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ABSTRA CT. Invariant manifolds facilitate the understanding of nonlinear stochastic dynamics.

When an invariant manifold is represented approximately by a graph for example, the whole sto-

chastic dynamical system may be reduced or restricted to this manifold. This reduced system

may provide valuable dynamical information for the original system. The authors have derived an

invariant manifold reduction or restriction principle for systemsof Stratonovich or Ito stochastic

di�eren tial equations.

Two conceptsof invariance are consideredfor invariant manifolds.

The �rst invariance concept is in the framework of cocycles | an invariant manifold being a

random set. The dynamical reduction is achieved by investigating random center manifolds.

The secondinvariance concept is in the senseof almost sure | an invariant manifold being a

deterministic set which is not necessarilyattracting. The restriction of the original stochastic system

on this deterministic local invariant manifold is still a stochastic systembut with reduceddimension.

Key W ords: Stochastic di�eren tial equations; invariant manifolds; random center manifold reduc-

tion; almost sure invariance; method of characteristics.
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1. INTR ODUCTION

Invariant manifoldsprovide geometricstructures that describe dynamical behav-

ior of nonlinear systems. Dynamical reductions to attracting invariant manifolds or

dynamical restrictions to other (not necessarilyattracting) invariant manifolds are

often sought to gain understandingof nonlinear dynamics.

There have beenrecent works on invariant manifoldsfor stochastic or random or-

dinary di�erential equationsby Carverhill [9], Wanner [33], Arnold [3], Boxler [5, 6],

and Mohammed [22], among others. These authors use the (sample-wise)cocycle

property for the solution operator of the stochastic di�erential equations, the Os-

eledets'multiplicativ e ergodic theorem[3], and a less-physical but technically conve-

nient random norm, to prove the existenceof invariant manifolds. The construction

of a random norm needsthe knowledgeof Oseledetsspaces(a kind of eigenspacein
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randomlinear algebra)aswell asLyapunov exponents, both arehardly ever available;

see[3], p. 191 and p.379. Random norms are not realistic in this sense,and thus

representations of invariant manifolds and the dynamical reductions are di�cult to

achieve when random norms are used.

Earlier approaches on deriving dynamical reductions on stochastic center-like

manifolds by series expansionsare consideredby Knoblock and Wiesenfeld [18],

Schoner and Haken [30], and Xu and Roberts [36].

For stochastic dynamical systems,there arevariousconceptsfor invariancein the

de�nition of invariant manifolds [34]. In the framework of cocycles[3], the suitable

concept for invariance of a random set is that each orbit starting inside it stays

inside it sample-wise,modulo the changeof sampledue to noise. Another concept

is almost sure invarianceof a deterministic set under stochastic dynamics, i.e., each

orbit starting inside it stays inside it almost surely.

In this paper, we considerinvariant manifold reductionsor restrictions for Strato-

novich and Ito stochastic di�erential equationsin Euclideanspaces.

We �rst study the systemof Stratonovich stochastic di�erential equationsin Rn :

(1) dX = [AX + F � (X )]dt + B(X ) � dW(t); X (0) = x0;

whereX = X (t; ! ) is the unknown variable; A is a n � n matrix with k eigenvalues

of zero real parts and n � k eigenvaluesof negative real parts; F � : Rn ! Rn and

B : Rn ! Rn� n are nonlinear vector and matrix functions (with � > 0 a small

parameter), respectively; and W(t) is a standard vector Brownian motion (or Wiener

process)taking values in Rn . Moreover, � denotesthe stochastic di�erential in the

senseof Stratonovich.

Then we considerthe following stochastic systemde�ned by Ito stochastic di�er-

ential equationsin Rn :

(2) dX = F (X )dt + B(X )dW(t); X (0) = x0;

whereagain F and B are vector and matrix functions in Rn and Rn� n , respectively.

And W(t) are standard vector Brownian motion in Rn .

