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ABSTRA CT. Invariant manifolds facilitate the understanding of nonlinear stochastic dynamics.
When an invariant manifold is represeried approximately by a graph for example, the whole sto-
chastic dynamical system may be reduced or restricted to this manifold. This reduced system
may provide valuable dynamical information for the original system. The authors have derived an
invariant manifold reduction or restriction principle for systemsof Stratonovich or Ito stochastic
di erential equations.

Two conceptsof invariance are consideredfor invariant manifolds.

The rst invariance conceptis in the framework of cocycles| an invariant manifold being a
random set. The dynamical reduction is achieved by investigating random certer manifolds.

The secondinvariance conceptis in the senseof almost sure| an invariant manifold being a
deterministic setwhich is not necessarilyattracting. The restriction of the original stochastic system
on this deterministic local invariant manifold is still a stochastic systembut with reduceddimension.
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1. INTR ODUCTION

Invariant manifolds provide geometricstructures that descrilke dynamical behav-
ior of nonlinear systems. Dynamical reductionsto attracting invariant manifolds or
dynamical restrictions to other (not necessarilyattracting) invariant manifolds are
often sough to gain understandingof nonlinear dynamics.

There have beenrecen works on invariant manifoldsfor stochastic or random or-
dinary di erential equationsby Carverhill [9], Wanner [33], Arnold [3], Boxler [5, 6],
and Mohammed [22], among others. These authors use the (sample-wise)cocycle
property for the solution operator of the stochastic di erential equations, the Os-
eledets'multiplicativ e ergadic theorem[3], and a less-plysical but technically conve-
nient random norm, to prove the existenceof invariant manifolds. The construction
of a random norm needsthe knowledge of Oseledetsspacesa kind of eigenspacen
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random linear algebra)aswell asLyapunor exponerts, both are hardly ever available;
see[3], p. 191 and p.379. Random norms are not realistic in this sense,and thus
represemations of invariant manifolds and the dynamical reductions are di cult to
achieve whenrandom norms are used.

Earlier approates on deriving dynamical reductions on stochastic certer-like
manifolds by seriesexpansionsare consideredby Knoblock and Wiesenfeld [18],
Sdoner and Haken [30], and Xu and Roberts [36].

For stochastic dynamical systems there are various conceptsfor invariancein the
de nition of invariant manifolds [34]. In the framework of cocycles[3], the suitable
concept for invariance of a random set is that ead orbit starting inside it stays
inside it sample-wise,modulo the change of sampledue to noise. Another concept
is almost sure invariance of a deterministic set under stochastic dynamics, i.e., eat
orbit starting inside it stays inside it almost surely.

In this paper, we considerinvariant manifold reductionsor restrictions for Strato-
novich and Ito stochastic di erential equationsin Euclidean spaces.

We rst study the systemof Stratonovich stochastic di erential equationsin R":
Q) dX = [AX + F (X)]dt+ B(X) dW(t); X (0) = Xo;

where X = X (t;!) is the unknown variable; A isan n matrix with k eigervalues
of zeroreal parts and n  k eigervalues of negative real parts; F : R" ! R" and
B : R"! R" " are nonlinear vector and matrix functions (with > 0 a small
parameter), respectively; and W (t) is a standard vector Brownian motion (or Wiener
process)taking valuesin R". Moreover, denotesthe stochastic di erential in the
senseof Stratonovich.

Then we considerthe following stochastic systemde ned by Ito stochastic di er-
ertial equationsin R":

) dX = F(X)dt+ B(X)dW(t): X (0) = Xo:

whereagain F and B are vector and matrix functionsin R" and R" ", respectively.
And W (t) are standard vector Brownian motion in R".

Note that the Stratonovich stochasticdi erential B(X) dW(t) andIto stochastic
di erential B(X)dW(t) are interpreted through their correspnding de nitions of
stochastic integrals [24]:

Z X
B(X) dwW(t) = mean-squareltim0 B(X(

j! .

