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1. INTRODUCTION

It is well known that certain classical results of functional analysis, like the theo-
rems of Banach-Saks-Mazur [3] [24] and Kakutani-Ky Fan [15] [9], have a fundamental
role in many areas of mathematics, in particular in the theory of differential inclu-
sions in finite (or infinite) dimensional Euclidean spaces. For a fuller information and
bibliography on this subject, see the monographs of Aubin and Cellina [2] and Hu
and Papageorgiou [13].

Let R? be the real d-dimensional Euclidean space, and let X be the hyperspace

of all nonempty compact convex subsets of R¢.

In the present paper we establish some multivalued analogues of the theorems of
Banach-Saks-Mazur and Kakutani-Ky Fan (see Theorems 3.4, 3.8), which are valid
for maps with values in the hyperspace X. These results turn out to be useful in the
investigation of set differential inclusions.

Denote by ® a multifunction from I x %, I = [0, 1], to the space of all nonempty
compact convex subsets of X. For A € X, consider the Cauchy problem with Hukuhara

derivative, of the form
DX(t) € (t, X (t)) X(0)=A. (C)

Under Carathéodory assumptions on @, it will be proved that the Cauchy problem

(C) has solutions (Theorem 4.4). In our approach we follow some ideas contained in
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the seminal papers of Lasota and Opial [23] and Lasota and Olech [22]. Moreover,
we use an important characterization theorem for integrals of multifunctions, due to
Hermes [10], and the multivalued analogues of the theorems of Banach-Saks-Mazur
and Kakutani-Ky Fan.

Under stronger assumptions on ¢, an existence theorem for the Cauchy problem

(C) has recently been obtained in [6], by using a quite different approach.

It is worth noting that the investigation of set differential equations was started
in 1969 by de Blasi and Iervolino [5]. For developments, also in other directions, see
Brandao Lopes Pinto, de Blasi and lervolino [4], Kisielewicz [16] [17], Kisielewicz,
Serafin and Sosulski [18], Michta [25] [26], Artstein [1], Plotnikov and Plotnikova [30],
Plotnikov and Rashkov [31], Lakshmikantham, Gnana Bhaskar and Vasumdhara Devi
[21]. Moreover, evidence of the relations of this kind of differential equations with
other areas, as ordinary differential inclusions, control theory, fuzzy and stochastic
differential equations, can be found in Diamond and Kloeden [8], Tolstonogov [32],
Lakshmikantham [19], Michta [27], Michta and Motyl [28], Lakshmikantham, Leela
and Vatsala [20], Plotnikov and Tumbrukaki [29].

The present paper consists of 4 sections, with the introduction. Section 2 contains
notation and preliminaries. Section 3 contains the multivalued versions of the theo-
rems of Banach-Saks-Mazur and Kakutani-Ky Fan. Section 4 contains an existence

theorem for the Cauchy problem (C').

2. NOTATION AND PRELIMINARIES

Let M be a metric space with distance p and let P(M) be the space of all
nonempty bounded subsets of M.

Ifae M and ¢ # X C M, put d(a, X) = inf,cx p(a,z). For X, Y € P(M) let

e(X,Y) =supd(z,Y) e(Y, X) =supd(y, X)

zeX yey
and define
h(X,Y) = max{e(X,Y),e(Y, X)} .

h is a semidistance on P(M). It is a distance, said the Pompeiu-Hausdorff metric,
when it is restricted to the space of all nonempty compact subsets of M. The latter

space is complete and separable if so is M.
By Bu(a,r) and By[a,r] we mean an open and a closed ball in M with centre

a and radius r. If $ # A C M and r > 0, we set Ny [A,r] = {x € M|d(z, A) <r}.

Let T be a metric space. A map ¥V : T — P(M) is upper semicontinuous
(u.s.c.) (resp. lower semicontinuous (l.s.c.), continuous) at xq € T if for every e >
0 there exists § > 0 such that © € Br(x,0) implies e(V(x), ¥(zp)) < e (resp.
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e(U(xg),V(x)) <e, h(¥(z),¥(xg)) < €) or, equivalently, W(x) C Ny [V(xo),e] (resp.
U(zg) C Ny [¥(z),e], h(W(x), ¥(xg)) < €).