Note that the Stratonovich stochastic di�erential B (X ) � dW(t) and Ito stochastic

di�erential B (X )dW(t) are interpreted through their corresponding de�nitions of

stochastic integrals [24]:
Z T

0
B(X ) � dW(t) := mean-squarelim

� t j ! 0

X

j

B(X (
t j +1 + t j

2
))( Wt j +1 � Wt j );

Z T

0
B(X )dW(t) := mean-squarelim

� t j ! 0

X

j

B(X (t j ))( Wt j +1 � Wt j ):
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Note the di�erence in the sums: In Stratonovich integral, the integrand is evaluated

at the midpoint t j +1 + t j

2 of a subinterval (t j ; t j +1 ), while for Ito integral, the integrand

is evaluated at the left endpoint t j . See[24] for the discussionabout the di�erence in

physical modeling by thesetwo kinds of stochastic di�erential equations. There are

also dynamical di�erences for thesetwo type of stochastic equations,even at linear

level [8].

In this paper, we derive an invariant manifold reduction or restriction principle

for the above systemsof stochastic di�erential equations.

For the Stratonovich stochastic system(1), we considerrandom invariant center

manifolds. The dynamical reduction is achieved by investigatingasymptotic behavior

of random center manifolds.

For the Ito stochastic system (2), we study deterministic almost sure invariant

manifolds, which are not necessarilyattracting. We reformulate the local invariance

condition as invariance equations, i.e., �rst order partial di�erential equations,and

then solve these equations by the method of characteristics. Although the local

invariant manifold is deterministic, the restriction of the original stochastic system

on this deterministic local invariant manifold is still a stochastic system but with

reduceddimension.

This paper is organizedas follows: In Section 2, we recall somebasic concepts

for stochastic dynamical systems. We consider random center manifold reduction

in Section3. Finally, in Section4, we construct deterministic invariant manifolds by

investigating�rst orderpartial di�erential equationsvia the method of characteristics,

and thus obtain dynamical restrictions for stochastic dynamical systems.

2. STOCHASTIC DYNAMICAL SYSTEMS

In this sectionwe introducesomede�nitions in stochastic dynamical systems,as

well as recall someusual notations in probability.

We consider stochastic systemsin the state spaceRn , with the usual metric

or distance d(x; y) =
q P n

j =1 (x j � yj )2, norm or length kxk =
q P n

j =1 x2
j , and the

usual scalarproduct < x; y > =
P n

j =1 x j yj . All invariant manifolds and their sample

versionsare in this state space.

Somestochastic processes,such as a Brownian motion, can be described by a

canonical(deterministic) dynamical system(see[3], Appendix A). A standard Brow-

nian motion (or Wiener process)W(t) in Rn , with two-sided time t 2 R, is a sto-

chastic processwith W(0) = 0 and stationary independent increments satisfying

W(t) � W(s) s N (0; jt � sjI ). Here I is the n � n identit y matrix. The Brownian

motion can be realized in a canonicalsamplespaceof continuous paths passingthe
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origin at time 0


 = C0(R; Rn ) := f ! 2 C(R; Rn) : ! (0) = 0g:

The convergenceconceptin this samplespaceis the uniform convergenceon bounded

and closedtime intervals, induced by the following metric

� (! ; ! 0) :=
1X

n=1

1
2n

k! � ! 0kn

1 + k! � ! 0kn
; wherek! � ! 0kn := sup

� n� t � n
k! (t) � ! 0(t)k:

With this metric, we cande�ne events represented by open balls in 
. For example,a

ball centered at zerowith radius 1 is f ! : � (! ; 0) < 1g. We de�ne the Borel � -algebra

F asthe collectionof events represented by openballs A's, complements of openballs,

Ac's, unionsand intersectionsof A's and/or Ac's, together with the empty event, the

whole event (the samplespace
), and all events formed by doing the complements,

unions and intersectionsforever in this collection.