]

t.+ + t
LZJ))(Wthl Wtj );
0
Z ; X
B(X)dW(t) := mean-squareltirln0 BOX(D(Wy,,  Wy):
j :

0 i
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Note the di erence in the sums: In Stratonovich integral, the integrand is evaluated
at the midpoint % of a subinterval (t;;t;.+1), while for Ito integral, the integrand
is evaluated at the left end point t;. See[24]for the discussionabout the di erence in
physical modeling by thesetwo kinds of stochastic di erential equations. There are
also dynamical di erences for thesetwo type of stochastic equations,even at linear
level [8].

In this paper, we derive an invariant manifold reduction or restriction principle
for the above systemsof stochastic di erential equations.

For the Stratonovich stochastic system(1), we considerrandom invariant certer
manifolds. The dynamical reduction is achieved by investigating asymptotic behavior
of random certer manifolds.

For the Ito stochastic system (2), we study deterministic almost sure invariant
manifolds, which are not necessarilyattracting. We reformulate the local invariance
condition as invariance equations,i.e., rst order partial di erential equations,and
then solve these equations by the method of characteristics. Although the local
invariant manifold is deterministic, the restriction of the original stochastic system
on this deterministic local invariant manifold is still a stochastic system but with
reduceddimension.

This paper is organizedas follows: In Section 2, we recall somebasic concepts
for stochastic dynamical systems. We consider random certer manifold reduction
in Section3. Finally, in Section4, we construct deterministic invariant manifolds by
investigating rst order partial di erential equationsvia the method of characteristics,
and thus obtain dynamical restrictions for stochastic dynamical systems.

2. STOCHASTIC DYNAMICAL SYSTEMS

In this sectionwe introduce somede nitions in stochastic dynamical systems,as
well asrecall someusual notations in probability.

We consider stochpstic systemsin the state spaceR", wit§ the usual metric
or distance d(x; y) :daa'- jn=1 (ij yj)?, norm or length kxk = H j”=1 x?, and the
usual scalarproduct < x;y >= jn:1 X;jy;. All invariant manifolds and their sample
versionsare in this state space.

Somestochastic processessud as a Brownian motion, can be descriked by a
canonical(deterministic) dynamical system(see[3], Appendix A). A standard Brow-
nian motion (or Wiener process)W (t) in R", with two-sidedtime t 2 R, is a sto-
chastic processwith W(0) = 0 and stationary independen incremens satisfying
W(t) W(s)s N(O;jt sjl). Herel isthe n n identity matrix. The Brownian
motion can be realizedin a canonical sample spaceof cortinuous paths passingthe
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origin at time 0
= C(R;R") :=f! 2 C(R;R") : ! (0) = 0Og:

The corvergenceconceptin this samplespaceis the uniform corvergenceon bounded
and closedtime intervals, induced by the following metric

X1 ok 1k,

119.= = _ & "% . 1% o= | ! :
(119 2 T+w !Okn,wherek. I %, : r]sutpnk.(t) L qt)k:

With this metric, we cande ne ewerts represeted by openballsin . For example,a
ball certered at zerowith radius1isf! : (!;0)< 1g. Wede ne the Borel -algebra
F asthe collectionof everts represeted by openballs A's, complemerts of openballs,
AC%s, unionsand intersectionsof A's and/or A°'s, together with the empty ewven, the
whole event (the samplespace), and all everts formed by doing the complemetts,
unions and intersectionsforewer in this collection.

Taking the (incomplete) Borel -algebraF on , togetherwith the correspnding
Wiener measureP, we obtain the canonicalprobability space( ; F;P), alsocalledthe
Wiener space.This is similar to the gameof gambling with a dice, wherethe canon-
ical samplespaceis gice = f1;2;3;4;5;,69. Moreover, E denotesthe mathematical
expectation with respect to probability P.

The canonicaldriving dynamical systemdescribingthe Brownian motion is de-
ned as

(ty: ! ;o N (s)=1(t+s) (), s;t2R:

Then (t), alsodenotedas ;, is a homeomorphismfor eat t and (t;!) (! is
corntinuous, hencemeasurable.The Wiener measureP is invariant and ergadic under
this so-calledWiener shift ;. In summary  satis es the following properties.