Let R? be the usual d-dimensional real Euclidean space with norm | - | induced

by the inner product (-,-). Set

x = {A C RYA is nonempty compact convex} .

X is endowed with the Pompeiu-Hausdorff distance h, under which it is a complete
and separable metric space. We introduce in X the Minkowski operations of addition

and multiplication by nonnegative scalars, given by
A+B={a+bcRYacA,beB}, M={ acR%acA}

where A, B € X and A > 0.

Remark 2.1. X is a semilinear space, i.e. X is closed under the above operations and,
moreover, for arbitrary A, B, C' € X and A, u > 0 the following properties are satisfied:
(i) A+{0} = A (0 the zero of RY); (ii) A4+ B = B+A4; (iii) A+ (B+C) = (A+B)+C;
(iv) 1-A = A; (v) A(pA) = (A\n)A; (vi) M(A+B) = MA+AB; (vil) (A+p)A = NA+puA.

For convenience we put |A| = sup{|a| |[a € A} if A C R? is non empty and
bounded.

A set A C X is convez if (1 —AN)A+AB e Aforall A,Be Aand A €[0,1].
Set

K(x) = {A C x|A is nonempty compact convex} .

K(x) is endowed with the Pompeiu-Hausdorff distance hx under which it is a complete
and separable metric space. We introduce in K(%) the Minkowski operations of

addition and multiplication by nonnegative scalars, given by
A+B={A+BexlAc A BeB}, M={) A ecx|Ac A},
where A, B € K(x) and A > 0.

Remark 2.2. K(X) is a semilinear space. Moreover, if A € K(X) and € > 0, then
NxlA, ] € K(x).

Let J be a bounded and measurable subset of R.

Amap U : J — % (resp. ¥ : J — K(x)) is measurable if, for each closed
C C R? (resp. C' C %) the set {t € JIU(t)NC # ¢} (resp. {t € J|¥(t)NC # ¢})

is Lebesgue measurable. If U : J — X is measurable and integrably bounded, i.e.
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J;1U(t)|dt < +o0, then the Hukuhara integral [14] of U on J exists and is denoted
by [, U(t)dt.

For any A € x and u € R?, set

(2.1) o(u, A) = max(u,a) .

acA
The map o(-, A) : R — R defined by (2.1) for each u € R, is called the support
function of A. For details see Hormander [12] and Hu and Papageorgiou [13].

Some elementary properties of the support function are collected in the following

Remark 2.3. Let A, B € x,u € RY and o, 3 > 0. Then, (i) o(au, A) = ao(u, A);
(ii) o(u, A+ BB) = ao(u, A)+ fo(u, B); (iii) A C B if and only if o(u, A) < o(u, B)
for every u € R%; (iv) if u, — u and A, — A, where u,,, v € R and A,, A € x, then
0 (Un, An) — 0(u, A); (v) h(A, B) = max)y -1 |o(u, A) — o(u, B)|.

Remark 2.4. If U : [ — % is Hukuhara integrable, then

o (u,/jU(t)dt) = /U(u, U(t))dt for each u € R? .

I

The space I x X, where I = [0, 1], is endowed with the metric max{|t —¢'|, h(X, X")},
(t,X), (¢, X")elxzx.

Given @ : [ x ¥ — K(x) and A € x, consider the Cauchy problem (C). For ® we

shall use the following assumptions:
(h1) the map t — ®(t, X) is measurable, for each X € Xx;
(h2) the map X — ®(t, X) is u.s.c. for each t € I;
(hs) ®(t, X) C Bx[0, M], M > 0, for each (t,X) €I x Xx.

A map X : I — X is solution of the Cauchy problem (C'), if there exists a

measurable map U : [ — X such that:

t
X(t):A—i-/U(s)ds for eacht € I ,
0

U(t) e ®(t, X (t)) fortel ae.

