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ABSTRACT. In this paper, we will use the Riccati transformation technique to establish some
new oscillation criteria for the second-order perturbed nonlinear difference equation of the general
form

Alan—1(Azp—1)")+ F(n,z,) = G(n,xp, Azp_1), n>1.

Our results complement and improve some well known results in the literature. Some examples are

given to illustrate our main results.
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1. INTRODUCTION

In recent years, the oscillation theory and asymptotic behavior of difference equa-
tions and their applications have been and still are receiving intensive attention. In
fact, in the last few years several monographs and hundreds of research papers have
been written, see for example the monographs [1, 2] and the papers [3-5, 7-31] and

the references therein.

Recently, Saker [17] considered the second-order perturbed nonlinear difference

equation
(1.1) A(ap—1(Axp_1)?) + F(n,x,) = G(nyxp, Axp_q), n>1,

where A denotes the forward difference operator Az, = x,.1 — z, for any sequence
{z,} of real numbers, v > 0 is a quotient of odd positive integers, {a,}>>, is a

sequence of real numbers such that a,, > 0 and

(1.2) i (a_1n)1” = 00,

n=ng

(1.3) i (a_ln)l/” < 00,
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for some positive integer ng > 1. Using the Riccati transformation technique, the
author presented some new oscillation criteria for Eq.(1.1) under the condition (1.2)
or (1.3) which improved many known criteria discussed in [1, 3, 5, 8, 14, 15, 26, 27,
28, 30, 31]. Like [17], throughout this paper we will assume that there exist two real
sequences {q,}°°; and {p,}°2, such that ¢, — p, > 0, and

n=1

lim inf Z(qZ —p;) >0 for all large nyg,
Finu) _ Gn,u,v)

> ¢n, ————= <p, foru#0,
ub ub

where (3 is a quotient of odd positive integers.

It is easy to see that the solution of Eq.(1.1) satisfying initial values zq = a
and z; = b is unique and is defined for n > 1. By a solution of (1.1), we mean
a nontrivial sequence {z,}°°, satisfying Eq.(1) for n > 1. A solution z, of (1.1)
is said to be oscillatory if for every n; > ng > 1, there exists n > n; such that
TnTpe1 < 0; otherwise, it is nonoscillatory. If every solution of Eq.(1.1) is oscillatory,

we say Eq.(1.1) is oscillatory.

In the recent paper of Saker [17], we note that the main results, Theorem 2.1
and Theorem 2.5, hold only for the case when v > 3 and for the case when v > 1,
respectively. It is natural to ask whether Eq.(1.1) is oscillatory for the cases when
v < fand 0 < v < 1. In this paper, we will further study the oscillatory behavior
of Eq.(1.1) for v < f and 0 < v < 1, which answers this question. In Section
2, some new oscillation criteria for Eq.(1.1) are established, which complements the
main results established in [17]. In Section 3, two examples are given to illustrate our

main results.

2. MAIN RESULTS

In this section, we will use the Riccati transformation technique to establish some
sufficient conditions for oscillation of (1.1) when (1.2) holds, and when (1.3) holds
we establish some sufficient conditions which insure that every solution {x,} of (1.1)

oscillates or converges to zero. The section will be divided into four parts.

(I) The case when (1.2) holds and v < f.

Theorem 2.1. Assume that (1.2) and (1.4) hold. Furthermore, assume that there
exists a positive sequence {p,}°2, such that for every positive constant M and for

some ng > 1;

May(Aypr)®
Pl

(2.1) lim sup Z [pl(ql —m) — =00 wheny>1,

l=ng
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and

22) i sw Y o= ) -

l=ng

May(Aypr)*!
5
g

=00 when >1, 0 <y <1,

where Ay p, = max{0, Ap,}. Then every solution of Eq.(1.1) oscillates.

Proof. Suppose to the contrary that {x,} is an eventually positive solution of (1.1),
say x, > 0 for all n > ng. Similar to the proof of Theorem 2.1 in [17], we have that

there exists ny > ng such that
(2.3) x, >0, Az, >0 and A(a,_1(Az,_1)7) <0 for n > n;.