Taking the (incomplete)Borel � -algebraF on 
, togetherwith the corresponding

Wiener measureP, weobtain the canonicalprobability space(
 ; F ; P), alsocalledthe

Wiener space.This is similar to the gameof gambling with a dice, wherethe canon-

ical samplespaceis 
 dice = f 1; 2; 3; 4; 5; 6g. Moreover, E denotesthe mathematical

expectation with respect to probability P.

The canonicaldriving dynamical systemdescribingthe Brownian motion is de-

�ned as

� (t) : 
 ! 
 ; � (t)! (s) := ! (t + s) � ! (t); s; t 2 R:

Then � (t), also denotedas � t , is a homeomorphismfor each t and (t; ! ) � � (t)! is

continuous,hencemeasurable.The Wiener measureP is invariant and ergodic under

this so-calledWiener shift � t . In summary, � t satis�es the following properties.

� � 0 = id,

� � t � s = � t+ s, for all s, t 2 R,

� the map (t; ! ) 7! � t ! is measurableand � tP = P for all t 2 R.

We now introduce an important concept. A �ltration is an increasing family

of information accumulations, called � -algebras,F t . For each t, � -algebra F t is a

collection of events in samplespace
. One might observe the Wiener processWt

over time t and useF t to represent the information accumulated up to and including

time t. More formally, on (
 ; F ), a �ltration is a family of � -algebrasF s : 0 � s � t

with F s contained in F for each s, and F s � F � for s � � . It is also useful to think

F t as the � -algebra generatedby in�nite union of F s's, which is contained in F t .

So a �ltration is often usedto represent the changein the set of events that can be

measured,through gain or lossof information.
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For understanding stochastic di�erential equations from a dynamical point of

view, the natural �ltration is de�ned as a two-parameterfamily of � -algebrasgener-

ated by increments

F t
s := � (! (� 1) � ! (� 2) : s � � 1; � 2 � t); s; t 2 R:

This represents the information accumulated from time s up to and including time

t. This two-parameter �ltration allows us to de�ne forward as well as backward

stochastic integrals, and thus we can solve a stochastic di�erential equation from an

initial time forward aswell as backward in time [3].

The solution operator for the stochastic system(1) or (2) with initial condition

x(0) = x0 is denotedas ' (t; ! ; x0).

The dynamics of the system on the state spaceRn , over the driving 
o w � t is

described by a cocycle. A cocycle ' is a mapping:

' : R � 
 � Rn ! Rn

which is (B(R) 
 F 
 B(Rn ); F )-measurablesuch that

' (0; ! ; x) = x 2 Rn ;

' (t1 + t2; ! ; x) = ' (t2; � t1 ! ; ' (t1; ! ; x)) ;

for t1; t2 2 R; ! 2 
 ; and x 2 Rn . Then ' , together with the driving dynamical

system, is called a random dynamical system. Sometimeswe also use ' (t; ! ) to

denotethis system.

Under very generalconditions, the stochastic di�erential systems(1) and (2) each

generatesa random dynamical systemin Rn ; see[3, 17].

We recall someconceptsin dynamical systems. A manifold M is a set, which

locally looks like an Euclidean space. Namely, a \patch" of the manifold M looks

like a \patch" in Rn . For example,curves,torus and spheresin R3 are one-and two-

dimensionaldi�erentiable manifolds, respectively. However, a manifold arising from

the study of invariant sets for dynamical systemsin Rn , can be very complicated.

So we give a formal de�nition of manifolds. For more discussionson di�erentiable

manifolds, see[1, 25].