Here the integral is in the sense of Hukuhara.

By virtue of [14], [5], if X is solution of the Cauchy problem (C), then X is
continuous on I, has Hukuhara derivative DX a.e. in I, and DX (t) = U(t) fort € I

a.e.
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3. BANACH-SAKS-MAZUR AND KAKUTANI-KY FAN THEOREMS
FOR MULTIFUNCTIONS

In this section we present some multivalued analogues of the theorems of Banach-

Saks-Mazur and Kakutani-Ky Fan for maps taking their values in the hyperspace X.

Let H be a real Hilbert space with inner product (-,-) and induced norm || - [|.
We write y, — y (resp. ¥, — y) to mean that y, converges strongly (resp. weakly)

to y in H, as n — +oc.

The following geometric lemma is probably known, yet the author is unable to

furnish any reference. Therefore the proof is included.

Lemma 3.1. Let {y,} C H be a sequence which converges weakly to y € H. Then
there exists a subsequence {y,,} such that, for each of its subsequences, the corre-

sponding sequence of the arithmetic means converges strongly to y.

Proof. Without loss of generality we suppose that y, — 0. Then |ly,|| < M, n € N,
for some M > 0.

Set Yn, = y1. AS (Yn,, Yn) — 0 as n — o0, there exists ny > ny such that

1
\(ym,ynﬂ < 5 for every nn > ns .
Analogously, (yn,,¥n) — 0 and (yn,,yn) — 0 as n — +oo, and thus there exists

ng > no such that

1 1
I(ym,yn>|§§, (Uny » Un)| < =  for every n > ny .

92
Then, by induction, one can construct a subsequence {y,,} of {y,} such that, for
each k € N, one has

1

1
oo o )| < 5 for every n = ngs

1
|<yn1>yn>| S % 9 |<yn2ayn>| S Qk

Set, for simplicity, zx = y,,. Then the sequence {z;} satisfies for each k > 2 the
following property

1
(3.1) () < grp s i= 12 k=1

Let {2k, } be an arbitrary subsequence of {z}. For n > 2 we have

szl t 2y o an”2 = Z szsz + 2[<Zk17 Zk2>
i=1

[y

n—

+(<Zk1jzk3> + <2k2>zk3>)+"'+ <Zkiazkn>]'

<.
I
—_
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In view of (3.1), [{zx,, 21, )| < 1/2k»=1 < 1/2kn—1 < 1/277L fori=1,2,...,k, 1, and
thus

1 1
||Zk1+zk2+"'+zkn“2SnM2+2[5 +2§ +"'+(TL—1)

Hence
Zkl_'_zkg—i_”‘—i_zkn
n

2 nM?+ 4
<

2 )

n

which implies that the sequence {% Yoy zkl} converges strongly to 0, as n — +oo.

This completes the proof.
Set S = {z € RY |z| = 1}.
Lemma 3.2. Let A, B € x. Fore >0, let {u;}\, C S be an e-net of S. Then,

(3.2) h(A, B) — lgléix lo(u;, A) — o(ug, B)|| < e(|A|+ |B]) .
Proof. Let u € S. Take u;, for some 1 <1i < N, such that |u; — u| < e. It is evident
that

lo(u, A) — o(u;, A)| <elA|, |o(u, B) — o(uw;, B)| < ¢|BJ.
From

lo(u, A) — o(u, B)| < |o(u, A) — o(us, A)| + |o(u;, A) — o (u;, B)|
+ |o(u;, B) — o(u, B)|
< max |o(u;, A) — o(ug, B)| + (Al + |B|),

1<i<N

as u € S is arbitrary, one has

h(A, B) < max |o(u;, A) —o(u;, B)| +<(JA| + |B]) .

1<i<N

Since, on the other hand, max;<;<y |o(u;, A) — o(u;, B)| < h(A, B), then (3.2) holds.
This completes the proof.