0= id,
t s= ws, foralls, t2R,
themap (t;!) 7! ! is measurableand (P= Pforallt2 R.

We now introduce an important concept. A ltration is an increasingfamily
of information accunulations, called -algebras,F;. For eah t, -algebraF; is a
collection of ewverts in samplespace . One might obsene the Wiener processW;
over time t and useF; to represeh the information accurnulated up to and including
time t. More formally, on ( ;F), a Itration is afamily of -algebrasFs:0 s t
with Fg cortained in F foreathh s, andFs F fors . It is alsousefulto think
F. asthe -algebrageneratedby innite union of Fg's, which is contained in F.
Soa ltration is often usedto represen the changein the set of everts that can be
measured through gain or lossof information.
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For understanding stochastic di erential equationsfrom a dynamical point of
view, the natural Itration is de ned asa two-parameterfamily of -algebrasgener-
ated by incremeris

Fli= (1(1) '(2:s 12 1) sit2R

This represets the information accunulated from time s up to and including time
t. This two-parameter lItration allows us to de ne forward as well as backward
stochastic integrals, and thus we can solwe a stochastic di erential equation from an
initial time forward aswell as backward in time [3].

The solution operator for the stochastic system (1) or (2) with initial condition
X(0) = Xq is denotedas’ (t;! ;Xop).

The dynamics of the systemon the state spaceR", over the driving ow  is
descriked by a cocycle. A cocycle' is a mapping:

"R R"! R"
which is (B(R) F B(R");F)-measurablesud that

"(0;1;x)=x2R";

(it ol ox) = (o (T X))

forty;;t, 2 Ry 2 ;andx 2 R". Then ', together with the driving dynamical
system, is called a random dynamial system Sometimeswe also use’ (t;!) to
denotethis system.

Under very generalconditions, the stochastic di erential systems(1) and (2) eat
generatesa random dynamical systemin R"; see[3, 17)].

We recall someconceptsin dynamical systems. A manifold M is a set, which
locally looks like an Euclidean space. Namely, a \patch" of the manifold M looks
like a\patch" in R". For example,curves, torus and spheresin R? are one-and two-
dimensionaldi erentiable manifolds, respectively. Howewer, a manifold arising from
the study of invariant setsfor dynamical systemsin R", can be very complicated.
So we give a formal de nition of manifolds. For more discussionson di erentiable
manifolds, see[1, 25].

De nition 1 (Di erentiable manifold and Lipschitz manifold). An n-dimensional
di erentiaé)le manifold M, is a connectedmetric spacewith an open covering fU g,
ie,M = U , sud that

(i) for all , U is homeomorphicto the open unit ball in R", B = fx 2 R" :
jXj < 1g, i.e.,for all there existsa homeomorphismofU onto B,h :U ! B, and
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@ ifu\U 67?andh :U ! B,h :U ! B arehomeomorphismsthen
h(U\U)andh (U \ U) aresubsetsof R" and the map

3) h=h h!':hU\U)! h(U\U)
is di erentiable, andforall x 2 h (U \ U ), the Jacobiandeterminart detDh(x) 6 O.

If the map (3) is only Lispchitz cortinuous, then we call M an n-dimensional
Lispchitz cortinuous manifold.

Recall that a homeomorphismof A to B is a cortinuous one-to-onemap of A
onto B, h:A! B,sudthath ':B! A iscortinuous.

Just asinvariant setsare important building blocks for deterministic dynamical
systems,invariant setsare basicgeometricobjects to help understand stochastic dy-
namics[3]. Herewe presen two di erent conceptsabout invariant setsfor stochastic
systems:random invariant setsand almost sure invariant sets.

De nition 2 (Random set). A collectionM = M(! ), , of nonemply closedsets
M(),! 2, corainedin R", is called a random set if

| | i .

7 y2|'\|;Inz!)d(x, Y)

is a random variable for any x 2 R".

De nition 3 (Tempered absorbingset). A randomsetB(! ) is called an tempered
absorbing set of ' if for any bounded set K R" there exists tx (! ) sud that
8t tx(!)