Firstly, we consider the case when v > 1. Define the sequence {w,} by

An—1 (Axn—l)’y X

b
T,

(2.4) o = o,
thena w, > 0 for n > n; and

ol
Auwy = a(Aw,)'A (p—) | Pl (ana (A, )7)

T

. Ap, Pnln(Ax,)YA(x)
< —pn(qn—pn)xﬁ T+ Wnt1 — ( ~ ,Y) ( )
Pn+1 Ty q

(2.5)

From (2.3), we can assume, without loss of generality, that there exists a constant
¢ > 0 such that 2%~ > ¢ for n > n,. Using this, (2.3), (2.5), the assumption 8 > 7,
and the inequality (see [6])

27—y > 2w —y) forallz >y >0and vy > 1,

we have
ALpy Az,)?
Awn S _Cpn(Qn - pn) + il Wp4+1 — 21_ﬁ/pnan%
Pn+1 1 Lpt1
AL p, 27 py,
= _CPN(Qn - pn) + a Wp+1 — 2 wfz—‘,—l
(2.6) Pr+1 OnPpi1 )
= —cpalgn—po) + 2BP) |V, OB
s 2B, Priin/@n L 2y/2p,
an(A+pn)2
< - Cpn(Qn - pn) - 23_.ypn
for n > ny. Summing (2.6) from n; to n, we obtain
- a(App)?
—Wn, S Wn4+1 — Wn, S - Z {Cl)l((ﬂ - pl) - ;3_7—':%[)}

l=n1

which yields

n

Mar(A, o)1 w,
Z [ﬂl(Qz —p) — al(p +01) } < wcl < oo forall n > n,
I

l=n1

where M = 1/(c2377), which contradicts (2.1).
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Second, let us consider the case where 0 < v < 1 and > 1. From (2.3), we see
that there exist two constants c;,c; > 0 such that 77! > ¢; and e > ¢ for

n > ny. Define the sequence {w,} by

An—1 (Axn—l)ﬁ/ X

2.7 n— P
(2.7) W, = p o
then w,, > 0 for n > ny; and
(2.8)
Ap, G (A, )Y
Awn S _pn(Qn - pn)xg_l + —pwn—i-l - i (2 )
Pr+1 Tpt1

A n n n A n v (r+1)/y n 1/y)-1
= —pulan = pa)a "+ = lw} | patnl]

(’Y‘H)/’Yai/“f

Prn+1 Tn+41 pn+1
< Al pn CoPn o
< —cpnltn —pn) + Wnt+1 — N 1 Wnyts

n+1 Prn+10n

where A = (y+1)/7. Setting

i /0D
oo\ 1Apn [ copn
A=(~5—%57) W and B=|< pu- :

Pr+1an A Pn+1 Pr+1an

and using the inequality (see [6])

AN NABMY 4+ (A -1)B*>0, A B>0, A>1,

A 1

Ay pn CoPn a2 (Aipa\ [ cpn TP
P W1 — 5wy < (A= DATE (=2 Aol
n+1%n

(2 9) pn+1 pn—i—lan pn+1
OBV Cag(Bp )
Py o )
where C' = (A — 1)AV =Y () /(=Y = W Thus, from (2.8) and (2.9) we

obtain

Can(Aypp,)H!
Awn S _Clpn(Qn _pn> + ( p—;p ) .

Summing the above inequality, we have

n

Mar (AL p )1 .
Z {ﬂl((ﬂ — D) — a2 +p) < Y for all n > nq,

’Y
P C1

l=n1

where M = C'/¢;, which contradicts the assumption (2.2). This completes the proof
of Theorem 2.1. O

Theorem 2.2. Assume that (1.2) and (1.4) hold. Let {p,};>, be a positive sequence.
Furthermore, we assume that there exists a double sequence {H,, : m > n > 0} such
that (i) Hym = 0 for m > 0, (i) Hppn > 0 form > n > 0, (iii) AoHyp =
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Hpypnir — Hyn <0 form >n >0 and AoHy,p, = b/ Hmn- If for every positive

number M and for some ng > 1,

(2.10)
m—1 T
rrnglcl)o sup Z Hm,n [pn(Qn _pn) - ( P P) : Pnil 7 ) ] = 00,
LU — n

for the case when v > 1, and

(2.11) lim SUp

m—0o0

Mayn (AL p,)*
ZHmn [pn dn pn)_ (p:iy_ ) = 00,

mnon no

for the case when 0 <~y <1 and 3 > 1, where A p, is the same as in Theorem 2.1.
Then every solution of Eq.(1.1) oscillates.