We denote by L?(1, %) the space of all measurable multifunctions U : I — % such
that [, |U(t)|*dt < +oo.

The following is a weaker version of the theorem of Banach and Saks, valid for

multifunctions.

Theorem 3.3. Let {U,} be a sequence of multifunctions U,, € L?(I,%) and let U €
L2(1, %), with |U,(t)| < m(t), [U®#)| <m(t), t € I a.e., where m € L*(I,R). Suppose

that
¢

t
(3.3) lim Un(s)ds = / U(s)ds  for eachte I .
0

n—-+o0o 0
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Then, for every e > 0 there exists a subsequence {U,,} (depending on €) such that

(3.4) lim sup/ ( Z Un, (1) ) dt <e .

k—+4o00
Proof. Let € be arbitrary, with

1
. — here K = 2
(3.5) 0<€<16(K+1) where /Im (t)dt

Denote by {u;}¥, C S an e-net of the unit sphere S of R%. Define ¢, : I — RY,
n€N,and p: I — RY by
on(t) = (0(u1, Un(t), 0(u2, Un(t)), ..., o(un, Un(t))) tel

o(t) = (o(ur,U(t)),o(ug, U(t)),...,o(un,U(t))) tel,
and observe that o, ¢ € L*(I,RY) since all coordinates of ¢,, and ¢ are in L*(I,R).
We have

(3.6) On = in L*(I,RY) .

It is sufficient to show that for i = 1,..., N one has o(u;, Un(")) — o(u;, U(+)) in
L?(I,R) or, equivalently,
t t
(3.7) lim o(ui, Up(s))ds = / o(u;,U(s))ds foreachtel .
0

n—-+o0o 0

Indeed, by Remark 2.4, for i =1,..., N and each t € I we have

/Ota(ui, Un(s))ds = o (u /Ot Un(s)ds) |
/Otg(uh U(s))ds = o (ui, /Ot U(S)ds) ’

from which (3.7) follows, by virtue of (3.3) and the continuity of o(u;, -). Hence (3.6)
holds.

By Lemma 3.1, in view of (3.6), the sequence {p,} contains a subsequence {¢,, }

such that the sequence of its arithmetic means converges strongly to ¢, i.e.

k
(3.8) > on, S i L(ILRY).
=1

| =

Clearly,

| =
M»
2
=
Il
/\ RS
I =
M;r
q
S
3
wlr—t
M;r
:
?
v
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Combining the latter with (3.8) gives, fori=1,..., N,

k
1 2
/I|U<ui,E2:: )—auz, U(t))|*dt - 0, as k — 400 .

Therefore, there exists kg € N such that

k
Z — o(u;, U(t))|]2dt < Z for each k > ky .

?vlr—‘

(3.9) [ max |o(u;,
7 1SiSN

Let k > ko be arbitrary. Since {u;}Y, is an e-net of S then, by Lemma 3.2,
setting ry(t) = ‘(1//{:) Z§:1 Un, (t)‘ + |U(t)], one has

h <% ZUnj(t),U(t)) < 1r<1}1a<>§v|a % Z — o (u;, U(t))| +erp(t)

and thus

— o(u;, U(t)[2dt + +2¢2 / r2(t)dt.

On the right hand side, the first integral is less than /4, by (3.9), while the
second one is less than 4K, for 74 (t) < 2m(t), t € I a.e. Since 82K < /2, by (3.5),
and k > kg is arbitrary, it follows

k
1
su | = U, (t),U(t) | dt <e,
awp [ (,{Z 0 <>>
and thus (3.4) holds. This completes the proof.

The following is a multivalued analogue of the Banach-Mazur theorem.

Theorem 3.4. Let U,, U € L*(I, %), n € N, satisfy the assumptions of Theorem 3.3.
Then, there exists a strictly increasing sequence {my} C N and, for each k € N, there
exist an r, € N and ri, + 1 constants \; > 0, with Ay, + A1 + - + Apgr, = 1,
such that

mp+7rk
(3.10) kEIfoo < > AUt ) dt=0.

i=my

Proof. Let ¢ > 0. By Theorem 3.3, there exist a subsequence {U,, } of {U,} and an
integer kg > 2 such that

(3.11) / ( Z Up, (t) ) dt < Z for every k > ky .
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Claim. For each integer p > kg there exists an » € N such that

(3.12) / <T — piUm ) dt < ¢ .