De�nition 1 (Di�eren tiable manifold and Lipschitz manifold). An n-dimensional

di�erentiable manifold M , is a connectedmetric spacewith an open covering f U� g,

i.e, M =
S

� U� , such that

(i) for all � , U� is homeomorphicto the open unit ball in Rn , B = f x 2 Rn :

jxj < 1g, i.e., for all � there existsa homeomorphismof U� onto B, h� : U� ! B , and
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(ii) if U� \ U� 6= ? and h� : U� ! B , h� : U� ! B are homeomorphisms,then

h� (U� \ U� ) and h� (U� \ U� ) are subsetsof Rn and the map

(3) h = h� � h� 1
� : h� (U� \ U� ) ! h� (U� \ U� )

is di�erentiable, and for all x 2 h� (U� \ U� ), the Jacobiandeterminant detDh(x) 6= 0.

If the map (3) is only Lispchitz continuous, then we call M an n-dimensional

Lispchitz continuousmanifold.

Recall that a homeomorphismof A to B is a continuous one-to-onemap of A

onto B, h : A ! B , such that h� 1 : B ! A is continuous.

Just as invariant setsare important building blocks for deterministic dynamical

systems,invariant setsare basicgeometricobjects to help understandstochastic dy-

namics[3]. Herewe present two di�erent conceptsabout invariant setsfor stochastic

systems:random invariant setsand almost sure invariant sets.

De�nition 2 (Random set). A collection M = M (! ) ! 2 
 , of nonempty closedsets

M (! ), ! 2 
, contained in Rn , is called a random set if

! 7! inf
y2 M (! )

d(x; y)

is a random variable for any x 2 Rn .

De�nition 3 (Tempered absorbingset). A random set B(! ) is called an tempered

absorbing set of ' if for any bounded set K � Rn there exists tK (! ) such that

8t � tK (! )

'
�
t; � � t ! ; K

�
� B (! ):

and for all " > 0

lim
t !1

e� "t d
�
B(� � t ! )

�
= 0; a:e: ! 2 
 ;

whered(B) = supx2 B d(x; 0), with 0 2 Rn , is the diameter of B .

De�nition 4 (Random invariant set). A random set M (! ) is called an invariant set

for a random dynamical system' if

' (t; ! ; M (! )) � M (� t ! ); t 2 R and ! 2 
 :

De�nition 5 (Random invariant manifold). If a random invariant set M can be

represented by a graph of a Lipschitz mapping


 � (! ; �) : H + ! H � ; with direct sum decomposition H + � H � = Rn

such that

M (! ) = f x+ + 
 � (! ; x+ ); x+ 2 H + g;

then M is called a Lipschitz continuous invariant manifold.
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We will also considerdeterministic invariant setsor manifolds, while the invari-

anceis in the senseof almost-sure(a.s.) [4, 13, 10, 31, 37].

De�nition 6 (Almost sure invariant set). A (deterministic) set M in Rn is called

locally almost surely invariant for (2), if for all (t0; x0) 2 R � M , there exists a

continuous local weak solution X (t0 ;x 0) with lifetime � = � (t0; x0), such that

X (t0 ;x 0)
t^ � 2 M ; 8t > t0; a:s: ! 2 
 ;

wheret ^ � = min(t; � ).

3. RANDOM CENTER MANIF OLD REDUCTION

In this section we study an n� dimensional system of Stratonovich stochastic

di�erential equationsin Rn :

(4) dX = [AX + F � (X )]dt + B(X ) � dW(t); X (0) = x0;

where A is a n � n real matrix with k eigenvalues of zero real parts and n � k

eigenvalues of negative real parts (k < n). Without loss of generality, we assume

that the matrix A is in Jordan form (which can be achieved by an invertible linear

coordinate transformation in Rn ) and that the �rst k eigenvalueshave zeroreal parts.

Moreover, nonlinear function F � : Rn ! Rn and nonlinear matrix mapping

B : Rn ! Rn� n are Lipschitz continuouswith Lipschitz constants L �
F and LB , respec-

tively. We assumethat F � (0) = B(0) = 0. Here� is a small parametersothat F � can

be seenas a small perturbation, that is, we have L �
F ! 0 as � ! 0. The state space

Rn is the direct sum of the center spaceRn
c (i.e., eigenspacespannedby eigenvectors

or generalizedeigenvectorscorresponding to eigenvalueswith zeroreal parts) and its

orthogonal complement Rn
s :

Rn = Rn
c � Rn

s ;

wheredimensionsdim Rn
c = k and dim Rn

s = n � k.