Proof. Proceeding as in the proof of Theorem 2.1, we assume that Eq.(1.1) has a
nonoscillatory solution, say x,, > 0 for all n > ny. Then, we have (2.3) holds. For the
case 7 > 1, again define w,, by (2.4); then, w,, > 0 for n > n;. Similar to the proof of
Theorem 2.1, we have that (2.6) holds, i.e., there exists a constant ¢ > 0 such that

Ap, 217,
Cpn(Qn - pn) S _Awn + Wp1 — — wfz-ﬁ-l‘
Pr+1 anPn+1
Therefore, we have
m—1
& Z Hm,npn(Qn Z Hm nAwn + Z Hmn wn—i—l
n=ni n=ni n=ni Pt
m—1 2 ,an 2
-2 Ha Wi,
n=n1 Qnp, n+1
which, after summing by parts, yields
(2.12)
m m—1
¢ Huynpol@n —Pn) < Hppy 0y + > P/ Hop W
n=n n=ni
' m—1 21_7p
+ Z Hmn wn—l—l - Z Hm,n72w72l+1
n=n1 Pt n=n1 UnPrt1
m—1 A p
S mnlwn1+2( mnp+1n+hmn\/ mn)wn—i-l
n=ni n+
m—1
2'77p,
- Z Hmvnizwiﬂ-
n=n1 anpn—i—l

Completing the square in (2.12), we obtain that

ZHmn Pr(Gn — D) — Ol Bpn Mo ¥ pr ’)léwl

Cc

Y

mn1 n=n1 Pn

for all m > ny, where M = 1/(¢2377), which contradicts the assumption (2.10).
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For the case when 0 < v < 1 and (§ > 1, define w,, by (2.7). Similar to the proof

of Theorem 2.1, we have that there exist two positive constants ¢; and ¢y such that

Apy, C2Pn A
10n(qn — Pn) < —Aw, + Wnt1 — 7 Wn
Pn+1 Prsran ! o
Noting that AyH,, ,, < 0, we have
m m—1 A p Cop
n 2Fn
C1 Z Hm,npn( Gn pn) < Hm 1 Wny + Z Hmn |i + Wn+1 — mwi—}—l} :
n=ni n=ni Pr+1 Pr+1%n
Let
_ 1/(A=1)
A= C20n A e A py C20n A
=\ > Wn+1 and B = X 1 .
P10 Pt \Ppi10n

Similar to the proof of (2.9), we have

m— m—1
May (AL p,)"
C1 Z Hm,npn(Qn _pn) S Hm,nlwnl + Z Hm,n ( p:iy— ) )

n=ni n=ni

where A = (y+ 1)/ and C = (A — 1)ANV =2 () /=N = . Tt follows that

ol
(D) (e2)Y

Man(Arp) ™ wy,
Pn C1

mn1 n=n;

for all m > ny, where M = C/¢y, which contradicts the assumption (2.11). This
completes the proof of Theorem 2.2. O

(IT) The case when (1.3) holds and v < (3.

Theorem 2.3. Assume that (1.3) and (1.4) hold. Furthermore, we assume that there
exist positive sequences {p,} and {5, } such that (2.1) and (2.2) hold for every positive
constant M, and

00 n+1 1/v
(213) A6, >0, > 6u(gn — pn) = 0, Z ( > dila ) = o0,

— an n
n=ng n=ng i=ng

for some ng > 1. Then every solution {x,} of (1.1) oscillates or lim,,_, ,, = 0.

Proof. Suppose, to the contrary, that {z,} is an eventually positive solution of (1)
such that z, > 0 for all n > ny. By (1.4) and Theorem 2.2 (a) in [26] (case 2), we see
that {Az,} does not oscillate and there exist two possible cases for the sign of Az,,.

Case (a): Suppose that {Az,} is eventually positive. We are then back to the
case where (2.3) holds. Thus, the proof of Theorem 2.1 goes through, and we may
conclude that {z,,} cannot be eventually positive, which is not possible.