Let p > ky. Fix an r € N sufficiently large so that

—1\?
(3.13) 8K (p ) <§ where K = / m(t)dt
I

r+1
Setting Sy, (t) = (1/m) > ", Uy, (t), we have

ptr
p+r p—1
<T+1ZU’% ) —h( +1Sp+r(t),U(t)+r+—15p_1(t)>

< (P 5 (015p10(0)) WSy (0. U0 + 2] 15200

p—1
< — .€.
< h(5p+r(t),U(t))+2r+1 m(t), t €I a.e.,

since |S,—1(t)] < m(t) and h (f% Spir(t), Spar(t)) < %|Sp+r( <P L m(t). Hence,
ptr
< 2
/I <r+1 > Un0) )dt 2/h (S, en(8), U(8))dt

+8 (T :L i)z/Imz(t)dt,

from which (3.12) follows, by virtue of (3.11) and (3.13).

Set g, = 1/2%, [a,b] = {n € Nja < n < b}, where a,b € N. In view of Theorem
3.3 and the Claim above, given ¢y, there exist a subsequence {U,, } of {U,} and two

integers py, s; € N such that

1 p1+s1
3.14 h? U, (t),U(t) | dt <e; .
(3.14) / <51+1Z 0 <>) 2

i=p1

Put my = ny,, mq + 11 = np,4s,, and define A; = +1 if i € {npy, Npy+1s -« s Npytss }s
N = 01if i € [my,my + 71\ {npys Mpy 415 - -+ Mpy 45, - Then (3.14) can be written in the
form

mi+r1

/ ( > AUt ) dt < ey,

where the r1 + 1 constants \; > 0 satisfy A\, + A1 + -+ Aoy ey, = 1.

Similarly, given e, there exist a subsequence, say {U,, }, of {U,}n>m+r, and

two integers po, so € N, such that

p2+s2
3.15 U, ( dt .
b e E )

1=p2
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Setting my = n,,, Mg + 12 = Ny,+s, and defining A; accordingly as before, then (3.15)

can be written in the form

/ 2 (mi AU (D), U(t)) dt < e

i=mgy
where the ro + 1 constants \; > 0 satisfy A\, + Ajpr1 + -+ + Ajprr, = 1, and
mo > my. In this way, by a simple induction argument, one can construct a strictly
increasing sequence {m;} C N and, for each k € N, r;, + 1 constants \; > 0, with
Amp + A1 + -+ At = 1, such that

/ B2 (mz U (1), U(t)) dt < ey, .

i=my,

From this, letting k& — 400, (3.10) follows. This completes the proof.

Let C(I, %) be the space of all continuous maps X : I — %, with distance
he(X,Y) = max h(X(t),Y(t)) XY e C(l,x) .

tel
C(1, %) is a complete metric space. Moreover, C(/, X) is a semilinear space if endowed
with the operations of addition and multiplication by nonnegative scalars induced by

the corresponding operations in X.

Occasionally, we write C instead of C(/,X) when no confusion can arise.

Define a: C x C x [0,1] — C by
a(X,Y,\) = (1 - X)X + 1Y, foreach (X,Y,\) e CxC x[0,1] .
A set A C Cis conver if a(X,Y, ) € A for every X, Y € A and A € [0, 1].

Remark 3.5. C(/,x) equipped with the map « is an a-convex metric space (see
[7], Definition 3.1). In fact « is continuous and, moreover, (i) a(X,X,\) = X for
every X € Cand A € [0,1]; (ii) a(X,Y,0) = X, a(X,Y,1) =Y, for every (X,Y) €
C x C; (iii) he(a(X, Y, N), (X, Y, \)) < max{hc(X, X), he(Y,Y)}, for every (X,Y),
(X,Y) e C x Cand X € [0,1]. Hence, by [7] Proposition 3.1, C(I, %) is an a-convex
metric space.
Set
K(C) = {A Cc C(I,x)|A is nonempty compact convex}.