Let X c be the projection of X 2 Rn to the center spaceRn
c . Henceevery point

X in Rn may be uniquely decomposedas a sum of a vector X c, in the center space

Rn
c and another vector X s, in the orthogonal complement Rn

s . Namely,

X = X c + X s:

Let F �
c (�) and Bc(�) be the projections of F � (�) and B(�) into the center spaceRn

c ,

respectively.

Note that later on we will truncate the nonlinearity sothat it hasglobal Lipschitz

constant. For stochastic systems,truncation may not bealways appropriate, although

sometimesit works �ne, such as in consideringnonlinear dynamical behavior near

�xed points [7]. We have the following result about dynamically reducing an n-

dimensionalstochastic systemto a lower k-dimensionalstochastic system.
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Theorem 1 (Random center manifold reduction). Given the above assumptionsfor

the Stratonovichstochasticdi�er ential equation (4) in Rn . If further assumethat the

equation (4) generatesa dissipative randomdynamical system(e.g., havinga random

absorbingset). Then for su�ciently small � , the long time behavior of (4) can be

described by the following k-dimensionalstochastic systemwith k < n:

(5) dX c(t) = AX c(t) + F �
c (X c(t))dt + Bc(X c(t)) � dWc(t)

provided (5) is structurally stable. In this reduced lower dimensional stochastic sys-

tem, F �
c (X c(t)) and Bc(X c(t)) denoteF �

c (�) and Bc(�) evaluated at X c, respectively.

Moreover, Wc(t) is the projection of W(t) into the k-dimensionalcenter space Rn
c .

Remark 1. Wesay the long time dynamicsof the stochastic equation(4) is described

by the stochastic equation (5) if both systemshave the samelimit sets(and possibly

alsosharesomeother invariant sets).

Remark 2. The random dynamical system' (t; ! ) generatedby (5) is called struc-

turally stable, if for any small perturbation (small in the senseof the usual metric

in the spaceof continuous functions) to F � (x) and B(x), the perturbed random dy-

namical system�( t; ! ) is topologically equivalent to ' (t; ! ). Namely, there exists a

random homeomorphismh(! ) so that �( t; ! ) � h(! ) = h(� t ! ) � ' (t; ! ).

Pro of: The proof for this theorem can be obtained by modifying the proof in

[11, 12] or [32] from the in�nite dimensional caseto the present �nite dimensional

system(4) in the state spaceRn . Here we only highlight somemain points.

The �rst step is to decomposeor project the original system(4) into two subsys-

tems, one in the center spaceRn
c and another one in its orthogonal complement Rn

s .

The subsystemin the center spaceRn
c is what we would like to keepor retain, while

the subsystemin Rn
s is what we would like to reduceor eliminate.

The secondstep is to show the existenceof a k-dimensional(local) random in-

variant (center) manifold M (! ). This is achieved by showing that this manifold is

represented by a Lipschitz graph, where variable X s 2 Rn
s can be represented by

variable X c 2 Rn
c (so that we can eliminate X s inside this random (center) manifold

M (! )). Thus we obtain a reducedlower k-dimensionalstochastic systemon variable

X c, which is actually the system(5).

In the third step,weshow that the reducedlower k-dimensionalstochastic system

(5) capturesthe long time dynamicsof the original system(4) when � is su�cien tly

small. To this end, we use an argument basedon cone invariance and asymptotic

completeness[26, 27, 19].

This completesthe sketch of the proof.

Let us look at an example.
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Example 1. Considera systemof stochastic di�erential equationsin R2:

dx = � xdt + (xy2 � x3 �
1
2

x)dt + x � dW1(t);

dy = 0ydt + (� 2 + x2y � y3 �
1
2

y)dt + y � dW2(t);

whereW1 and W2 are independent scalarBrownian motions.

