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ABSTRACT. Some existence results are formulated for delay differential problems with boundary
conditions assuming monotonicity of functions on the right hand side of our problem. It is shown

that two monotone sequences converge to corresponding limit functions.
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1. INTRODUCTION

The monotone iterative method combined with the method of lower and upper
solutions is well known. It can be applied successfully to nonlinear differential prob-
lems to obtain some existence results usually in some segments generated by lower
and upper solutions. In this paper we apply this method for quite general delay

problems with boundary conditions of the form

(1.1) { Z(t) = [t xt), () — glt,z(t), z(B(t))) = Fa(t) — Gz(t), teJ,
z(0) = Xx(T) + k,

where J =[0,7], 0 <T < o0, \,k € R and
Hy: f,ge C(JxRxR,R), a, € C(J,J), 0<at)<t, 0<F(t)<tonJ

Note that the boundary condition in (1.1) contains, as special cases, initial con-
dition (A = 0), periodic condition (A = 1) and anti—periodic condition (A = —1)
when k& = 0. Indeed, differential equation in (1.1) contains ordinary differential
equations (without delayed arguments) as a special case. Corresponding results for
above mentioned special cases of problem (1.1) are obtained, for example, in papers
[10, 11, 16, 17]. There are only a few papers when the iterative method is applied to
problems of type (1.1) for g = 0, see for example, [5, 8, 9, 12, 14, 15|, see also [4].
Recently, ordinary differential equations with antiperiodic boundary conditions have
been considered in [2, 13], and also with nonlinear boundary conditions in [3, 6, 7].
In paper [5], there are some existence results for delay problems of type (1.1) (with

g = 0) when f satisfies one-sided Lipschitz condition with corresponding constants.
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In this paper, the monotonicity of f and g is assumed to formulate some existence re-
sults. Under such assumption the convergence of two monotone sequences is proved.
This paper extends some results of [1] in which initial problems without delays have

been considered. Some examples are added to support theoretical results.

2. MAIN RESULTS

We will say that functions u,v € C'(J,IR) are coupled lower and upper solutions
(CLUS for short) of problem (1.1) if

{ W(t) < Fu(t)— Golt), t € J,

V() > Fo(t) — Gu(t), t € J,

with boundary conditions

(2.1) w(0) < u(T)+k, v(0) > T)+k if X>0,
or with conditions

(2.2) u(0) < (T)+k, v0)> T)+k if A<O.

Functions y, z € C'(J,R) are coupled extremal quasi-solutions of problem (1.1) i.e.
if U € C'(J,R) is any solution of (1.1) such that yo(t) < U(t) < z(t), t € J, then
yo(t) < y(t) < U(t) < 2(t) < z(t), t € J, where y, z are solutions of system

{y'<t> = Fy(t) - Gz(t), teJ,

(2:3) Z(t) = Fz(t)—Gyt), telJd

with boundary conditions

(2.4) y(0) = y(T)+k, =z20)=xz(T)+k if XA>0,
or with conditions

(2.5) y(0) = z(T) +k, =2(0)=Xy(T)+k if X<O.

Remark 2.1. Let Gz(t) =0, t € J and A > 0. In this case, the functions of CLUS of
problem (1.1) are known as lower and upper solutions of (1.1). The notion of coupled
extremal quasi—solutions of (1.1) denotes extremal solutions of problem (1.1), see, for
example [5, 8, 14, 15], see also [10, 11].

Let Gz(t) =0, t € J, and A < 0. In this case, the notion of CLUS of problem
(1.1) denotes weakly coupled lower and upper solutions of (1.1). Similarly, the notion
of coupled extremal quasi-solutions of (1.1) means weakly coupled quasi-solutions of

(1.1), see, for example, [4, 5], see also [16, 17].

Theorem 2.2. Let Assumption Hy hold. Suppose that
Hy 2 yo, 20 € CY(J, R) are CLUS of problem (1.1) and yo(t) < 29(t) on J,
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Hs : functions f and g are nondecreasing with respect to the last two variables in the
sector [yo, 20] = {w € CH(J, R) : yo(t) < w(t) < 2(t), t € J}.

Then problem (1.1) has, in the sector [yo, zo|, coupled extremal quasi—solutions.

Proof. First we consider the case when A > 0. For n = 0,1, -+, we construct two

sequences by

Ynir(t) = Fyn(t) = Gzn(t), t € J, yns1(0) = dyn(T) + k,
2qa(t) = Fz(t) — Gua(t), t € J, 2,41(0) = A2, (T) + k.