The space K(C) is semilinear if endowed with the operations of addition, A+ B =
{X+Y eC(I,x)|X € A, Y € B}, and multiplication by scalars A > 0, AA = {\X €
C(I,x)|X € A}, where A, B € K(C). We equip K(C) with the Pompeiu-Hausdorff
metric H induced by the metric hc of C(I, %), i.e.

H(A, B) = max{e(A, B), e(B, A)},
where e(A, B) = sup x4 d(X, B), d(X, B) = infyep he(X, Y), and similarly for e(B, A).
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The convex hull coA of a set A C C(I,X%) is given by

cod={Y € C(1,0)]Y =Y \X,,

i=1

for some X; € A and \; > 0, Z)‘izl’ n € N}.
i=1

The closed convex hull clc(coA) of A is the closure of coA in C(I,X).

Remark 3.6. Let A, B C C(I,x). Then, (i) coA and clc(coA) are convex; (ii) if
A C B and B is closed and convex, then clc(coA) C B; if A € K(C) and € > 0, then

Nc[A,¢] is closed and convex.

The following is a Mazur type theorem in the space C(I, X).

Theorem 3.7. The closed conver hull clc(coA) of a compact set A C C(I,%) is

compact and convez.

Proof . Let € > 0. Let {X,..., Xy} be an $-net of A. Fori=1,...,k the sets V; =
{Y e C(1,%)]Y = aX;, a € [0,1]} are in K(C), hence also the set V=V, +---+ W}
is in K(C). Let {Y;,...,Y,} be an §-net of V. Then

AC Nc[{X1,...,Xk},e/2] C N[V, e/2] € Nc[{Y1,...,Yn},e] .
Nc[V,e/2] is closed and convex, hence clc(coA) C N¢[V, /2], and thus
CZ(C(COA> - N(C[{}/lv R YTL}? 8] :

Therefore clc(coA) is totally bounded and a fortiori compact, for C(/, X) is complete.
The convexity of cl¢(coA) is obvious. This completes the proof.
A multifunction T' : M — K(C) is compact if the set R = cl¢ < U F(x)) is

xeM
compact in C(7,X).

The following theorem is a version of the fixed point theorem of Kakutani-Ky

Fan [15], [9], for multifunctions with values contained in C(I, X).

Theorem 3.8. Let Q be a nonempty closed conver subset of C(I1,%). Let T' : Q —
K(C) be an u.s.c. and compact multifunction with values I'(X) C Q, for every X € Q.
Then, there ezists at least one X € Q such that X € I'(X).

Proof. By Remark 3.5, C(I,X) is an a-convex complete metric space. Since R =
cle(Uyxeq I'(X)) is compact, then so is R, = clc(coR), by Theorem 3.7. Moreover,
Ro C Q, because R C 2 and 2 is closed and convex in C(I, X).

Define I'y : Rg — K(C) by I'g(X) = I'(X) for each X € Ry. Since [y is u.s.c.
on Ry, a compact convex subset of C(I, %), and takes values I'(X) C Ry then, by
virtue of [7] Proposition 7.7, there exists an X € R, such that X € I'g(X). As
Fo(X) =T(X), the statement follows, completing the proof.
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4. APPLICATION TO SET DIFFERENTIAL INCLUSIONS

In this section, using the previous results, we establish an existence theorem for
the Cauchy problem (C').

We first prove some lemmas. The following one is a variant (see [6]) of an impor-

tant theorem due to Hermes [10].