Let u = (x; y)T . Then

du = (Au + ~F (u))dt + Bu � dW(t);

with

A =

 
� 1 0

0 0

!

; ~F (u) =

 
xy2 � x3 � 1

2x

� 2 + x2y � y3 � 1
2y

!

and

Bu � dW(t) =

 
x � dW1(t)

y � dW2(t)

!

:

In order to apply Ito's formula, werewrite this systemin the equivalent Ito's stochastic

di�erential equations(see[24], page36):

dx = � xdt + (xy2 � x3)dt + xdW1(t);

dy = 0ydt + (� 2 + x2y � y3)dt + ydW2(t);

whereW1 and W2 are independent scalarBrownian motions. Let u = (x; y)T , then

du = (Au + F (u))dt + Bu dW(t)

with

A =

 
� 1 0

0 0

!

; F (u) =

 
xy2 � x3

� 2 + x2y � y3

!

and Bu =

 
x 0

0 y

!

:

Recallthe standardscalarproduct < u1; u2 > = x1x2+ y1y2 and norm kuk =
p

x2 + y2

in R2. Then, we apply Ito's formula (see[24], page48) to obtain \energy" estimate

1
2

d
dt

Ekuk2 = Ehu; dui + E
1
2

hdu;dui

= Ehu; dui + E
1
2

hBu dW(t); Bu dW(t)i

= Ehu; A(u) + F (u)i +
1
2

E Trace[Bu � (Bu)T ]

= � x2 + x2y2 � x4 � 2y + x2y2 � y4 +
1
2

(x2 + y2)

= �
1
2

(x2 + y2) + (2x2y2 � x4 � y4) � y + y2 � 1 + 1

= �
1
2

(x2 + y2) � (x2 � y2)2 + (y � 1)2 � 1

� �
1
2

Ekuk2;
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if y is near the equilibrium point (0; 0) (so that 0 < y < 1). Note that hereE denotes

the expectation with respect to probability P. This estimatewill be usedto conclude

dissipativity for the (truncated) system.

The nonlinear terms (xy2 � x3) and (� 2 + x2y � y3) can be truncated within a

disk centered at (0; 0) with radius 0 < � < 1 (making them zero outside the disk).

The truncated nonlinear terms satisfy desiredLipschitz conditions. And, the above

\energy" estimate implies the dissipative property for the truncated system.

By Theorem 1, near the equilibrium point (0; 0) (i.e., taking � is small enough),

the original two-dimensionalsystemis asymptotically reducedto a one-dimensional

stochastic dynamical system

dy = (� 2 � y3)dt + ydW2(t):

4. INV ARIANT MANIF OLD RESTRICTION

Now we considerthe stochastic system(2) de�ned by Ito stochastic di�erential

equationsin Rn :

(6) dX = F (X )dt + B(X )dW(t); X (0) = x0;

where F and B are vector and matrix functions in Rn and Rn� n , respectively. We

alsoassumethat F (�) 2 C1(Rn ; Rn ) and B(�) 2 C1(Rn ; Rn� n).

We are going to derive representations of invariant �nite dimensionalmanifolds

in terms of A; F and B, by using the tangency conditions for a deterministic C2

manifold M in Rn :

� (! ; x) := F (! ; x) �
1
2

X

j

[DB j (! ; x)]B j (! ; x) 2 TxM ;(7)

B j (! ; x) 2 Tx M ; j = 1; � � � ; n;(8)

where D represents Jacobian operator and B j is the j � th column of the matrix

B . The above tangency conditions are shown to be equivalent to almost sure local

invarianceof manifold M ; seeFilip ovic ([13]) and related works [4, 21, 37, 10, 2].

The almost sureinvarianceconditions(7)-(8) for manifold M meanthat the n+ 1

vectors,� and B j ; j = 1; � � � ; n, aretangent vectorsto M . Namely, thesen+ 1 vectors

are orthogonal to the normal vectorsof manifold M .