"t K B(!):
and for all " > 0
lim e dB( ) =0, ae!! 2 ;
whered(B) = sup,,g d(x; 0), with 02 R", is the diameter of B.

De nition 4 (Random invariant set). A randomsetM (! ) is called an invariant set
for a random dynamical system' if

"M (C)) M(¢!); t2R and ! 2

De nition 5 (Random invariant manifold). If a random invariant set M can be
represeted by a graph of a Lipschitz mapping

(!;): H" ' H ; with direct sumdecommsiton H* H = R"
sud that
M()=fx"+ (I;x");x" 2H"g;

then M is called a Lipschitz cortinuousinvariant manifold.
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We will alsoconsiderdeterministic invariant setsor manifolds, while the invari-
anceis in the senseof almost-sure(a.s.) [4, 13, 10, 31, 37).

De nition 6 (Almost sure invariant set). A (deterministic) setM in R" is called
locally almost surely invariant for (2), if for all (tg;Xo) 2 R M, there exists a
cortinuous local weak solution X (foxo) with lifetime = (to; Xo), sud that

X{oxo) 2 M: 8t >ty assi! 2 ;

wheret”™ = min(t; ).
3. RANDOM CENTER MANIF OLD REDUCTION

In this section we study an n dimensional system of Stratonovich stochastic
di erential equationsin R":

(4) dX = [AX + F (X)dt+ B(X) dW(t); X(0) = xo;

where A is a n n real matrix with k eigervalues of zeroreal parts and n Kk
eigervalues of negative real parts (k < n). Without loss of generality, we assume
that the matrix A is in Jordan form (which can be achieved by an invertible linear
coordinate transformation in R") and that the rst k eigervalueshave zeroreal parts.

Moreover, nonlinear function F : R" ! R" and nonlinear matrix mapping
B :R"! R" " areLipschitz cortinuouswith Lipschitz constarts L andLg, respec-
tively. Weassumethat F (0) = B(0) = 0. Here is asmall parametersothat F can
be seenas a small perturbation, that is, wehaveL ! Oas ! 0. The state space
R" is the direct sum of the certer spaceR{ (i.e., eigenspacepannedby eigervectors
or generalizedeigervectors correspnding to eigervalueswith zeroreal parts) and its
orthogonal complemen R:

R"= Rl RI;

wheredimensionsdim R = k anddim R = n k.

Let X be the projection of X 2 R" to the certer spaceR]. Henceewery point
X in R" may be uniquely decommsedas a sum of a vector X, in the certer space
Rt and another vector X, in the orthogonal complemen R?. Namely,

X =X+ X!

Let F.() and B() be the projections of F () and B( ) into the certer spaceR],
respectively.

Note that later on we will truncate the nonlinearity sothat it hasglobal Lipschitz
constart. For stochastic systemstruncation may not be always appropriate, although
sometimesit works ne, sud asin consideringnonlinear dynamical behavior near
xed points [7]. We have the following result about dynamically reducing an n-
dimensionalstochastic systemto a lower k-dimensionalstochastic system.
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Theorem 1 (Random certer manifold reduction). Given the alove assumptionsfor
the Stratonovich stochastic di er ential equation (4) in R". If further assumethat the
equation (4) geneatesa dissiptive randomdynamial system(e.g., havinga random
absorbingset). Then for su ciently smal , the long time behavior of (4) can be
descrited by the following k-dimensional stachastic systemwith k < n:

(5) dXc(t) = AXc(t) + Fo(Xc(1))dt + Be(Xc(t))  dW(t)

provided (5) is structurally stable. In this reducd lower dimensional stachastic sys-
tem, F_(Xc(t)) and B(X¢(t)) denoteF.() and B.() evaluate at X, respectively.
Moreover, Wc(t) is the projection of W (t) into the k-dimensional center space R}.

Remark 1. Wesay the longtime dynamicsof the stochastic equation (4) is descrited
by the stochastic equation (5) if both systemshave the samelimit sets(and possibly
alsosharesomeother invariant sets).