Note that y;, 2; are well defined and y;, 2, € C*(J,IR). Let p = yo — y1, so p(0) <0,
and
P'(t) < Fyo(t) — Gzo(t) — Fyo(t) + Gzo(t) = 0.

It yields yo(t) < y1(t) on J. Similarly, we get z1(t) < zy(t), t € J. Now we put
q =1y — z1. Then ¢(0) <0, and

q'(t) < Fyo(t) — Gzo(t) — Fzo(t) + Gyo(t) < 0,
in view of Assumption Hs. Hence y;(t) < z(t), t € J, so
yo(t) S yl(t> S Zl(t) S Zo(t), t e J.

Moreover, by Assumption Hs, we get

yi(t) = Fyo(t) — Gzo(t) < Fyi(t) — Gai(t), t€J and yi1(0) < Ayu(T) + k,
2(t) = Fzo(t) — Gyo(t) > Fzi(t) — Gyi(t), teJ and z(0) > Ay (T) + k.

It proves that y;, z; are CLUS of problem (1.1).
Basing on the above, we can prove the relations
yO(t> <. < yn—l(t) < yn(t> < Zn(t> < Zn—l(t> <. < ZO(t>7 n = 07 17 T

by mathematical induction.

By standard arguments, vy, — vy, 2, — z asn — oo, y(t) < z(t) and y,z €
CY(J,R) are solutions of system (2.3),(2.4). Now, we need to show that y,z are
coupled extremal quasi-solutions of problem (1.1). Let u be any solution of (1.1)
such that yo(t) < u(t) < z(t), t € J. Assume that

Y (t) < u(t) < zp(t), teJ
for some positive m. Put p = y,,41 — v on J. Then p(0) < 0, and
P (t) = Fyn(t) — Gzpn(t) — Fu(t) + Gu(t) <0,

by Assumption Hj. It gives y,,+1(t) < u(t) on J. Similarly, we can obtain the relation
u(t) < zmi1(t), t € J. It results

Yo(t) < Yms1(t) S ult) < 2z (t) < 20(t), te
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Hence, by mathematical induction, we obtain
Yn(t) <u(t) < z,(t), ted, n=0,1,---.
Now, if n — oo, then
Yo(t) <y(t) <wu(t) < z(t) < 2(t), teJ

showing that the assertion holds.
In case when A < 0, we construct two sequences by
Ynia(t) = Fyn(t) = Gz(t), t € J, ynia(0) = Azn(T) +
2 (t) = Fzu(t) = Gua(t), t € J, 2p41(0) = Ayn(T) + k.

The proof is similar to the previous case and therefore it is omitted. This ends the

proof. O

Remark 2.3. Assume that Gz(t) = 0, t € J. Let A\ > 0. In this case, y,z are

solutions of problem (1.1). Moreover, y, z are extremal solutions of problem (1.1).

Remark 2.4. Assume that Fz(t) =0, t € J. Then we have aresult when —g(, 1, 22)

is nonincreasing with respect to the last two variables.

Remark 2.5. Theorem 2.2 deals with the case when f and g are nondecreasing. It

is also true when

(i) f and g are nonincreasing,
(ii) f is nonincreasing and g is nondecreasing,

(iii) f is nondecreasing and ¢ is nonincreasing.
Case (i). Note that
' (t) = Fa(t) — Ga(t) = Fa(t) — Ga(t),
where
Fr(t) = —-Gx(t), Gx(t)=—Fz(t).
Changing the order, we see that —g and — f are nondecreasing.
In Case (ii), fi = f — g, g1 = 0 are nonincreasing; and in Case (iii), fo =

f — g, g2 = 0 are nondecreasing,.

Remark 2.6. Assume that there exist nonnegative constants M, N such that
ft, 21, 20) — f(E,21,T2) > —M (21 — T1) — N(22 — T)
if o, >3, 0= 1,2.
Consider the problem

(2.6) {aﬂ(t) = f(t,a(t),a(a(t) = Fa(t) - Ga(t), teJ
z(0) = Xa(T)+k,
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5

Fa(t) = [f(t, (), z(a(t) = f(t,2(), 2(a(t))) + Mz(t) + Nz(a(t)),
Gz(t) = g(t,z(t),z(a(t))) = Mx(t) + Nz(a(t)).

Indeed, functions f , g are nondecreasing with respect to 2nd and 3rd variables. We

see that Theorem 2.2 can be applied to problems of type (2.6).