In other words, if the normal vector for M at x is N (x), then the almost sure

invarianceconditions (7)-(8) becomethe following invariance equations for manifold

M : For all x 2 M ,

< � (x); N (x) > = 0;(9)

< B j (x); N (x) > = 0; j = 1; � � � ; n;(10)

where,as before,< �; � > denotesthe usual scalarproduct in Rn .
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Invariant manifolds are usually represented as graphs of somefunctions in Rn .

By investigating the above invarianceequations(9)-(10), we may be able to �nd some

local invariant manifolds M for the stochastic system(6).

The goal for this section is to present a method to �nd some of these local

invariant manifolds. Although the following result and example are stated for a

codimension1 local invariant manifold, the idea extendsto other lower dimensional

local invariant manifolds, as long as the normal vectors N (x) (or tangent vectors)

may be represented; seetangencyconditions (9)-(10) above and (12)-(13) below.

Theorem 2 (Local invariant manifold restriction). Let the local invariant manifold

M for the stochastic dynamical system(6) be represented as a graph de�ned by the

algebraic equation

M : G(x1; � � � ; xn ) = 0:(11)

Then G satis�es a systemof �rst order (deterministic) partial di�er ential equations

and the local invariant manifold M may be found by solving thesepartial di�er ential

equationsby the method of characteristics. By restricting the original dynamical sys-

tem (6) on this local invariant manifold M , we obtain a locally valid, reduced lower

dimensionalsystem.

In fact, the normal vector to this graph or surfaceis, in terms of partial deriva-

tives,r G(x) = (Gx1 ; � � � ; Gxn ). Thus the invarianceequations(9)-(10) are now

< � (x); r G(x) > = 0;(12)

< B j (x); r G(x) > = 0; j = 1; � � � ; n;(13)

This is a system of �rst order partial di�erential equations in G. We apply the

method of characteristicsto solve for G, and thereforeobtain the invariant manifold

M , represented by a graph in state spaceRn : G(x1; � � � ; xn ) = 0.

In the rest of this section,we �rst recall the method of characteristics,and then

work out an exampleof �nding a local invariant manifold and reducedsystem.

Metho d of Characteristics : Considera �rst order partial di�erential equation

for the unknown scalar function u of n variablesx1; � � � ; xn

nX

j =1

ai (x1; � � � ; xn )ux i = c(x1; � � � ; xn );(14)

with continuouscoe�cien ts ai 's and c.

Note that the solution surfaceu = u(x1; : : : ; xn ; t) in x1 � � � xnu� spacehasnormal

vectors N := (ux1 ; � � � ; uxn ; � 1). This partial di�erential equation implies that the

vector V =: (a1; � � � ; an ; c) is perpendicular to this normal vector and hencemust lie

in the tangent plane to the graph of z = u(x1; � � � ; xn ).
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In other words, (a1; � � � ; an ; c) de�nes a vector �eld in Rn , to which graphsof the

solutionsmust be tangent at each point [23]. Surfacesthat are tangent at each point

to a vector �eld in Rn are called in tegral surfaces of the vector �eld. Thus to �nd

a solution of equation (14), we should try to �nd integral surfaces.

How can we construct integral surfaces? We can try using the characteristics

curvesthat are the integral curvesof the vector �eld. That is, X = (x1(t); � � � ; xn (t))

is a characteristic if it satis�es the following systemof ordinary di�erential equa-

tions:

dx1

dt
= a1(x1; � � � ; xn );

� � �
dxn

dt
= an (x1; : : : ; xn );

du
dt

= c(x1; : : : ; xn ):

A smooth union of characteristic curves is an integral surface. There may be many

integral surfaces.Usually an integral surfaceis determinedby requiring it to contain

(or passthrough) a given initial curve or an n � 1 dimensionalmanifold �:

x i = f i (s1; : : : ; sn� 1); i = 1; : : : ; n

u = h(s1; : : : ; sn� 1)

This generatesann-dimensionalintegral manifold M parameterizedby (s1; : : : ; sn� 1; t).