Lemma 4.1. Let {U,} be a sequence of measurable maps U,: I — X satisfying
|U.(t)| < M, t €1, M a constant, and suppose that the corresponding sequence {Y,,}

of continuous maps Y, : I — X, given by
t
(4.1) Y, (t) = / Un(s)ds for eacht €I,
0

converges uniformly to'Y : I — X. Then there exists a measurable map U : [ — X,
with |U(t)| < M, t € I, such that

t
(4.2) Y(t) = / U(s)ds for eacht eI .
0
Lemma 4.2. Let ® : [ x x — K(X) satisfy the assumption (hy), (ha), (hs). Then,
for each X € C(1,%), the set
(4.3) UX)=A{U:1 — x|U is a measurable selection of (-, X(-)) on I}
1s nonempty and convex.

Proof. U(X) is non empty. To see this, for n € N, set t;, = ¢/2", i = 0,1,...,2",
I =[ticy,ti),i=1,...,2" = 1, Iyn = [tan_1, 1], and define S,, : I — X, by

2n
Sp(t) = ZX(ti—l)Xzi(t) for each t € I |
i=1

where x, stands for the characteristic function of ;. It is evident that S, — X

uniformly on I.

For each n € N, consider the multifunction ¢t — ®(¢, S,,(t)), t € I. Clearly

O(t, Su(t) = > B(t, X (tio1))x,,(t) foreacht €I

By (h1), each ®(-, X (¢;_1)) restricted to I;, i« = 1,...,2" is measurable and hence
it admits a measurable selection (see Himmelberg [11]). Therefore there exists a

measurable map U : [ — X satisfying
(4.4) Un(t) € (t, S,(t)) foreach t € I,
where, by (h3), |Un(t)] < M foreacht € I. Forn € N,letY,, : I — X be given by (4.1).

By Arzela-Ascoli’s theorem, the sequence {Y,,} C C(I, X) contains a subsequence, say

{Y.,.}, which converges uniformly to some Y € C(I,x). An application of Lemma 4.1
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gives a measurable U : [ — %, with |U(t)| < M for each t € I, so that (4.2) is
valid. Since (3.3) trivially holds then, by virtue of Theorem 3.4, there exists a strictly
increasing sequence {my} C N and, for each k& € N, there are r, + 1 constants \; > 0,
with ZT”}:’“ A\i = 1, such that, setting W,,, (t) = S7 " \U(t), t € I, we have

lim [ h*(W,,, (t),U(t))dt =0 .
k—+oo J

It follows that a subsequence {kaj} of {W,,, } satisfies

(4.5) lim h(kaj (t),U(t)) =0 foreach te I\,

j—too
where [ is a subset of I of measure zero.

We claim that
(4.6) U(t) € &(t, X (t)) foreach te \j.

In fact, let t € I\Iy and € > 0. By (hg), ®(t,) is u.s.c. at X(t), and thus there exists
0 > 0 such that

(4.7) O(t,Z) C Ne|®(t, X(£)),e] for each Z € Bx(X(t),d).

Fix jo € N so that Sy, (t) € Bx(X(t),0), for all j > jo. Then, in view of (4.4) and
(4.7), we have

mig .17k .
k; Tk,

W, ()€ > Nd(t,Si(t))

=My .

kyj
my. +7k.
ki tTh;

C Y NNg[®(t, X(t),e] = Nx[®(t, X (1)), <].

i:mkj

From this and (4.5) it follows that U(t) € N¢[®(t, X (t)),¢]. Ase > 0 and t € I\I
are arbitrary, (4.6) holds and thus U € U(X). The convexity of U(X) is obvious.
This completes the proof.

