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ABSTRACT. We apply Lakshmikantham’s generalized quasilinearization method to an initial
value problem involving a nonlinear integro-differential equation with initial time difference and ob-
tain monotone sequences of lower and upper solutions converging uniformly and quadratically to

the unique solution of the problem.
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1. INTRODUCTION

The method of quasilinearization developed by Bellman and Kalaba [1] and gen-
eralized by Lakshmikantham [2-3] later on, has been studied and extended in several
diverse disciplines. In fact, it is generating a rich history and an extensive bibliogra-
phy can be found in [4-10].

In the study of initial value problems involving nonlinear differential equations, we
generally perturb or change the dependent (spatial) variable keeping the initial time
unchanged. However, this approach is not realistic in the sense that it is impossi-
ble not to make the errors in the starting time [11] as the solution of unperturbed
dynamical system may start at a different time in comparison with the perturbed
dynamical system. Recently, the concept of changing initial time along with the de-
pendent variable has been initiated and some results on the comparison theorems,
global existence, stability criteria, the method of upper and lower solutions, mono-
tone iterative technique, etc. can be found in the references [12-15].

In view of the extensive occurrence of the integro-differential equations in the math-
ematical modelling of physical problems, for example, see [16-19], the theory and
applications of integro-differential equations have emerged as a new area of investi-
gation [4, 20-23].

The objective of the present study is to develop the generalized quasilinearization
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method for an initial value problem involving Volterra integro-differential equations

with initial time difference. In fact, we consider the following initial value problem

t
u(t) = Af(t,u(t)) + B/ K(t,s,u(s))ds, t € J =[to,to+T], to € Ry, T > 0,
to

(1) u(to) = wo,

where A, B are nonnegative real constants and obtain sequences of upper and lower
solutions for the integro-differential equation that start at different initial times and
bound the solution of the given nonlinear problem. It has also been shown that
the lower and upper sequences of approximate solutions converge monotonically and

quadratically to the unique solution of the problem (1).

2. PRELIMINARIES

Now, we state some important theorems which lay the foundation to prove the
main result (for the proof of Theorem 1, one can apply the methodology of reference
[14] while Theorem 2 is a known result [4]).

Theorem 1. Assume that

(a) Let f € C[Ry x R,R],K € C[R, x Ry x R, R],a € C!|[to,to + T)], R] and
B € CY[ro, 70 + T, R], 70 > 0 be such that

o (t) < Af(t at)) + B/ttK(t,s,oz(s))ds, t € [to,to + 11,

and

B(t) > Af(t, B(t)) + B/t K(t,s,((s))ds, t € [0, 70 + TV,

with
B(m0) = ato).
(b) f(t,u(t)) is nondecreasing in t for each u and K(¢, s, u(s)) is nondecreasing in ¢

for each fixed (s,u(s)) and a(t) < G(t +n) for t € [to,to + 1], n =10 — to with
to < 70-

Then there exists a solution u(t) of (1) such that a(t) < u(t) < B(t+1n) for t €
[to, to + 1.
Theorem 2. Suppose that the following hold

(a) Let f € C[J x R,R] and K € C[J x J x R, R] be such that K(t,s,u(s)) is

monotone nondecreasing in u for each fixed (¢,s) € J x J.
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(b) Let u,v € C*[J, R] be such that

u'(t) < Af(t,u(t)) + B/ttK(t, s,u(s))ds, t € J,

V'(t) > Af(to(t)) + B/ttK(t, s,v(s))ds, t € J.

() flt,u)—f(t,v) < er(u—v), K(t,s,u)—K(t,s,v) < e3(u—v), wheret € J, (t,s) €
JXJ, u>v, €020, > 0.

Then u(t) < v(t) on J provided u(ty) < v(to).

3. MAIN RESULT

Theorem 3. Assume that

(Ay) Let f € C[Ry x R,R],K € C[Ry x Ry x R,R],a € C[tg,to + T], R] and
B € CY[ro, 70 + T, R], 70 > 0 be such that

o (t) < Af(t at)) + B/tK(t,s,a(s))ds, t € [to, to+ 1],
and
F(0) = Af(50) + B | K(t.sB8(5)ds, ¢ € [+ T,

with
B(10) > alto).

(Az) f(t,u(t)) is nondecreasing in ¢ for each u and K (¢, s, u(s)) is nondecreasing in ¢
for each fixed (s,u(s)).