Case (b): Suppose that Az, < 0 for n > ny > ny. It follows that lim; . =, =
b > 0. Now, we claim that b = 0. Otherwise, there exists a constant M > 0 such that
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2P > M. Therefore, from (1.1) and (1.4) we have A(a,_1(Az,_1)7) < =M (g, — pn)-

Define the sequence u,, = d,_1(a,_1(Ax,_1)7) for n > n;. Then, we have

n+1

Summing it from ny to n, we obtain u,+; < u,, — MZz:m

(g — ). In view of
(2.13), it is possible to choose an integer no sufficiently large such that for all n > ns,

n+1

M
Upt1 < 3 Z o(q — ).

l=n1

Summing the above inequality from nsy to n, we obtain

M 1/y n 1 s+1 1/
Tyl < Tpy — (3) Z 0 Z 5I(Ql _pl) .
s=ngo 575 1=

This implies that z,, is eventually negative, which is a contradiction, and completes
the proof of Theorem 2.3. O

Similar to the proof of Theorem 2.3, we have the following theorem.

Theorem 2.4. Assume that (1.3) and (1.4) hold. Let {d,} be a positive sequence
such that (2.13) holds. Furthermore, we assume that there exist a positive sequence
{pn} and a double sequence {H,,} as defined in Theorem 2.2 such that (2.10) and
(2.11) hold for every positive constant M. Then every solution {x,} of (1.1) oscillates

or lim,,_,o x,, = 0.

(III) The case when (1.2) holds and 0 < 3,y < 1.

Theorem 2.5. Assume that (1.2) and (1.4) hold. Furthermore, assume that there
exist a positive sequence {p,} and a double sequence {H,,,} such that for every

positive constant M and for some ng > 1,

. - _ Ma;(A v+
(2.14) Jirglosupz [pl(ql — ) AP - i /;m) ] ~ o,
l=ng l
or
m—1
. 1 B Ma, (A, p, )71
(215)  lim sup o > Hun [pn(qn — pn)A) T - ( pjp ) } - 00,
m,no n

n=ng

1/
where A, = ZZ:_& (i) ! and Ayp, 1s defined as in Theorem 2.1. Then every

as

solution of (1.1) oscillates.

Proof. Assume that Eq. (1.1) has a nonoscillatory solution, say x,, > 0 for all n > ny.
Thus, we have that (2.3) holds and

an(Az,)” < ap, (Azy, )Y =m,



544 Y. G. SUN AND S. H. SAKER

1/~
Az, < (E) )
a,

Summing from n; to n — 1, we get

n—1 1 1/
ez o S (D)
a

s=ni $

which means

Noting that (1.2) holds, we have that there exists b; > 0 such that =, < b A,, where
1/
A, =" <i> ", On the other hand, from (2.3), there exists by > 0 such that

271 > by for n > ny. Define again w,, by (2.7); then we obtain
Ao, e (Aa O
Awn < _pn(Qn - pn)xg_l + . Wnt1 = [M] . I? fl)/ 1/
Pn+1 Tnt1 pn7+1 Tan”
A-ﬁ-pn b2pn A
S —Pn\qn — Pn bAnﬁ_l‘i‘ Wn, - wn )
pnl (b1 4,) Pr+1 o p;\z+1a?\f1 i

where A = (v + 1)/7v. The remainder of the proof is similar to that of Theorems 2.1
and 2.2, and hence is omitted. This completes the proof of Theorem 2.5. O

(V) The case when (1.3) holds and 0 < 3, v < 1.

Theorem 2.6. Assume that (1.3) and (1.4) hold, and let {3,,} be a positive sequence
such that (2.13) holds. Furthermore, we assume that there exist a positive sequence
{pn} and a double sequence {H,,,} as defined in Theorem 2.1 such that (2.14) or
(2.15) holds for every positive constant M. Then every solution {z,} of (1.1) oscil-

lates or lim,,_,oc x, = 0.

Proof. The proof of Theorem 2.6 is similar to that of Theorem 2.3, and hence is
omitted. 0

Remark 2.7. By choosing {p,} and {H,,,} in appropriate manners, we can derive
many oscillation criteria for Eq.(1.1) from Theorems 2.1-2.6, and due to the limited

space, we left the details to the reader.

