Similarly we can
show (Ayo)(t) = x1(t) > yo(t) on J. Put z(t) = x1(¢t) — x2(t). Then

v2(t) = (Lan)(t) + (Fyo)(t) — (Lan)(t) — (Fao)(t) > (La)(1),
2(T) =Gy, — Gyy <0
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. Using again Lemma (2.4), we see that z1(t) < z5(t) on J, so the operator A is
nondecreasing. It means that yo < Au < xy for u € [yo, xo]. Hence A : [yo,x0] —

[Y0, o] and operator A is bounded because ||Au|| < max(||yol|, ||zol|)-

Let {y,} be a monotone sequence in [yo, o], s0 yo < Ay, < xo. Hence ||Ay,| <
K. Tt is easy to show that { Ay, } is equicontinuous. By Arzeli-Ascoli theorem, { Ay, }
is relative compact. It proves that {Ay,} converges in A([yo,zo]). Finally, operator
A has a least and a greatest fixed point in [yo, 7o), by Theorem (4.1). It results that

problem (1.1) has minimal and maximal solutions in [yg, zo]. This ends the proof. O

Remark 4.5. If we assume that f is nonincreasing with respect to the last variable,
the condition (4.1) holds with n(t) = 0, ¢t € J. Note that, in this case, condition (2.4)
holds too.

Example 4.6. (see [8]). Let T = R. Consider the problem

2) { 2(t) = 2e*® + (sint)e 2V (Vi) — 1 = (Fa)(t), teJ=][0,1],
' = 2(0) +2%(0) — z(1).

Note that a(t) = vt, and t < a(t) < T = 1. Put 29(t) = ¢, yo(t) = =1, t € J. It
yields

(Fro)(t) = 2¢! + (sint)e VDV — 1> 1 = 2/, (¢),
(Fyo)(t) = 27" — (sint)e V0 — 1 < 0 = yj(b),
and

9(@0(0), 20(1)) = g(0,1) = =1 <0,  g(yo(0),40(1)) = g(—1,-1) =1 > 0.
It proves that xg,yo are lower and upper solutions of problem (4.2), respectively.
Indeed, m(t) = 2¢!, n(t) = (sint)e 2Vt=D¢ M = 1. Moreover,
1 ) 1
/ n(t)el Mg < / sintdt =1—cosl < 1,

0 0
so condition (2.4) holds too. By Theorem (4.4), problem (4.2) has extremal solutions
in the region [—1,¢].

Example 4.7. Let T = Z*, J = {0 < j < L, j € ZT}, so 22(i) = Az(i) =
x(i+ 1) — x(i). We consider the problem

(43) Ax(i) = blsiniz(i) — |sini|z(a(i) = (Fzx)(i), ¢=0,1,...,L—1,
' 0 = Ax(0) +2%(0)] - Bx(L) + 1,

where b > 1, 5> 0, A > 0 and a(7) is a fixed number such that a(i) € {i,i+1,..., L}
and a(P) # P on the set P = {0,1,...,L}. In this case u(t) = 1, t € J, so
Assumption H, holds.
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We assume that
(4.4) v<0, PBa+~y>0.
Put z4(i) =0, yo(i) = —a, i € P for a > 1. Then
(Fzo)(i) = 0 = Axo(i),
(Fyo)(i) = (1 = b)a[sini| < 0 = Ayo(i),
and
9(0(0), xo(L))
9(40(0), yo(L))

by (4.4). Functions xy, yo are lower and upper solutions of problem (4.3), respectively.
It is easy to see that m(i) = b|sini|, n(i) = 0,t € J and M = (. In view of

:g(_aa —Cl) :)‘a(a’_l)+ﬁa+7207

Theorem 4.4, problem (4.3) has extremal solutions.

5. GENERALIZATIONS

In this section we consider a boundary value problem of the form

- { A1) = f(alt) w(a(0), o rlao) = (@), te=[0,T],
0 = g((0),z(T)).

We formulate only corresponding results using the notions of lower and upper solu-

tions of problem (5.1) which are the same as before with the operator G instead of

operator F. The next theorem is similar to Theorem (4.4) and therefore the proof is

omitted.

Theorem 5.1. Assume that f € C(J x R R), g € C(R x R,R), a; € C(J,J),
t < oi(t) <T and a;(t) £t on J fori=1,2,...,r. Let xo,y0 € C'(J,R) be lower
and upper solutions of (5.1), respectively and yo(t) < xo(t), t € J. We assume that
there exists functions m € C(J,R), n; € C(J,Ry), i =1,2,...7 such that

flt ug,ury ..o up) — f(t,vo, 01,00y 0) = —m(t)[vg — wo) — an(t)[v, — U]
i=1

ift € J, yolai(t)) < u; < vy <aolay(t)), i =0,1,...,7 with ag(t) =t. Moreover, we

assume that sup[u(t)m(t)] > —1 and condition (2.4) holds with
ted

- n; t
N(t) = ; W(t))m(t) em(a(t), t).

In addition, we assume that g is nondecreasing in the first variable and there exists a
constant M > 0 such that

9(v,u) = g(v,u) < M(u—u) if yo(T) <u << xo(T).
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Then problem (5.1) has minimal and mazimal solutions in the region [yo, o).
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