(A3) f,¢ € C*?|[to,to+T), R] be such that fi, (¢, u)+ duu(t,u) > 0 wWith ¢y, (t,u) >0
on Q, where Q = [(t,u) : tg <t < to+ T, ap(t) < u(t) < By(t)] and By(t) =
B(t+m), m =10 — to, @(t) = a(t) and w(t) is the unique solution of

w(t)=Af(t+mno,u(t)) + B/t K(t+n2,s,u(s))ds,

where Ny = C() — 1o, tp < C() < Tp.
(A4) K(t,s,u) is monotone nondecreasing in u and K,,(t,s,u) > 0 for each fixed
(t,s) € J x J.

Then, there exist monotone sequences {@,(t)} and {3,(t + n} of solutions which
converge uniformly to the unique solution of (1) with u({y) = ug on [y, (o + 7] and

the convergence is quadratic.
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Proof. From assumption (As), By(t) = B(t+mn) so that By(te) = B(0) > alty) =

ao(to) and
Bolt) = Bt+m)

Z Af(t+n176(t+771))+3/ K(t—i_nle?ﬁ(s—i_nl))ds

t

= Af(t+m,Bo(t)) +B [ K(t+m,s,B(s))ds, to <t <ty+T.

to

It also follows from (As) and (A4) that f(¢t,u)—f(t,v) < €1(u—v), e, >0, K(t,s,u)—
K(t,5,v) < e(u—v), € > 0 whenever ay(t) < v <u < By(t), for tg <t,s <tg+T.
Moreover, introducing F'(t,u) = f(t,u) + ¢(t,u), we find that

(2)
(3)

f{tu) = F(t,0) + Fu(t, v)(u—v) = o(t,u),

K(t,s,u) > K(t,s,v) + K,(t,s,v)(u—v).

Let @, and 3, be the solutions of the following initial value problems

a(t) = A[f(t+mn,a0) + {Fu(t+n2, @) — ¢u(t + 2, Bo) } (@1 — @)]
+ B /t (K (t+ 1, 5, T0(3)) + Ku(t + 10, 5,T0()) (@1 (s) — @ols))]ds,
(4) @1 (tg) = wo,
and
Bi(t) = A[f(t 412, By) + {Fu(t + m2, @) — dult + 1, Bo)}(By — Bo)]
+ B / [EC(t -+ 12,5, Bo(5)) + Fult + 12, 5,30(5)) (B (5) — Bo(s))]ds.
() Bult) = o,

where @ (t) < ug < B,(t). Now we prove that

(6)

ao(t) < ai(t) < (1) < By(t),

in three steps:
(i) Set p(t) = @o(t) — @ (t). Clearly p(ty) < 0. Then

P(t)

<

IN

A[f(t + m2, @) — {Fult 4 m2, @) — du(t + 12, Bo) }o(1)]

B / K (t + 10, 5,T0(5)) — Kot + 115, 5,0(s))p(s)]ds,

A[Fu(t + 772,50) - ¢u(t + 772,30)]]7@) + B/t Ku(t + 2, 5760(5))p(5)d57
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which, in view of Theorem 2, gives p(t) < 0, that is, @o(t) < @;(t) on J.
(i) Next, we set p(t) = a1 (t) — B,(t) and note that p(ty) < 0. Thus

() = ay(t) = G(1)
Alf(t+ m2,@0) + {Fu(t + n2, @) — dult + 12, B0) } (@1 — @)

B/ [K(t+1m2,8,0(s)) + Ku(t + 12,5, 0(s))(@1(s) — ao(s))]ds

to

IA

+

Af(t+m,ﬁo / K t+n178 ﬁo( ))
A[f(t+ 2, @) — f(E+ 12, Bo(1))

{Fu(t + 772760) - ¢u(t + 772,50)}(51 - a0)]

B [ e+ e, Bo(s) = K 5.5y ()

to

Ku(t + 12, 5,a0(s))(a1(s) — ao(s))]ds

IN

+ o+ +

Using (A3) and (2) together with the fact that (,(t) > @p(t), we find that

f(t + 772750) - f(t + 7]2730(0) < {Fu(t + 772750) - ¢U(t + 7727BO>}(@0 - BO)?

and by virtue of (3), we have

K(t + 12, 8,@0(5)) - K(t + M2, 3730(5» < Ku(t + T2, 5760(5))(a0 - BO)?