Remark 2.7. Suppose that f and g do not depend on the last variable and A = 0.
Then Theorem 2.2 reduces to Theorem 2.1 of [1].

Remark 2.8. Suppose that f and g do not depend on the last variable. Moreover,

we assume that there exists an integrable function W : J — IR such that
(2.7) el Weds
and
[t w) +g(t,w) — f(tuz) — g(t,uz) < W(t)(u1 — uz)

for yo(t) < ug < wuy < 2o(t).

Then problem (1.1) has, in the sector [yo, 2], a unique solution.

To show it we consider the case when A > 0. It results from Theorem 2.2 that
Yn — Y, 2o, — zon J, y(t) < z(t), t € J, and y, z are solutions of system (2.3),(2.4).
To show that y = 2z, we put p = z — y. Then p(0) = Ap(T), and

p(t) = Fz(t) — Fy(t) — Gy(t) + Gz(t) < W(t)p(t).
It yields
p(t) < el WEsp0), ¢ e T,

This, boundary condition and (2.7) say that z = y on J. It shows that y, z are solutions
of (1.1). Moreover, y, z are coupled extremal quasi-solutions of problem (1.1). Since
y = z on J, it proves that the assertion holds. By the similar way we can prove this
result when A < 0.

Theorem 2.9 (see Theorem 4 of [3]). Let Gx(t) =0, t € J and A > 0. Let Assump-
tions Hy and Hsy hold. Suppose that

H, : there exist nonnegative constants M, N,

(1) N(EMT —1) <M onlyif M >0 and N >0,
(74) NT <1 onlyif N>0 and M =0

and such that
f(t,71,%2) — f(t, 21, 02) < M(z1 — Z1) + N(x2 — Zo) if 1 > Z1, T2 > To.

Then problem (1.1) has extremal solutions in the sector [yo, zo).
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Remark 2.10. Condition (i) can be improved by the following

T
N / M=) g < 1,
0

see Theorem 2.4 of [15].

3. EXAMPLES

Example 3.1. Consider the problem
(3.1) () = x(t)— bz (3t) + c= Fiz(t), t € J =[0,In5],
' z(0) = k for k=1,
where
(3.2) 50 <c<1+b, bc>D0.
Note that M =0, N = b, from Theorem 2.9. Put yo(t) = €', z(t) = €**. Indeed,
Fiy(t) = e —bert +c>el —Bb+c> el = y)(t),
Fizg(t) = e* —bet +c=2e* —e? —be' + ¢ < 2e? + ¢ — (1+b) < 2e* = 2{(t),
and yo(0) < k, 2(0) > k. In view of condition (3.2), b < 1. It yields

1
blnb < Zln5 < 1,
so condition (ii) of Theorem 2.9 holds. By Theorem 2.9, problem (3.1) has, in the
sector [ef, e?!], extremal solutions.
Now, we consider again problem (3.1) using another approach. Indeed, problem
(3.1) is identical with the following
Z(t) = Fuz(t)—Gz(t), te
z(0) = Fk,
where .
Fa(t)=x(t) + ¢, Gz(t) =bx <§t) :
Note that F' and G are nondecreasing. Keep 19, 2o as above. We see, that
Fyo(t) — Gzo(t) = e +c—bet > e +c—5b> e =yj(t),
Fzo(t) — Gyo(t) = e +c—best < 2e% 4 ¢ — (1+b) < 2e% = 2(t).
By Theorem 2.2, problem (3.1) has, in the segment [e!, €*], coupled extremal quasi—

solutions y, 2 € C'(J,R). Functions y, z are solutions of the system
y'(t) = yt)—bz(5t) +¢, ted y(0)=k,
Zt) = 2(t)—by(t)+c, teld z2(0)=k.
We need to show that y = 2 on J. To do it we put p = z — y. Then

{p’(t) — p(t)+bp(3t), tel

(3.3) o — o
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By Theorem 2.2 of [5], problem (3.3) has a unique solution. We see that p(t) =
0, t € J is this unique solution. It proves that z(t) = y(t), t € J, so functions y, 2
are solutions of problem (3.1). Again, by Theorem 2.2, functions y, z are extremal
solutions of problem (3.1). If we take, for example, b = i, c= %, then condition (3.2)
holds.