Lemma 4.3. Let & : [ x X — K(X) satisfy the assumptions (hy), (he), (hs) and let
Aex. For X € C(I,x), set

(4.8) I'X)={Z € C(1,x)| there is U € U(X) such that
t
Z(t) = A+/ U(s)ds for eacht € 1} ,
0

where U(X) is given by (4.3). Then, I'(X) € K(C). Moreover, the map ' : C(I, %) —
K(C) defined by (4.8) is u.s.c.
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Proof. T'(X) € K(C). In fact I'(X) is nonempty and convex, for so is U(X), by
Lemma 4.2. It remains to prove that I'(X) is compact. Let {Z,} C I'(X). Then, for
some U, € U(X),

t
(4.9) Zy(t)y=A +/ Un(s)ds foreachtel.
0

Consider the sequence {Y,} C C(/,X), where Y,, is given by (4.1). By Arzela-Ascoli’s
theorem a subsequence, say {Y,}, converges uniformly to some Y € C(/,%). Hence
{Z,} converges uniformly to Z = A+ Y. An application of Lemma 4.1 gives a
measurable U : [ — % for which (4.2) is valid. Then, as in the proof Lemma 4.2,
retaining the same notation, one can construct a sequence {ka]} for which (4.5)
holds. Moreover, for each t € I\Ij,

mk+rk mk+7‘k
ZAU ZA@tX (1, X (1)) -

From this, letting j — +o0, it follows that U(t) € O(t,X(t)), t € I ae., and thus
U € U(X). Since, in addition,

t
(4.10) Z(t)=A+ / U(s)ds foreachtel,
0

it follows that Z € I'(X'). Hence I'(X) is compact, and thus I'(X) € K(C).

[ is u.s.c. In the contrary case, there exist X € C(I,%), ¢ > 0, and a sequence
{X,} € C(I,x) converging to X, such that e(I'(X,,), I'(X)) > ¢ for every n € N. In
each ['(X,,) take a Z,, such that

(4.11) d(Z,,I'(X)) >e foreach neN.

Then, for some U, € U(X,), Z, satisfies (4.9). Consider the sequence {Y,,}, where
Y, is given by (4.1). By Arzela-Ascoli’s theorem a subsequence, say {Y,}, converges
uniformly to some Y € C(/,%). Thus, {Z,} converges uniformly to Z = A+ Y.
An application of Lemma 4.1 gives a measurable U : I — X such that (4.2) holds.
Likewise in Lemma 4.2, retaining the same notation, one can construct a sequence
{kaj} for which (4.5) is valid. Then, arguing as in Lemma 4.2 (with S,(¢) replaced
by X,(t), p € N) one can show that U(t) € ®(t, X(t)),t € I, a.e. and thus U € U(X).
Since, in addition, Z satisfies (4.10), it follows that Z € I'(X'). This contradicts (4.11),

since Z, — Z as n — +o00. Therefore I' is u.s.c. This completes the proof.

We now are ready to prove an existence result for the Cauchy problem (C).

Theorem 4.4. Let ® : I x x — K(X) satisfy the assumptions (hy), (ha), (hs) and let
A € x. Then the set S of all solutions X : I — % of the Cauchy problem (C) is a
nonempty compact subset of C(I,%).
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Proof. S is nonempty. For each X € C(/,%) let I'(X) be given by (4.8). By

Lemma 4.3, (4.8) defines an u.s.c. multifunction
r:.C(I,x) —» K(C) .

I' is compact, i.e. the set

(4.12) R=dc| |J T(X)
XeC(I1,X)

is compact in C(1, x). In fact, let {Z,} C R. By (4.12) there exists a sequence {Z,},
where Z, € I'(X,,) for some X,, € C(I, ), such that h¢(Z,, Z,) < 1/n, n € N. As
Z, € I'(X,), for some U, € U(X,) we have

t
Zn(t) = A—i—/ Un(s)ds foreach tel.
0

By Arzela-Ascoli’s theorem {Z,} contains a subsequence, say {Z,, }, which converges

uniformly to a Z € R. Since {Z,,, } converges to Z, it follows that I' is compact.
By virtue of Theorem 3.8, there exists an X € C(I,x) such that X € I'(X).

Therefore, for some measurable U : I — X, we have
t
X(t) = A+/ U(s)ds foreachtel,
0

Ut) € ®(t, X (t)) fortelae.,
ie. X : I — x is a solution of the Cauchy problem (C). Hence & # ¢. The

compactness of S in C(/, X) can be proved by an easy adaptation of the argument of

Lemma 4.3. This completes the proof.
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