which, in turn yield that
t
P'(t) < A[F(t+n2,a0) — ¢u(t + 2, 8o)Ip(t) + B/ Ky (t + 12, 8,00(s))p(s)ds.
to

Hence we obtain that p(t) < 0, that is, a;(t) < B,(t) on J. By a similar procedure,
we can show that 3 (t) < B,(t).
(iii) It remains to show that ay(t) < 1(t). For that, we consider

@ (t) = A[f(t+n, ) + {Fu(t +n2,00) — dult + 12, By) } (@1 — @)

+ B/[K(t+772>$,@0(5))+Ku(t+772>3>50(5))(51(5)_50(5))]d37

to
t
< Af(t+772,61)+B/[K(t+n2,s,@1(s))ds,
to

where we have used (2), (3) and @(t) < @,(t) < B,(t). Similarly, we can prove that
t

Git) > Af(t+m.By) + B [ [K(t+m, s 5 (s))ds

to
Consequently, by Theorem 2, we have @, (t) < 3,(t) on J. Combining conclusions of

<
(i), (ii) and (iii) proves the validity of (6) on J.
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Now, for n > 1, we assume that

al(t) < Af(t+772,§n)+B/[K(t+n2,s,@n(s))ds,
B.t) > Af(t+ B+ B / (K(t + 10, 5, B, (5))ds,

and ap(t) < @,(t) < B, (t) < By(t) on J. We will show that
W (t) < Wpia(t) < B (t) < B, (1), to <t <to+T,

where @41 (t) and 3, (t) respectively satisfy the following IVPs

@;H_l(t) = A[f(t + 772aan) + {Fu(t + 772aan) - ¢u(t + 772>ﬁn)}(an+1 - an)]

+ B/t (K (t+n2,5,0,(5)) + Ku(t 4+ 2,5, 00 (5))(@nt1(s) — @ (s))]ds,

(7) Qpt1(to) = uo,

— — —

Buea(t) = Alf(t+m2, B,) + {Fult + 02, @) — Gult +12,8,) (B — By)]

+ B[[K(t—i_n?vS?Bn(s))+Ku(t—i_n??s?an(‘g))(gn—i-l(‘g)_Bn(s))]dsa

(8) Bri1(to) = uo,

where @, (t) = a,(t+m2), B,(t) = Ba(t+1n2). As before, we set p,(t) = @, (t) —pi1(t)
so that

p(t) < Af(t,a.(t)) +B/ttK(t,s,En(s))ds
- A[f(t + 7727511) - {Fu(t + 7727511) - ¢u(t + 77273n)}pn(t>]

— B/t [K(t + 12, 8, a0(5)) — Kyu(t + 12, 5,a0(5))pn(s)]ds,
< A[F(t+1m2,Tp) — Gult + 12, 8,)]pn(t) + B /tt Ku(t + 12,5, an(s))pn(s)ds.

Since p,(to) < 0, therefore, by Theorem 2, we get p,(t) < 0, that is, @,(t) < @,11(t)
on J.
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Now, let p,(t) = @ny1(t) — 0,(t) and using (As), (2) and (3) together with
B, (t) > @,(t), we find that

Po(t) < A[f(t+n2,a0) + {Fu(t + 12, ) — dult + 12, Bo) H s — )]

+ B/ (K (t 4+ n2,s,0(s)) + Ku(t + 2,8, @ (s))(@ni1(s) — @, (s))]ds

to

—JM@+%Eﬁ»—B[KW+mﬁﬁAW%
Alf(t+m2, @) — f(t+ 2, B,(1))

{Fu(t + 772,@”) - ¢u(t + 772aBn)}(an+l - an)]
B / [t + 1, 5, Tn(3)) — K(E -+ 7 5, B (5))

Kyt + 12, 5,00(5)) (@npa(s) — @n(s))]ds

A[Fu(t + 12, ) — Pult + 772)Bn)]pn(t) + B/ Ku(t + 12,5, 0,(8))pn(s)ds.