Remark 2. The random dynamical system' (t;! ) generatedby (5) is called struc-
turally stable, if for any small perturbation (small in the senseof the usual metric
in the spaceof cortinuous functions) to F (x) and B(x), the perturbed random dy-
namical system ( t;! ) is topologically equivalert to ' (t;! ). Namely, there existsa
random homeomorphismh(! ) sothat ( t;!') h(!')=h( ) " (t!).

Pro of: The proof for this theorem can be obtained by modifying the proof in
[11, 12] or [32] from the in nite dimensional caseto the presem nite dimensional
system(4) in the state spaceR". Here we only highlight somemain points.

The rst stepisto decompseor project the original system(4) into two subsys-
tems, onein the certer spaceR] and another onein its orthogonal complemen R{.
The subsystemin the certer spaceR¢ is what we would like to keepor retain, while
the subsystemin R is what we would like to reduceor eliminate.

The secondstep is to show the existenceof a k-dimensional(local) random in-
variant (certer) manifold M (! ). This is achieved by shawing that this manifold is
represeted by a Lipschitz graph, where variable Xs 2 R{ can be represeted by
variable X 2 R{ (sothat we can eliminate X inside this random (certer) manifold
M (! )). Thus we obtain a reducedlower k-dimensionalstochastic systemon variable
X, which is actually the system(5).

In the third step, we shaow that the reducedlower k-dimensionalstochastic system
(5) capturesthe long time dynamics of the original system(4) when is su cien tly
small. To this end, we use an argumen basedon coneinvariance and asymptotic
completenes$26, 27, 19.

This completesthe sketch of the proof.

Let uslook at an example.
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Example 1. Considera systemof stochastic di erential equationsin R?:

dx xdt + (xy? x3 %x)dt+ X dWq(t);
dy = Oydt+ ( 2+x% y° oy)dt+y dws)
whereW; and W, are independent scalar Brownian motions.

Let u= (x;y)". Then
du= (Au + F(u))dt+ Bu dWwW(t);

with I I
2 3 1
A= 10 pw= X X
0O O 2+ X%y y® 3y
and I
Bu dw(= X dMM®
dW,(t)

In orderto apply Ito's formula, we rewrite this systemin the equivalert Ito's stochastic
di erential equations(see[24], page36):

dx = xdt+ (xy? x3)dt+ xdWa(t);
dy = Oydt+ ( 2+ x% yd)dt+ ydWy(t);
whereW, and W, are independen scalarBrownian motions. Let u= (x;y)T, then
du= (Au + F(u))dt+ Bu dW(t)

with | | |
Lo , ! !

A= 0 , F(u) = X and Bu= X ©

0 0 2+ x%y y3 0y

P
Recallthe standardscalarproduct < ug;u, >= XX+ Y1y, andnormkuk = = x2+ y2

in R2. Then, we apply Ito's formula (see[24], page48) to obtain \energy" estimate

éaEkuk

Ehu; dui + E%hju;dui

Ehu; dui + E%kBu dW (t); Bu dW(t)i

Ehu; A(u) + F(u)i + %E TracdBu (Bu)']

= X2 + X2y2 X4 2y+ X2y2 y4+ :_ZL(XZ + y2)

= %(x2+ yH+ 2%y x* oy y+y? 1+1
= J0CHY) ¢ P+l 1P 1

1

“Ekuk?;
SEku
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if y is nearthe equilibrium point (0;0) (sothat 0 < y < 1). Note that hereE denotes
the expectation with respect to probability P. This estimatewill be usedto conclude
dissipativity for the (truncated) system.

The nonlinear terms (xy? x3) and ( 2+ x%y y3) can be truncated within a
disk certered at (0;0) with radius 0 < < 1 (making them zero outside the disk).
The truncated nonlinear terms satisfy desiredLipschitz conditions. And, the above
\energy" estimate implies the dissipative property for the truncated system.

By Theorem 1, near the equilibrium point (0;0) (i.e., taking is small enough),
the original two-dimensionalsystemis asymptotically reducedto a one-dimensional
stochastic dynamical system

dy=( 2 y)di+ ydWy(t):
4. INV ARIANT MANIF OLD RESTRICTION

Now we considerthe stochastic system(2) de ned by Ito stochastic di erential
equationsin R":

(6) dX = F(X)dt+ B(X)dW(t); X (0) = Xo;

where F and B are vector and matrix functions in R" and R" ", respectively. We
alsoassumethat F() 2 C}(R";R") andB() 2 C}(R";R" M).