The solution u(x1; � � � ; xn ) is obtained by solving for (s1; : : : ; sn� 1; t) in terms of vari-

ables(x1; � � � ; xn ).

Remark : If initial data � is non-characteristic, i.e., it is nowheretangent to the

vector �eld V = (a1; � � � ; an ; c), and a1; � � � ; an ; c are C1 (and thus locally Lipschitz

continuous), then there exists a unique integral surfaceu = u(x1; � � � ; xn ) containing

�, de�ned at least locally near �.

Now applying the above method of characteristics to (12)-(13), we obtain a so-

lution G = G(x1; � � � ; xn ). However, the local invariant manifold M that we look for

is represented by the equation

G(x1; � � � ; xn ) = 0:

Therefore,a skill is neededto make surethat the solution G = G(x1; � � � ; xn ) actually

penetratesthe plane G = 0 in the x1 � � � xnG� space;seeFig. 1. This needsto be

achieved by selectingappropriate initial data �. The invariant manifold M we thus

obtain is de�ned at least locally near the initial data �.

We illustrate the method for �nding local invariant manifold and the correspond-

ing reducedsystemby an example.
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Figure 1. Local invariant manifold M is represented by the equation

G(x1; � � � ; xn ) = 0 in the x1 � � � xn � space. Namely, M is the inter-

section of the surface G = G(x1; � � � ; xn ) with the plane G = 0 in

x1 � � � xnG� space. Here G(x1; � � � ; xn ) is the solution of (12)-(13) via

the method of characteristics. Note that N = (ux1 ; � � � ; uxn ; � 1) and

V = (a1; � � � ; an ; c).

Example 2.

dx
dt

= x + x _W1 + x _W2;

dy
dt

= 3x + 2y + (x + y) _W1 + (x + y) _W2

whereW 1
t and W 2

t are independent scalarBrownian motions.

We look for a local invariant manifold M � R2. For this illustrativ e example,

the associated tangency conditions (7) and (8) coincide and thus becomesa single

invariance condition:

(x; x + y)T 2 TxM(15)

We represent the invariant manifold M by G(x; y) = 0. This surfacehasnormal

vector (Gx ; Gy). By noticing that normal vector is orthogonal to the tangent sur-

face TxM , we seethat the above single invariance condition (15) becomesa single

invarianceequation:

xGx + (x + y)Gy = 0:
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Wesolvethis �rst orderpartial di�erential equationwith initial curve � parameterized

as (f (s); g(s); h(s)). The characteristic equationsare

dx
dt

= x;

dy
dt

= x + y;

dG
dt

= 0:

We solve theseequationsand invoke the initial conditions to �nd that

x = f (s)et ;

y = (f (s)t + g(s))et ;

G = h(s):

This is the generalsolution with respect to the generalinitial condition (x0(s), y0(s),

G0(s)) := (f (s), g(s), h(s)). By solvingfor t; s in termsof x; y, weobtain G = G(x; y).

We illustrate this by a speci�c choice of initial curve (f (s); g(s); h(s)). Note

that, in order to obtain a local invariant manifold G(x; y) = 0, we also needto pick

initial curve so that G actually takes both positive and negative values, and thus

the invariant manifold G(x; y) = 0 is de�ned on someset in the xy� plane. In other

words, the continuous function G(x; y) satis�es maxf Gg � minf Gg � 0 locally.

For example,taking � : (x0(s); y0(s); G0(s)) = (1; s;s), we then have

x = et ;

y = (t + s)et ;

G = s:

Thus s = y
x � ln(x) and G(x; y) = y

x � ln(x). Thus an invariant manifold M is

G(x; y) = 0, i.e.,
y
x

� ln(x) = 0:
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