Example 3.2. Consider the problem

(3.4) 7'(t) = cos?wx(t) +x(t) — bx (%t) = Fz(t) — Gz(t), teJ=]0,T],
. x(O) = Ax(T), 0< A< €—2T’ 0<b< e‘T,

where Fz(t) = cos? z(t) + z(t), Gu(t) =bz (3t), 0 <T < .
Let yo(t) = 0, 29(t) = e*. Then
Fyo(t) — Gz(t) = 1—bet > 1—bel >0 =yy(t),
Fzo(t) — Gyo(t) = cos? e + e <14 2% — et < 2e* = 2{(t),
and
10(0) = Ayo(T) =0, 20(0) — Az(T) =1 — Ae*T > 0.
By Theorem 2.2, problem (3.4) has, in the sector [0, %], coupled extremal quasi—so-

lutions y, z € C*(J,R). Functions y, 2 are solutions of system (2.3),(2.4).

If we are going to apply Theorem 2.9 to problem (3.4), then we see that M =
0, N = b, so problem (3.4) has extremal solutions in [0, €*] provided that bT < 1.

Example 3.3. Consider the problem

(3.5) Z(t) = Fuz(t)—Gz(t), teJ=10,1],
' z(0) = dx(1)+1, —e <A<,
where
Fa(t) = Ae® O Gu(t) = e 2 (%t) , e <A< e

Put yo(t) = 0, 2(t) = €'. Then

Fyo(t) — Gzo(t) = A—e2e2t > A—e 15 >0=y)(t),
Fzo(t) — Guo(t) = Aec ¢ < Ae <1 = 2)(t),

and
Azo(1) +1=2Xe+1>0=yo(0), Ayo(l)+1=1=2/(0).

By Theorem 2.2, problem (3.5) has, in the sector [yo, 20|, coupled extremal quasi-so-

lutions.



432

[1]

[10]
11]
12]
13]

[14]

T. JANKOWSKI

REFERENCES

T.G.Bhaskar and F.A.McRae, Monotone iterative technique for nonlinear problems involving
the difference of two monotone functions, Appl. Math. Comput., 133:187-192, 2002.

D.Franco, J.J.Nieto and D.O’Regan, Anti—periodic boundary value problem for nonlinear first
order ordinary differential equations, Math. Inequalities Appl., 6:477-485, 203.

D.Franco, J.J.Nieto and D.O’Regan, Existence of solutions for first order ordinary differential
equations with nonlinear boundary conditions, Appl. Math. Comput., 153:793-802, 2004.
T.Jankowski, Existence of solutions for functional antiperiodic boundary value problems, Math.
Pannon., 12:201-215, 2001.

T.Jankowski, Existence of solutions of boundary value problems for differential equations with
delayed arguments, J. Comput. Appl. Math., 156:239-252, 2003.

T.Jankowski, On delay differential equations with nonlinear boundary conditions, Boundary
Value Problems, 2005:201-216, 2005.

T.Jankowski, Boundary value problems for first order differential equations of mixed type,
Nonlinear Anal., 64:1984-1997, 2006.

D.Jiang and J.Wei, Monotone method for first— and second—order periodic boundary value
problems and periodic solutions of functional differential equations, Nonlinear Anal., 50:885—
898, 2002.

D.Jiang, J.J.Nieto and W.Zuo, On monotone method for first order and second order periodic
boundary value problems and periodic solutions of functional differential equations, J. Math.
Anal. Appl., 289:691-699, 2004.

G.S.Ladde, V.Lakshmikantham and A.S.Vatsala, Monotone Iterative Techniques for Nonlinear
Differential Equations, Pitman, Boston, 1985.

V.Lakshmikantham and S.Leela, Existence and monotone method for periodic solutions of first
order differential equations, J. Math. Anal. Appl., 91:237-243, 1983.

E.Liz and J.J.Nieto, Periodic Boundary Value Problems for a Class of Functional Differential
Equations, J. Math. Anal. Appl., 200:680-686, 1996.

Z.Luo, J.Shen and J.J.Nieto, Antiperiodic boundary value problem for first order impulsive
ordinary differential equations, Comput. Math. Appl., 49:253-261, 2005.

J.J.Nieto and R.Rodriguez—Lépez, Existence and approximation of solutions for nonlinear func-
tional differential equations with periodic boundary value conditions, Computers Math. Appl.,
40:433-442, 2000.

J.J.Nieto and R.Rodriguez—Loépez, Remarks on periodic boundary value problems for functional
differential equations, J. Comput. Appl. Math., 158:339-353, 2003.

Y.Yin, Remarks on first order differential equations with anti—periodic boundary conditions,
Nonlinear Times and Digest, 2:83-94, 1995.

Y.Yin, Monotone iterative technique and quasilinearization for some anti—periodic problems,
Nonlinear World, 3:253-266, 1996.