3. EXAMPLES

In this section, we will present two examples to illustrate our results. However,

none of the results in [17] can be applied to these two examples.

Example 3.1. Consider the following perturbed difference equation

c (AIN—1)2$Q
1+ (Az,_1)?’

where a, b, ¢, v, 3 are constants, b > ¢, v > 0, § > 0 are quotients of odd positive

(3.1) A (Az,_1)?) +n°(1+22)2f =n n>1,

integers, and a < v which guarantees (1.2) holds. It is easy to see that (1.4) holds
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with ¢, = n® and p, = n°. Now let us consider Eq.(3.1) in the following cases where
we choose p,, = n:

Case 1: v < f and v > 1. Then we have

) - Ma;(ALp)?

lim sup Z [pl(Ql —p) - M}
Noting that b > ¢, we have that (2.1) holds when b+1 > -1 and b+ 1> a — 1. By
Theorem 2.1 we have Eq.(3.1) is oscillatory when b > max{a — 2, —2}.

Case 2. v < 3,8 >1and 0 <y < 1. Then we have

, = May(Ayp)' ™t
71113010 sup Z [Pl(fﬂ —p) - ( :pl) }
=1

= lim sup » (I — 17" — M1eT).
=1

= lim sup z:(lble — 1 — Mo,
=1

Similar to the analysis of Case 1, we have that (2.2) holds when b > max{a—y—1, —2}.

Therefore, Eq.(3.1) is oscillatory when b > max{a — v — 1, —2} by Theorem 2.1.

1/
Case 3: 0 < (B, < 1. It is easy to see that A,, = Zn_l <i> <nfor0<a<~,

s=1 \ as

and

nlggo Sup Z {Pl(% A -

=1

> lim sup Z(l“ﬁ — 1P — Mo,
=1

Maz(A+pz)V+1]
pl
Thus, we have that (2.14) holds for b > max{—f —1,a — v — } = a — v — 3 since

0<a<+vyand0<~y <1 By theorem 2.5, we have that Eq.(3.1) is oscillatory when
b>a—v—p0.

Example 3.2. Consider the following perturbed difference equation

(Azy_q)%2l .-
A — n
1+ (Al’n_l)z’ -

where a, A < 2, 7, 8 are constants, v > 0 and # > 0 are quotients of odd positive

(3.2) A(n*(Az,_1)") +nP (1 + sin® z,)z? = n?

integers, a > v which means that (1.3) holds, n® = n(n — 1). It is easy to see that
(1.4) holds with ¢, = n® and p, = n*. Choose p, = n and 4, = 1, then we can
easily obtain that (2.13) holds for a« < 3 + . Now, let us consider Eq.(3.2) in the

following cases:

Case 1: v <  and v > 1. Then we have

- Ma; (A, py)?
lim sup 3 Ma(Ap)”
n—oo —1 pl

e~ 1) - (S DR A !
=1

In order to guarantee (2.1) holds we need 3 > a—1, i.e., a < 4. Thus, by Theorem 2.3,
every solution {z,} of Eq.(3.2) is oscillatory or lim, ., =, = 0 when o < min{4,3 +
v} =4.

Case 2: v < 3, >1and 0 <y < 1. Then we have

. a Ma; (A p)7
lim sup ) {pz(qz—pz)— ! pipl) ]

=1 !

= lim sup » (I =12 = "' — MI*77).

=1
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It is easy to see that (2.2) holds when o < 3+ . Therefore, by Theorem 2.3 we have

every solution {z,} of Eq.(3.2) is oscillatory or lim,, .., x, = 0 when a < 3 + 7.

Case 3: 0 < 3,7 < 1. Since (1.3) holds, we have that A, < N where N > 0 is a
constant, and
May(Ayp)!
y
P

Jm swp D [ﬂz(m —p) AT -
=1

> lim sup Z[Nﬁ_l(l3 — 12— MY — M.
I=1
It is easy to show that (2.14) holds for o < 3 + . Thus, by theorem 2.6, we have
that every solution {z,} of Eq.(3.2) is oscillatory or lim,, .., x, = 0 when oo < 3 + 7.
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