We are going to derive represetations of invariant nite dimensionalmanifolds
in terms of A;F and B, by using the tangency conditions for a deterministic C?
manifold M in R":

1 X _ .
() (1:x) = F(;x) 5 [DBI(LX)IBI(! x) 2 TuM;
j

(8) BI(';x) 2 TLM; j=1 ;n

where D represets Jacobian operator and B; is the j th column of the matrix
B. The above tangency conditions are shovn to be equivalert to almost sure local
invariance of manifold M ; seeFilip ovic ([13]) and related works [4, 21, 37, 10, 2].

The almost sureinvarianceconditions (7)-(8) for manifold M meanthat then+ 1
vectors, andBl; j = 1; ;n, aretangert vectorsto M. Namely, thesen+ 1 vectors
are orthogonal to the normal vectors of manifold M .

In other words, if the normal vector for M at x is N(x), then the almost sure
invariance conditions (7)-(8) becomethe following invariance equations for manifold
M: Forall x2 M,

9) < (X);N(x) >
(10) < BJ(x);N(x) >

0;
O =1 :n

where,as before,< ; > denotesthe usual scalarproduct in R".
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Invariant manifolds are usually represeted as graphs of somefunctions in R".
By investigating the above invarianceequations(9)-(10), we may beableto nd some
local invariant manifolds M for the stochastic system(6).

The goal for this sectionis to presem a method to nd some of these local
invariant manifolds. Although the following result and example are stated for a
codimension 1 local invariant manifold, the idea extendsto other lower dimensional
local invariant manifolds, as long as the normal vectors N (x) (or tangert vectors)
may be represetted; seetangency conditions (9)-(10) above and (12)-(13) below.

Theorem 2 (Local invariant manifold restriction). Let the local invariant manifold
M for the stochastic dynamial system(6) be representel as a graph de ned by the
algebaic equation

(11) M G(Xg; ' Xn) = 0:

Then G satis es a systemof rst order (deterministic) partial di er ential equations
and the local invariant manifold M may be found by solvingthesepartial di er ential
equationsby the methal of characteristics. By restricting the original dynamial sys-
tem (6) on this local invariant manifold M, we obtain a locally valid, reduced lower
dimensional system.

In fact, the normal vector to this graph or surfaceis, in terms of partial deriva-

tives,r G(x) = (Gx,; ;Gy,). Thusthe invarianceequations(9)-(10) are now
(12) < (xX)rG(x)> = 0
(13) <B/(XrG(x)> = 0 j=1 ;n;

This is a system of rst order partial dierential equationsin G. We apply the
method of characteristicsto solve for G, and therefore obtain the invariant manifold
M, represeted by a graph in state spaceR": G(x;; ;Xn) = 0.

In the rest of this section,we rst recall the method of characteristics,and then
work out an exampleof nding a local invariant manifold and reducedsystem.

Metho d of Characteristics : Considera rst order partial di erential equation
for the unknown scalarfunction u of n variablesxy; ' Xn

X
(14) ai(X1;  ;Xn)Ux, = C(X1; i Xn);
j=1

with cortinuouscoe cients a;'s and c.

Note that the solution surfaceu = u(xq;:::;Xn;t)in Xy X,u spacehasnormal
vectorsN := (ux,; ;Ux,; 1). This partial dierential equationimplies that the
vector V =: (ay; ;an; C) is perpendicular to this normal vector and hencemust lie
in the tangent planeto the graphof z = u(xy;  ;Xn).
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In other words, (a;; ;an; C) de nesavector eld in R", to which graphsof the
solutions must be tangert at ead point [23]. Surfacesthat are tangert at eat point
to a vector eld in R" are calledintegral surfaces of the vector eld. Thusto nd
a solution of equation (14), we shouldtry to nd integral surfaces.