+ o+ + A

IN

By the earlier arguments, it follows that p,(t) < 0, as p,(t ) <0, hat is, Wue1(t) <

B,(t) on J. In a similar way, it can be shown that @, (t) < 3,1 (t) < 3,(t) on J.
In view of the inequalities
F(t+ 12, @n) < F(E A+ 12, W () + {Fu(t + 02, 0n) = Gult + 112, 8,) H@n — Gngr),
and
K(t +mn2,8,0,(5)) < K(t+ 12,5, 0n41(5)) + Ku(t + 102, 5,0,(5)) (@ — Qng1),

it is not hard to show that

t
@@ﬁ)S-Mﬁ+mﬁmo+3/mﬁ+waaﬂmm&

to

Similarly, we can prove that

Foo(t) > Af(t+mBo) + B / (K (t+ 12, 5. 5,1 (5))ds.

Hence, by Theorem 2, we have @,11(t) < 3,,,(t) on J. Thus, it has been shown that
An(t) < T (t) < Boia () < B, (1), to <t <to+T.
Therefore, by induction, for all n, we obtain
G <m <. ST, <P, <. <P <Py,

on [tg, to+7]. Using the standard arguments [4, 23], it can be shown that the sequences

{an(t)}, {B.(t)} converge uniformly and monotonically to the unique solution of IVP

9) w(t) = Af(t+mn,u(t)) + B/t K(t+n2,s,u(s))ds, u(ty) =
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Introducing the variable ( = ¢ + 1, it can be shown that (9) is equivalent to the IVP

Q) = Af(Cu(Q) + B / K(C,s,u(s))ds, u(C) = o,

In order to prove the quadratic convergence of the sequences, we set e,,1(t) = u(t) —

Wnr1(t) =0, €ny1(to) =0, and gn41(t) = U(t) — By (t) = 0, gns1(to) = 0. First we
consider

6;+1(t) = ﬂ/_alm-l

t
= Af(t+772,ﬂ)+B/ K(t+n2,s,u(s))ds
to

— ALt 4 m2,00) + {Fult + 12, 0n) = Gult + 112, 0) Hn 1 — )]
- B/t (K (t+ 2, 8,@a(5)) + Kult + 12, 5, () (@ny1(5) — Tn(s))]ds,

Using the mean value theorem repeatedly, we get
e/n-i—l(t) < A[{fu(t + M2, 01) - fU(t + 12, an)}(u - an) + fu(t + M2, an)en+1]

+ B/ [Kou(t + 112, 8, 09) (T — T) — Kt + 1, 8, 0n) (@i (8) — Ta(s))]ds

to

S A[{fuu(t + 2, Pl)ei + fu(t + n2, an)en—l—l]

t
+ B/[Kuu(t+772>3>,02)6i+Ku(t+772a875n)6n+1]d8

to

where @, < p; < 0i <@, i = 1,2. In view of (Az)and (A,), it follows that |fu..(t +
no, )| < Ni, Ny >0, [fu(t+mo,u)| < Ly, Ly >0, [Kyut +m,u)| < My, [Ky(t+
n2,w)| < Lg, Ly > 0. Thus, the above expression takes the form
t
(10) Coen(®) < ALiewn (0 + BLa | cora(s)ds + x(0)
to
where
t
(11)  x(t) = AN€A(t) + BMl/ e2(s)ds < (ANy + BM T) maxe2(t), t € J.
to
Now, by Theorem 2, we find that e,;1(t) < h(t),t € J and h(t) is the solution of
related integro-differential equation

h'(t) = Aih(t) + By /t h(s)ds + x(t),

(12) en(to) = h(to) =0,

where A; = AL, and By = BLsy. To find an estimate for h(t), let
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(13) ¥(to) =0, V'(to) = 0.
Then (12) becomes
P(t) — A (t) — Bay(t) = x(),
¥(to) =0, V'(to) = 0.

Solving by the method of variation of parameters and using (11) and (13), we find

that
24T

VA2 + 4B,

ent1(t) < h(t) <

X(t).

26A1T

where 6; = \/ﬁ(ANl + BM,T). Following a similar procedure, one can arrive at
the conclusion
nt1(t) <0 2(t).
max gp+1(t) < 0y max g, (¢)

This completes the proof.

4. CONCLUDING REMARKS

The integro-differential equation (1) represents a general form of the equation
representing distributed-infective (DI) model and in case of A = 0, it corresponds
to a general type of the distributed-contact (DC) model for a disease spread by the
dispersal of infectious individuals [24]. The main result established in the paper offers
an approach to study the approximate solution of a general spread disease model with
initial time difference. Moreover, the problem (1) reduces to the one dealing with
purely integral type of nonlinearity for A =0, B = 1 and for a first order nonlinear

differential equation, we can put A =1 and B = 0.
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