How can we construct integral surfaces? We can try using the characteristics
curvesthat arethe integral curvesof the vector eld. That is, X = (X1(t);  ;Xxn(t))
is a characteristic if it satis es the following systemof ordinary di erential equa-
tions:

dx
d—tl = a(Xq; ' Xn);
dx
dt” = an(X1iXn);
du
g - Xuiiiixn)

A smooth union of characteristic curvesis an integral surface. There may be many
integral surfaces.Usually an integral surfaceis determinedby requiring it to cortain
(or passthrough) a giveninitial curve or ann 1 dimensionalmanifold :

Xj

|
—
—
%2
ol
(72}
S
i
.
|
e
-]

u

|
>
—~
(7]
.
(7]
S
[N
~

The solution u(x;;  ;Xp) is obtained by solvingfor (s;;:::;sy 1;t) in terms of vari-
ables(xg; ' Xn).

Remark : If initial data is non-characteristic, i.e., it is nowheretangen to the
vector eld V = (a;; ;a,;c), anda;; ;a,;c are C! (and thus locally Lipschitz
cortinuous), then there existsa unique integral surfaceu = u(x;; ;X,) cortaining
, de ned at leastlocally near .

Now applying the above method of characteristicsto (12)-(13), we obtain a so-
lution G = G(Xy; ;1 Xn). Howewer, the local invariant manifold M that we look for
is represeted by the equation

G(Xq; ' Xn) = 0:

Therefore,a skill is neededto make surethat the solution G = G(x;; ;X,) actually
penetratesthe plane G = 0 in the x; x,G space;seeFig. 1. This needsto be
achieved by selectingappropriate initial data . The invariant manifold M we thus
obtain is de ned at leastlocally nearthe initial data .

We illustrate the method for nding local invariant manifold and the correspnd-
ing reducedsystemby an example.
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Figure 1. Localinvariant manifold M is represeted by the equation
G(x1;  ;Xn) = 0in the x; X, space. Namely, M is the inter-
section of the surfaceG = G(x;; ;X,) with the plane G = 0 in
X1 XnG space. Here G(X1;  ;Xp) is the solution of (12)-(13) via
the method of characteristics. Note that N = (uy,; ;Uyx,; 1) and
V= (a; ;an;0).

Example 2.

dx

a X+ X Wy + X Wy,

dy

i X+ 2y+ (x+y) Wy + (X +y) W

where W} and W2 are independert scalar Brownian motions.

(x;x+y)" 2 TM

693

We look for a local invariant manifold M R2. For this illustrativ e example,
the assaiated tangency conditions (7) and (8) coincide and thus becomesa single
invariance condition:

We represen the invariant manifold M by G(x;y) = 0. This surfacehas normal

XGy + (x+y)Gy = O

vector (Gyx; Gy). By noticing that normal vector is orthogonal to the tangert sur-
face TyM, we seethat the above single invariance condition (15) becomesa single
invariance equation:
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Wesolwethis rst orderpartial di erential equationwith initial curve parameterized
as (f (s); g(s); h(s)). The characteristic equationsare

a 7
dG
e 0:
We solwe theseequationsand invoke the initial conditionsto nd that
x = f(s)€}
y = (f(s)t+g(s)e’;
G = h(s):

This is the generalsolution with respect to the generalinitial condition (Xo(S), Yo(S),
Go(s)) = (f (), 9(s), h(s)). By solvingfor t; sin termsofx;y, weobtain G = G(x;y).
We illustrate this by a specic choice of initial curve (f (s);9(s); h(s)). Note
that, in order to obtain a local invariant manifold G(x;y) = 0, we also needto pick
initial curve so that G actually takes both positive and negative values, and thus
the invariant manifold G(x;y) = 0 is de ned on somesetin the xy plane. In other
words, the cortinuousfunction G(x; y) satises maxf Gg minfGg 0 locally.

For example,taking : (Xo(S);Yo(S); Go(S)) = (1;s;s), we then have

t

x = €}
y = (t+ s)é};
= s

Thuss = £ In(x) and G(x;y) = £ In(x). Thus an invariant manifold M is
G(x;y) =0, i.e.,
y -0
> In(x) = O:
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